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Abstract. We consider the category of Deligne 1-motives over 
a perfect field k of exponential characteristic p and its derived 
category for a suitable exact structure after inverting p. As a 
first result, we provide a fully faithful embedding into an etale 
version of Voevodsky's triangulated category of geometric motives. 
Our second main result is that this full embedding "almost" has 
a left adjoint. Applying it to the motive of a variety we get a 
bounded complex of 1-motives, that we compute fully for smooth 
varieties and partly for singular varieties. Among applications, we 
give motivic proofs of Roitman type theorems and new cases of 
Deligne's conjectures on 1-motives. 
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Introduction 

While Grothendieck's construction of pure motives associated to 
smooth projective varieties over a field k is now classical [601 ISll |52l 
[75| [1], the construction of mixed motives associated to arbitrary k- 
varieties is still largely work in progress. In this direction, the first step 
was taken by Deligne in |25] where he defined 1-motives, which should 
ultimately be mixed motives of level or dimension < 1. They form a 
category that we shall denote by Mi{k) or Mi. 

Deligne's definition was motivated by Hodge theory, and he conjec- 
tured that some Hodge-theoretic constructions could be described as 
realisations of a priori constructed 1-motives [251 (10.4.1)]. In this 
direction, the first author and Srinivas associated in [8] homological 
and cohomological Albanese and Picard 1-motives Alb~(X), Alb^(X), 
Pic~(X) and Pic"'"(X) to an algebraic scheme X in characteristic zero, 
which extend the classical Picard and Albanese varieties. This work 
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was pursued in [7], where part of Deligne's conjecture was reformulated 
and proven rationally (see also [72]). 

A different step towards mixed motives was taken by Voevodsky who 
defined in [86] a triangulated category of motives DMg^(fc). Taken with 
rational coefficients, this category is conjectured to have a "motivic" 
t-structure whose heart should be the searched-for abelian category of 
mixed motives. 

Since Aii{k) is expected to be contained in such a heart, it is natural 
to try and relate Deligne's and Voevodsky's ideas. This is what Vo- 
evodsky did in |86l p. 218] (see also (HH Pretheorem 0.0.18]). Denote 
by Mi{k) ® Q the abelian category of 1-motives up to isogeny over 
k. When k is perfect, Voevodsky said that there exists a fully faithful 
functor 

D\Mi{k) DMl«^t(A;) ® Q 

whose essential image is the thick subcategory c/<i DMg^(A;) (g) Q C 
DM!^^^(A;) (g) Q generated by motives of smooth curves. 

In fact, a 1-motive may be regarded as a length 1 complex of ho- 
motopy invariant etale sheaves with transfers, so that it defines an 
object of Voevodsky's triangulated category DM!^^^(fc) of etale motivic 

complexes [86l §3.3] to which DMg|^(A;) maps. This defines a functor 

(0.1) M^{k)^DM%{k). 

F. Orgogozo justified Voevodsky's assertion in [68] by extending the 
rational version of to D^{Mi{k) ® Q). 

What started us on the present work was the desire to use the above 
setting to give a natural proof of Deligne's conjecture. We achiev^ this 
aim in Corollary 117.3.21 (the main result is Theorem 115.5.51 see 10.111 for 
details). Our method is to prove that a version of the Voevodsky- 
Orgogozo full embedding has a left adjoint, see 10.41 below. This led us 
on the way to a number of interesting results, for example a new light 
on Roitman's theorem (see 10. 8j) . 

Let us stress that we have to invert the exponential characteristic p 
of the base field k throughout. This is due to several reasons: 

• Since the category DM.'^^^^ik) is Z[l/p]-linear by [861 Prop. 3.3.3 
2)], we cannot expect better comparison results. 



^Not completely, see Remark [1 7 . 3 . 3 1 for a discussion. 
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• To be in the spirit of Voevodsky, we want to use only the etale 
topology and not the fppf topology which would be more natu- 
ral from the viewpoint of 1-motives. Trying to prove anything 
meaningful without inverting p in this context seems doomed 
to failure. 

The basic reason why p is inverted in DM'^^tl^) is homotopy invari- 
ance (the Artin-Schreier exact sequence). But if one wants to deal with 
non homotopy invariant phenomena, Deligne 1-motives are not suffi- 
cient and one should enlarge them to include factors as in Laumon's 
1-motives (c/. [9], [5]). See [T^ for work in this direction. 

We now give a detailed overview of the contents of this work. 

0.1. The derived category of 1-motives, p-integrally. While the 

Z[l/p]-linear category A^i[l/p] is not an abelian category, it fully em- 
beds into the abelian category *A^i[l/p] of 1-motives with torsion in- 
troduced in [7] (in characteristic 0), which makes it an exact category 
in the sense of Quillen (see §1.51) . Its derived category D^(A^i[l/p]) 
with respect to this exact structure makes sense, and moreover the 
functor D''{Aii[l/p]) D^(*A^i[l/p]) turns out to be an equivalence 
(Theorem 11.6.11) . 

0.2. p-integral equivalence. Let DMg^ := DMg^ ,;t(A;) be the thick 
subcategory of DM!^^^^.(/c) generated by the image of DMg^(/c) (see Def- 
inition I^XTD and d<i DM^^ the thick subcategory of DM^^ gen- 
erated by motives of smooth curves. In Theorem 12.1.21 we refine the 
Voevodsky-Orgogozo equivalence to an equivalence of categories 

(0.2) D\M,{k)[l/p])^d<^DM^^^,, 

0.3. Duality. Deligne's extension of Cartier duality to 1-motives [25] 
provides the category of 1-motives with a natural involution M i— )■ M* 
which extends to D^{Jlii{k)[l/p]): see Proposition 11.8.41 This dual- 
ity exchanges the category *A^i[l/p] of §0.11 with an abelian category 
iA^i[l/p] of 1-motives with cotorsion (see §1.81) . 

We show in Theorem 14 . 5 . 3 1 1 hat . under Tot, Deligne's Cartier duality 
is transformed into the involution M i— )■ Hom(M, Z(l)) on d<i DMg^ et(^) 
given by the internal (effective) Hom. Of course, this result involves 
biextensions. 
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0.4. Left adjoint. Composing (10. 2p with the inclusion into DM^^^ ct(^)- 
we obtain a "universal realisation functor" 

Tot : D^M.imi/p]) ^DM^l^,,{k). 

It was conjectured by Voevodsky ([85]; this is also implicit in [811 
Preth. 0.0.18]) that, rationally, Tot has a left adjoint. We prove this 
in Section [6l 

It is shown in Remark 15.2.21 that Tot does not have a left adjoint 
integrally. There is nevertheless an integral statement, which involves 
an interplay between the etale and the Nisnevich topology. Let a* : 
DMg^(/c) -)■ DMg^ ,5t(/c) be the change of topology functor. We find a 
functor 

LAlb : DM^^(fc) ^ D\Mi{k)[l/p]) 
together with a (natural) motivic Albanese map 
(0.3) aM : a*M Tot LAlb(M) 

for M e DM^^(A;). Thus if {M,N) G DM^^(A;) x D\Mi[l/p]), there 
is a functorial homomorphism 

(0.4) Hom(LAlb M, A^) ^ Hom(a*M, Tot(A^)) 

which is an isomorphism rationally (but not integrally in general, see 
Remark EXg). 

We give the construction of LAlb and the motivic Albanese map in 
Sect. O This is the central result of the present work. 

0.5. Smooth schemes. Applying LAlb to various motives, we get in- 
teresting and intrinsically-defined 1-motives. For example, applying 
it to the motive M{X) of a smooth scheme X, we get the homolog- 
ical Albanese complex LAlb(X) := LAlb(M(X)) of X. Its homology 
1-motives LjAlb(X) := tHi{LAlh{X)) relative to the t-structure on 
D^{J^i[l/p]) with heart iA^i[l/p] (see §0.3p are 1-motives (with cotor- 
sion) functorially attached to X. 

We then proceed to compute LAlb(X) for a smooth scheme X: in 
principle this determines LAlb on the whole of DMg|^, since this cat- 
egory is generated by the M{X). It is related with the "Albanese 
scheme" Ax/k of [7T] (extending the Serre Albanese variety of [7S]) in 
the following way: LAlb(X) is a "3-extension" of Ax/k by the Cartier 
dual of the Neron-Severi group of X, that we define as the etale sheaf 
represented by cycles of codimension 1 on X modulo algebraic equiva- 
lence. (See Theorem 110. 2. 2[ ) We deduce that LiAlb(X) is isomorphic 
to the 1-motive Alb~(X) of [8J (corresponding to the Serre Albanese). 
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0.6. LAlb and RPic. Composing LAlb with duality, we obtain a con- 
travariant functor 

RPic : DM^^(A;) ^ D\Mi{k)[l/p]) 

such that 

RTic(M) :=*i7'(RPic(M)) ~ tHi{hk\h{M)y 

for any M G DMg^(A;). Here, is defined with respect to the 
t-structure with heart *A^i[l/p]. We call RPic the motivic Picard 
functor. We define the cohomological Picard complex by RPic(X) : = 
RPic(M(X)). 

0.7. Singular schemes. When k is of characteristic 0, the motive and 
motive with compact support M{X) and M'^{X) are defined for any k- 
scheme of finite type X as objects of DMg^(A;), so that LAlb(X) and the 
Borel-Moore Albanese complex LAlb'^(X) := LAlb(M^(X)) make sense. 
Still in characteristic we further define, for an equidimensional scheme 
X of dimension n, the cohomological Albanese complex LAlb*(X): = 
LAlh{M{X)*{n)[2n]). We define similarly RPic'^(X) := RPic(M'=(X)) 
and RPic*(X) := RPic(M(X)*(r;,)[2r;,]). We describe some properties 
of these complexes in Sect. [3 

We then give some general qualitative estimates for LjAlb(X) in 
Proposition 111.3.2] (see also Proposition 1 13. 6. 11) as well as LjAlb'^(X) 
■=tHi{LAVo''{X)) in Proposition UlA^l Sect. [His devoted to a de- 
tailed study of LiAlb(X), LiAlb'^(X) and LiAlb*(X); the main re- 
sults are summarised in the introduction of this section. In particu- 
lar, we prove that LiAlb(X) is canonically isomorphic to the 1-motive 
Alb^(X) of [8J if X is normal or proper. Here, the interplay between 
LAlb and RPic (duality between Picard and Albanese) plays an essen- 
tial role. We also prove that LiAlb*(X) ~ Alb^(X) for any X (in fact, 
RiPic*(X) ~ Pic-(X) in Theorem [mM]) • 

It is quite striking that LiAlb(X), LiAlb''(X) and LiAlb*(X) 
tually Deligne 1-motives for i < 1, but not in general for i > 2 (already 
for X smooth projective). 

We also completely compute LjAlb(X) for any curve X, showing that 
M(X) has a "Chow-Kiinneth decomposition" in BW^^^^ik) Q and 
that LjAlb(X) coincide with Deligne-Lichtenbaum motivic homology 
of the curve X (see Theorem ll2.2.1l cf. [55] and [16]). Finally, we com- 
pletely compute LjAlb'^(X) of a smooth curve X (see Theorem 112.3. ip . 
showing that LiAlb''(X) = iJ^(X)(l) is Deligne's motivic in [25j. 
Dually, we recover Deligne's 1-motivic of any curve. With a little 
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more effort, one should be able to identify our computations with those 
of Lichtenbaum in [SS] and [SS] ■ 

0.8. Roitman's torsion theorem. If X is smooth projective, the 
motivic Albanese map (10. 3p applied to M = M{X) gives back the 
Albanese map from the 0-th Chow group to the rational points of the 
Albanese variety. This thus translates very classical mathematics to 
a motivic setting. When X is only smooth, we recover a generalised 
Albanese map from Suslin homology 

ar : H^iX; Z)[l/p] ^ Ax/k{k)[l/p] 

which was first constructed by Ramachandran [70] and Spiefi-Szamuely 
[81] B The map a^"^ is an isomorphism if dim(X) < 1 (see Proposi- 
tion [14X2]) • 

We then get a very natural proof of the classical theorem of Roitman, 
and even of its generalisation to open smooth varieties by SpieB-Sza- 
muely [HT] Th. 1.1] (removing their hypothesis on the existence of a 
smooth compactification) : see Theorem 114.4.51 

We also deal with singular schemes when char k = 0, see Proposition 
114.5.11 and its corollaries. Here there is an overlap with recent work of 
Geisser [37]. The works may be compared as follows: Geisser works 
in arbitrary characteristic and can handle p-torsion in characteristic p, 
but he only works with proper schemes, while the use of DM forces us 
to work in characteristic for singular schemes, but we do handle open 
schemes. 

Still in characteristic 0, we get a Borel- Moore version of Roitman's 
theorem as well, see Proposition 114.6.11 and its corollary. 

Notably, we obtain a "cohomological" Roitman theorem, involving 
torsion in a motivic cohomology group: see Corollary ll4.7.4[ In a recent 
work, Mallick [57] proves a parallel cohomological theorem, involving 
torsion in the Levine-Weibel Chow group (c/. [8', Th. 6.4.1]). Mallick 
works with projective schemes, but in any characteristic. Hopefully, 
the two theorems are compatible, see Remark 114. 7.6[ 

0.9. The homotopy t-structure. The consideration of Voevodsky's 
categories provides us with some nonobvious extra structures on the 
category D^{Aii[l/p]). Namely, the homotopy t-structure on DM!^^^ 
and the equivalence of categories (10. 2p induce a third t-structure on 
D^{Aii[l/p]), that we also call the homotopy t-structure (Theorem 



The observation that Sushn homology is related to 1-motives is initially due to 
Lichtenbaum [55] . 
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13.9. Ij see also Corollary I3.9.2p . Its heart is formed of so-called 1- 
motivic sheaves: their consideration is very useful for the computation 
of LAlb(X) for smooth X. This idea was pursued by Ayoub-Barbieri- 
Viale in [1] and by Bertapelle in 

0.10. Tensor structure and internal Horn. Similarly, the functor 
LAlb turns out to transport the tensor structure on DMg^ (8)Q to a 
(rather degenerate) tensor structure on D^{A4i ® Q). This tensor 
structure is exact (for the standard t-structure), respects the weight 
filtration and may be computed explicitly. There is also an exact in- 
ternal Hom. See Sect. [71 

0.11. A conceptual proof of Deligne's conjectures. We now come 
to the main motivation of this work: a motivic understanding of De- 
ligne's conjectures [251 (10.4.1)]. 

We introduce an axiomatic framework to formulate a version of these 
conjectures for any suitable realisation functor. This involves an ab- 
stract notion of weight filtration, which is given in Appendix E. Assume 
given a triangulated category T provided with a t-structure, with heart 
B with a weight filtration i3<„ (see IE. 7. 21 for the definition) and a t- 
exact functor D^{B) — )■ T which is the identity on B, e.g. T = D'^{B). 
Considering effective and Lefschetz objects in B, we get the subcate- 
gory of level < 1 objects B(^i) C B^^ along with a left adjoint Alb'^. 
Similarly, define 7(i) C (by objects with H* in or B"^^): un- 
der mild assumptions like that of a bounded t-structure, we get a left 
adjoint LAlb^ (see 115.3."^ . Suppose given a triangulated "realisation" 
functor R : DMg^ (8>Q — t- T'^^ which behaves as a usual homology the- 
ory in degrees < 1, as explained in Hypotheses I15.4.T1 and [T5.5.2I Let 
Ri = RTot. We then get a "base change" natural transformation 

(0.5) LAlb^/?^ i^iLAlb'^ 

and, for all z G Z, a map 

(0.6) Alb^i/f (M) i?iLiAlb^(M) 

where H^{M) := Hi{R{M)), for any M G DM^^(A;) (g) Q. Theorem 
ll5.5.5l now gives an abstract version of Deligne's conjectures: (10. 5p and 
(10.61) are isomorphisms if, in addition, the "homological" equivalence 
induced by R coincides with algebraic equivalence in codimension 1 
and the corresponding geometric cycle class map satisfies a Lefschetz 
(l,l)-type theorem (or Tate conjecture in codimension 1) for smooth 
projective varieties. (Note that, if (10. 6p is an isomorphism for M = 
M{X), X smooth projective, then it is an isomorphism for any M and 
(10. 50 is an isomorphism of functors.) 
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0.12. Hodge structures. For X smooth over k = £- the complex 
numbers, one can easily check that the 1-motive R*Pic(X) has a Hodge 
realisation abstractly isomorphic to H^{Xg,^, Z)-^, the largest 1-motivic 
part of the mixed Hodge structure on if*(Xan, Tate twisted by 1 (just 
use 110.6.11) . The above abstract framework provides such an isomor- 
phism in a functorial way. 

Namely, if i3 = MHS is the category of (graded polarizable, Q-linear) 
Deligne's mixed Hodge structures and T = D^(M}iS), the weight fil- 
tration provides B with a weight structure. Then = MHS(i) is the 
full subcategory of MHS''^ given by level < 1 mixed Hodge structures. 
Huber's [12] (covariant) Hodge realisation R, which is the one canoni- 
cally defined on DMg^(C) (x) Q, becomes an equivalence on 1-motives 
by our Theorem 117.2. 1[ The mentioned conditions in 115.5.5] are clearly 
satisfied here thanks to the (1, 1)-Lefschetz theorem. In the isomor- 
phism (10. 6p for M = M{X), X a complex variety, the mixed Hodge 
structure Alb^ H^^{X) = Hi{X, Q)<i is the largest quotient of level < 1 
so that fl0.6l) translates Deligne's conjecture on the algebraicity of this 
mixed Hodge structure. Similarly, LjAlb*(X) has Hodge realisation 
Mh'^ Hi{R{M{Xy{n)[2n])) = Q(n))<i, providing new cases 

where Deligne's conjecture holds true (up to isogeny) not included in 
[H], [7] or [12]. All this is Theorem mil] and its Corollary [17X21 see 
also Remark 117. 3. 3[ 

0.13. Comparing Hodge realisations. As just explained, we use 
Huber's Hodge realisation functor to prove Deligne's conjecture. How- 
ever, before Voevodsky, Deligne defined another Hodge realisation for 
1-motives in [2S1 10.1.3] (see 117.41) . It is a natural question whether 
these two realisation functors are isomorphic. 

We tackle this question in Sect. [161 in an abstract setting. The main 
result. Theorem 116. 2. 2[ is that given a realisation R as in 10.111 and an 
exact functor T : A^i ® Q — )■ -B, compatible with weights, there is at 
most one natural isomorphism Ri = R Tot ^ T. 

It would be nice to prove the existence of this isomorphism in the 
case of Huber's and Deligne's Hodge realisation: see Vologodsky [SH] 
for work in this direction, as well as Remark 116.2.31 It would fol- 
low that, for any X, the 1-motives R*Pic(X) are isogenous to the 1- 
motives Mi{X) constructed in [7j. It would also follow that the 1- 
motive LiAlb*(X) is isogenous to Alb'''(X), but this already holds in- 
tegrally by Theorem 113.12.61 We expect that for any separated scheme 
X of finite type over a field k of characteristic zero, the 1-motives 
R*Pic(X) are isomorphic to the 1-motives Mj(X) constructed in 
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For X normal or proper, this also holds for i = 1 by the comparison 
results indicated in 10.71 and the results of [S] . 

0.14. Mixed realisations. Ruber's Hodge realisation fucntor is only 
one component of her much richer mixed realisation functor |10l |l2] . In 
Sect, [m we show that it fits with our axiomatic approach: this yields 
a reasonable interpretation of the second part of Deligne's conjecture 
on comparison isomorphisms, see Corollaries 118.3.21 and 118.3.31 

0.15. £-adic. Fortunately, in the £-adic case, the issue of 10.131 turns 
out to be trivial. First of all, Deligne's realisation fucntor [25', (10.1.5)] 
extends to all etale sheaves without change. This provides a covariant 
realisation functor on DM^f (fc), defined in §19.21 We remark that 
the Zrdual of restricts on DMf^{k) to the same functor as defined 
by Ivorra in [l^: we got this insight by reading [51]. This provides, 
in characteristic p, an £-adic version of Deligne's conjectures, which 
depends on the Tate conjecture in codimension 1 ( Theorem 1 1 9 . 6 . 1 p . 

0.16. Going further. One could explore situations like the one around 
the p-adic period isomorphism. We leave these developments to the 
motivated reader. 

0.17. Caveat. While one might hope that these results are a partial 
template for a future theory of mixed motives (see e.g. [3j), we should 
stress that some of them are definitely special to level < 1. Namely: 

• It is succintly pointed out in [861 §3-4 P- 215] (see [H §2.5] for 
a proof) that the non finite generation of the Griffiths group 
prevents higher- dimensional analogues of LAlb to exist. (This 
goes against [Sj, Conj. 0.0.19].) 

• Contrary to Theorem 13.9.11 the homotopy t-structure does not 
induce a t-structure on (i<„DMg^,5^ for n > 2. This can al- 
ready be seen on Z(2), although here the homotopy sheaves are 
conjecturally ind-objects of (i<2 DMg^ (see [HH §6]). 

These two issues seem related in a mysterious way! However, see [1] 
for a possible approach to n-motivic sheaves and a conjectural picture 
linking the subject to the Bloch-Beilinson motivic filtration. 

0.18. A small reading guide. We now offer some suggestions to the 
reader, hoping that they will be helpful. 

One might start by quickly brushing through §1.11 to review the def- 
inition of Deligne's 1-motives, look up §1.51 to read the definition of 
D^{M.i[l/p\) and then proceed directly to Theorem 12.1.21 (full em- 
bedding), referring to Section [T] ad libitum to read the proof of this 
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theorem. The lengths of Sections |3] and H] are necessary evils; they may 
be skipped at first reading with a look at their main results (Theorem 
13.9. H the homotopy t-structure, and Theorem 14.5.31 agreement of the 
two Cartier dualities). 

One may then read Section [5] on the construction of LAlb and RPic 
(which hopefully will be pleasant enough), glance through Section |6] 
(their rational versions) and have a look in passing at Section [7] for 
the tensor structure and internal Hom on D^(Aii ® Q). After this, 
the reader might fly over the mostly formal sections M and IHl jump 
to Theorem 110.2.21 which computes LAlb(X) for a smooth scheme X, 
read Sections [TT] and [T3] on LAlb of singular schemes where he or she 
will have a few surprises, read Section [H] on Roitman's theorem and its 
generalisations, have a well-earned rest in recovering familiar objects in 
Section [12] (the case of curves). Then jump to Corollary 117.3.21 which 
gives the Hodge realisations of RPic(X) and LAlb*(X) for X a complex 
algebraic variety, look at the main results in Sect. [18] and consult Sect. 
UM After which, one can backtrack to Sect. [TS] and [TH] to see the 
technical details. 

And never look at the appendices. 

The reader will also find an index of notations at the end. 
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In all this work, k is a perfect field of exponential characteristic p. 
We write Sm{k) for the category of smooth separated schemes of finite 



^As well as the EyjafjallajokuU volcano for the almost last touches to this work. 
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type and Sch{k) for the category of all separated schemes of finite type. 
Since we ignore characteristic p phenomena in this paper, we invert 
p in the Hom groups of all categories constructed out of commutative 



group schemes and etale sheaves from Subsection\1.4\ onwards. 



Part 1. The universal realisation functor 

1. The derived category of 1-motives 

The main reference for (integral, free) 1-motives is [23] §10], see also 
[HI §1]. We also provide an Appendix [C] on 1-motives with torsion 
which were introduced in [3 §1]. For the derived category of 1-motives 
up to isogeny we refer to [HH Sect. 3.4] and [68]: here we are interested 
in the integral version. 

1.1. Deligne 1-motives. The following terminology is handy: 

1.1.1. Definition, a) An abelian sheaf L on {Sm{k))ct is discrete if it is 
locally constant Z-constructible {i.e. with finitely generated geometric 
fibres). The full subcategory of discrete abelian sheaves on {Sm{k))^t 
is denoted by ^Mo{k) = *A^o- 

b) A lattice is a fc-group scheme locally constant for the etale topology, 
with geometric fibre(s) isomorphic to a finitely generated free abelian 
group, i.e. representing a torsion-free discrete sheaf. The full subcate- 
gory of lattices is denoted by A^o(^) = -Mq. 

A Deligne 1-motive over k is a complex of group schemes 

M = [L A G] 

where L is a lattice and G is a semi-abelian fc-scheme. Thus G can be 
represented by an extension 

where T is a fc-torus and A is an abelian fc-scheme. 

As a complex, we shall place L in degree and G in degree 1. Note 
that this convention is only partially shared by the existing literature. 

A map from M = [L A G] to M' = [V A G'] is a commutative 
square 

L G 

/ 

V G' 

in the category of group schemes. Denote by (/, g) : M ^ M' such 
a map. The natural composition of squares makes up the category of 
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Deligne's 1-motives. We shall denote this category by Aii{k). We shall 
usually write A^i instead of Aii{k), unless it is necessary to specify k. 
The following lemma is immediate: 

1.1.2. Lemma. Aii is an idempotent complete additive category. □ 

1.1.3. Definition. Let i? be a commutative ring. For any additive 
category A, we denote hj A<^ R the _R-linear category obtained from 
A by tensoring morphisms by R, and hj A^R the pseudo-abelian hull 
(idempotent completion) of A^ R. 

This distinction is useful as A^ R may not be idempotent complete 
even if A is. 

We shall also use the following category, which is technically very 
useful: 

1.1.4. Definition. Let A^anc denote the category given by complexes 
of group schemes [L — )■ G] where L is discrete and G is a commutative 
algebraic group whose connected component of the identity G° is semi- 
abelian. It contains A^i as a full subcategory. 

This category is studied in more detail in §C.8[ 

1.1.5. Proposition (c/. [SSI 3.2.2]). The inclusion Mi M"^^ in- 
duces an equivalence of categories 

e:Mi®Q^A^f,®Q. 

In particular, the category Aii^Q is abelian, hence Aii^Q = A^iKlQ. 

Proof. (See also Lemma lB.1.3[ ) It is enough to show that e is essentially 
surjective. But if [L — G] G A^lnc then we have a diagram 

[LAG] 

where the vertical {resp. horizontal) map is a pull-back {resp. a push- 
out) and Lfj. :=L°/L°qj. where L^^^. is the torsion subgroup of Both 
maps are isomorphisms in A^^nc ® Q- The last assertion follows from 
the fact that A^^nc ® Q is abehan (Proposition ICLMj)- □ 

1.1.6. Remarks. 1 (see also Def. IB. 1.11 c)). An isogeny between 
Deligne's 1-motives, from M = [L A G] to M' = [L' 4 G'] in Mi{k), 
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is a diagram of group schemes with exact columns 





F 



L — ^ G 



L' G' 



E 







where F and E are finite. Isogenies become invertible in M.] 



2. The category A^i of Dehgne's 1-motives has kernels and cokernels 
(see Proposition IC.1.31) but it is not abelian. This easily follows from 
the diagram hereabove: an isogeny has vanishing kernel and cokernel 
but it is not an isomorphism in A^i. 

1.2. Weights and cohomological dimension. Recall that M = 
[L ^ G] G A^i has an increasing filtration by sub- 1-motives as fol- 
lows: 

{M i>0 
T 
i < -3 

We then have gr^2(^) = T[-^l grfi(M) = A[-l] and grS^(M) = L 
(according to our convention of placing L in degree zero). We say that 
M is pure of weight i if gr^ M = for all j ^ i. Note that for two pure 
1-motives M, M', Hom(M, M') ^ only if they have the same weight. 

1.2.1. Proposition (|6H1 3.2.4]). The category A4i ^ Q is of cohomo- 
logical dimension < 1, i.e. if Ext^M, M') ^ 0, for M, M' e Mi® Q, 
then i = or 1. 

Recall a sketch of the proof in [68j. (For a generalisation and a differ- 
ent proof, see Proposition IC. 12T3i ) One first checks that Ext^ (M,M') 
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= if M,M' are pure of weights and i < i' . This formally re- 
duces the issue to checking that if M, M', M" are pure respectively of 
weights 0,-1,-2, then the Yoneda product of two classes (61,62) G 
Ext"^(M, M') X Ext^(M',M") is 0. Of course we may assume 61 and 
62 integral. By a transfer argument, one may further reduce to k al- 
gebraically closed. Then the point is that ei and 62 "glue" into a 
1-motive, so are induced by a 3 step filtration on a complex of length 
1; after that, it is formal to deduce that 62 ■ 61 = (c/. |SGA7t IX, 
Prop. 9.3.8 c)]). 

1.2.2. Remark. We observe that Proposition 11.2. 11 can be regarded as 
an algebraic version of a well-known property of A^i(C) ® Q. Namely, 
A^i(C) (8>Q can be reahsed as a thick abelian sub-category of Q- mixed 
Hodge structures, see [25]. Since the latter is of cohomological dimen- 
sion < 1, so is A^i(C) ® Q (use [SSI Ch. Ill, Th. 9.1]). 

1.3. Group schemes and sheaves with transfers. 



1.3.1. Definition (c/. Def. [DX2|1 . We denote by Hl^t = HI^t(A;) the 



category of homotopy invariant etale sheaves with transfers over Sm{k): 
this is the full subcategory of the category EST(A;) = Shv^t{SmCor{k)) 
from [SH §3.3] consisting of those etale sheaves with transfers that are 
homotopy invariant. 

Let G be a commutative fc-group scheme. We shall denote by G 
the associated etale sheaf of abelian groups. In fact, under a minor 
assumption, G is an etale sheaf with transfers, as explained by SpieB- 
Szamuely [SH Proof of Lemma 3.2], of. also Orgogozo [68, 3.1.2]. Both 
references use symmetric powers, hence deal only with smooth quasi- 
projective varieties. Here is a cheap way to extend their construction to 
arbitrary smooth varieties: this avoids to have to prove that DM^^(fc) 



may be presented in terms of smooth quasi-projective varieties, of 
beg. of §1]. 

1.3.2. Lemma. Suppose that the neutral component G^ is quasi-projec- 
tive. Then the Stale sheaf G is provided with a canonical structure of 
presheaf with transfers. Moreover, if G^ is a semi-abelian variety, then 
G_ is homotopy invariant. 

Proof. For two smooth fc- varieties X,Y, we have to provide a pairing 

c(X, Y) ® G{X) GiY) 

with the obvious compatibilities. As in [611 Ex. 2.4], it is enough to 
construct a good transfer /* : G(W) — )■ G{X) for any finite surjective 
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map f : W ^ X with X a normal /c-variety. For X and W quasi- 
projective, this is done in [SI] or [680 In general, cover X by affine 
opens Ui and let Vi = f~^{Ui). Since / is finite, Vi is also affine, hence 
transfers G{Vi) G{Ui) and QiVi n Vj) G{Vi n Vj) are defined; the 
commutative diagram 

0->G(iy) y > UG{V,nV,) 



0->G(X) > UG{Ui) > UG{U,nUj) 

uniquely defines the desired 

The second statement of the lemma is well-known {e.g. [68| 3.3.1]). 

□ 

Actually, the proof of [SH Lemma 3.2] defines a homomorphism in 
HI,t 

which is split by the obvious morphism of sheaves 

7 : G -> L,tiG) 

given by the graph of a morphism. Therefore a is an epimorphism 
of sheaves. (One should be careful, however, that 7 is not additive.) 
When G is homotopy invariant, one deduces from it as in [HH Remark 
3.3] a morphism in DM'^_^^^{k) 

(1.1) M,t(G) = a(L,t(G))^G. 

Let Hl|^'^' be the category of complexes of length 1 of objects of Hl^t 
(concentrated in degrees and 1): this is an abelian category. Lemma 
11.3.21 gives us a functor 

Mf^M 

hence, by composing with the embedding Aii — )■ A^^nc '^^ Proposition 
11.1.51 another functor 

(1.2) M, ^ Hl£'^] . 



'^For the symmetric powers of G to exist as schemes, it suffices that G° be quasi- 
projective. 
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1.4. 1-motives with torsion and an exact structure on A^i[l/p]. 

Recall that, from now on, we invert the exponential characteristic 
p in the Horn groups of all categories constructed out of commutative 
fc-group schemes or etale fc-sheaves. This does nothing in characteristic 
0. 

The reader can check that most of the statements below become false 
if p > 1 is not inverted. We hope that statements integral at p may 
be recovered in the future by considering some kind of non-homotopy 
invariant motives and cohomology theories. 

We start with: 

1.4.1. Proposition. Let M' be a complex of objects of / p] . The 
following conditions are equivalent: 

(i) The total complex Tot{M') in Cilll(,t)[l/p] (see Definition lT73J\ 
and Lemma M.S. i^) is acyclic. 

(ii) For any g G Z, H''{M') is of the form [F'^ = F'^], where F'^ is 
finite. 

Proof, (ii) =^ (i) is obvious. For the converse, let M'^ = [L'^ — )■ G"'] for 
all q. Let L' and G' be the two corresponding "column" complexes of 
sheaves. Then we have a long exact sequence in Hl^t: 

> H'^iL) -> H^iG) H^iTotiM)) H'^+^F) ^ ... 

The assumption implies that H'^{L') H'^{G^) for all q. Since 
H'^{L') is discrete and H'^{G^) is representable by a commutative alge- 
braic group, both must be finite. □ 

We now restrict to complexes of A^i[l/p]. 

1.4.2. Definition. A complex of A^i[l/p] is acyclic if it satisfies the 
equivalent conditions of Proposition 11.4.11 An acyclic complex of the 

form ^ N' N N" — )• is called a short exact sequence. 

Recall that in [7] a category of 1-motives with torsion was introduced. 
We shall denote it here by *A^i in order to distinguish it from M.i. 
Denote by the effective 1-motives with torsion: *A^^^ is the full 

subcategory of the category A^^L of Definition 11.1.41 consisting of the 
objects [L — )■ G] where G is connected. Then *A^i is the localisation 
of ^J\A^ with respect to quasi-isomorphisms. 

The main properties of *A^i are recalled in Appendix O In partic- 
ular, the category *A^i[l/p] is abelian (Theorem IC. 5. 3p and by Propo- 
sition IC.7.11 we have a full embedding 



(1.3) 



Mi[l/p]^'Mi[l/p\ 
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which makes A^i[l/p] an exact subcategory of ^M.i[\/p\. The following 
lemma is clear: 

1.4.3. Lemma. A complex Q N' -\ N ^ N" ^ in Mi[l/p\ is a 
short exact sequence in the sense of Definition \l .4"^ if and only if it is 
a short exact sequence for the exact structure given by (11.31) . 

1.4.4. Remarks. 1) There is another, much stronger, exact structure 
on A^i[l/p], induced by its full embedding in A^anclVp]- amounts to 
require a complex [L' — )■ G'] to be exact if and only if both complexes 
L' and G' are acyclic. We shall not use this exact structure in the 
sequel. (See also Remark [1.8.51 ) 

2) Clearly, the complexes of Definition ll.4.2l do not provide A^|nj.[l/p] 
with an exact structure. It is conceivable, however, that they define 
an exact structure on the localisation of A^|nj.[l/p]/homotopies with 
respect to morphisms with acyclic kernel and cokernel. 

1.5. The derived category of 1-motives. 

1.5.1. Lemma. A complex in C{Aii[l/p]) is acyclic in the sense of 
Definition \1.4-^ if and only if it is acyclic with respect to the exact 
structure of A^i[l/p] provided by Lemma \l-4-3\ in the sense of [101 
1.1.4] or [671 §!]■ 

Proof. Let X' G C(A^i[l/p]). Viewing X' as a complex of objects 
of TWf Jl/p], we define = Im(d" : X" ^ X"+i). Note that the 
are Deligne 1-motives. Let e„ : X" — > be the projection and 
rrin : -D" — > X""*"^ be the inclusion. We have half-exact sequences 

(1.4) ^ D''-^ ""^^ X" ^ ^ 

with middle cohomology equal to i^"(X ). Thus, if X' is acyclic in 
the sense of Definition 11.4.21 the sequences (ll.4p are short exact which 
means that X' is acyclic with respect to the exact structure of A^i[l/p]. 
Conversely, suppose that X' is acyclic in the latter sense. Then, by 
definition, we may find D'"', e^, such that rf" = m'^e'^ and that 
the sequences analogous to (ll.4p are short exact. Since A^anc[l/p] 
abelian ( Prop osit ion I C . 8 !4l) . D'"' = and we are done. □ 

From now on, we shall only say "acyclic" without further precision. 

Let K{Mi[l/p\) be the homotopy category of C{Mi[l/p]). By [671 
Lemmas 1.1 and 1.2], the full subcategory of K{M.i[llp\) consisting 
of acyclic complexes is triangulated and thick (the latter uses the fact 
that A^i[l/p] is idempotent-complete, cf. Lemma 11.1.21) . Thus one 
may define the derived category of A^i[l/p] in the usual way: 
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1.5.2. Definition, a) The derived category of 1-motives is the locahsa- 
tion D{Aii[l/p]) of the homotopy category K{J^i[l/p]) with respect 
to the thick subcategory A(A^i[l/p]) consisting of acychc complexes. 
Similarly for D^{Mi[l/p]) and D\Mi[l/p]). 

b) A morphism in C{M.i[l/p]) is a quasi-isomorphism if its cone is 
acychc. 

1.6. Torsion objects in the derived category of 1-motives. Let 

A^o be the category of lattices (see Definition ll.l.ip : the inclusion 

functor A^o[l/p] ~^ provides it with the structure of an exact 

subcategory of A^i[l/]9]. Moreover, the embedding 

Mo[l/p] 4 'Mo[l/p] 

is clearly exact, where *A^o is the abelian category of discrete etale 
sheaves (see Definition II. 1.11 again). In fact, we also have an exact 
functor 

'Mo[l/p]^'Mi[l/p] 
L^[L^ 0]. 

Hence an induced diagram of triangulated categories: 

D\Mo[l/p]) D\'Mo[l/p]) 

c 

D\Mi[l/p]) D\'Mi[l/p]). 

1.6.1. Theorem. In the above diagram 

a) B and D are equivalence of categories. 

b) A and C are fully faithful; restricted to torsion objects they are 
equivalences of categories. 

(For the notion of torsion objects, see Proposition IB. 2.11 ) 

Proof, a) For B, this follows from Proposition lA. 1 .2] provided we check 
that any object M in *A^o[l/p] has a finite left resolution by objects 
in A^o[l/p]- In fact M has a length 1 resolution: let E/k he a finite 
Galois extension of group P such that the Galois action on M factors 
through P. Since M is finitely generated, it is a quotient of some power 
of Z[P], and the kernel is a lattice. Exactly the same argument works 
for D. 

b) By a) it is sufficient to prove that C is fully faithful. It suffices 
to verify that the criterion of Proposition IA.1.41 is verified by the full 
embedding *A^o[l/p] — ^ 
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Let [L — )■ 0] ^ [L' — i- G'] be a monomorphism in *A^i[l/p]. We may 
assume that it is given by an effective map. The assumption imphes 
that L — )■ L' is mono: it then suffices to compose with the projection 
[V -> G'] ^ [V ^ 0]. 

It remains to show that A is essentially surjective on torsion objects. 
Let X = [C- ^ G-] e D^{Mi[l/p]), and let n > be such that 
nix = 0. Arguing as in the proof of Proposition 11.4. this implies 
that the cohomology sheaves of both G' and G' are killed by some 
possibly larger integer m. We have an exact triangle 

[O^G-]^X ^ [G- ^ 0] 4 

which leaves us to show that [0 — t- G'] is in the essential image of G. Let 
q be the smallest integer such that G"^ 7^ 0: we have an exact triangle 

{G" ^ Imd"} ^ G- ^ {0 ^ G^+Vlmrf" ^ . . . } ±> 

(here we use curly braces in order to avoid confusion with the square 
braces used for 1-motives). By descending induction on q, the right 
term is in the essential image, hence we are reduced to the case where 
G is of length 1. Then d'^ : G'^ G'^^^ is epi and := Ker c?'' is finite 
and locally constant!^. Consider the diagram in K'' {A4'^^[l / p]) 

rO ^"^ 1 rO (^"1 ^"1 r On 

U I ] ^ W] ^ \ i II U i] 

where Li — )■ Lq is a resolution of fi by lattices (see proof of a)). Clearly 
all three maps are quasi-isomorphisms, which implies that the left ob- 
ject is quasi-isomorphic to the right one on D^{Aii[l/p]). □ 

1.6.2. Corollary. Let A be a suhring of Q containing 1/p. Then the 
natural functor 

D\Mi[l/p]) (g)A^ D\Mi ® A) 

is an equivalence of categories. These categories are idempotent- com- 
plete for any A. 

Proof. By Proposition IB. 4. 11 this is true by replacing the category 
A^i[l/]9] by *A^i[l/p]. On the other hand, the same argument as above 
shows that the functor D^{A4i^ A) — )■ D^i^Aii ® A) is an equivalence. 
This shows the first statement; the second one follows from the fact 
that D'' of an abelian category is idempotent-complete. □ 



^Note that this is true even if m is divisible by the characteristic of k, since we 
only consider sheaves over smooth fc-schemes. 



ON THE DERIVED CATEGORY OF 1-MOTIVES 



21 



1.7. Discrete sheaves and permutation modules. The foUowing 
proposition will be used in §2.6.a[ 

1.7.1. Proposition. Let G be a profinite group. Denote by D^^{G) the 
derived category of finitely generated (topological discrete) G -modules. 
Then D\{G) is thickly generated by Z-/ree permutation modules. 

Proof. The statement says that the smallest thick subcategory T of 
D^{G) which contains permutation modules is equal to Let M 

be a finitely generated G-module: to prove that M E T, we immedi- 
ately reduce to the case where G is finite. Let M = M/Mtois- Realise 
M®Q as a direct summand of QfG]" for n large enough. Up to scaling, 
we may assume that the image of M in QfG]" is contained in 
and that there exists a submodule N of Z[G]" such that M fl = 
and M © is of finite index in This reduces us to the case 

where M is finite. Moreover, we may assume that M is ^-primary for 
some prime i. 

Let S" be a Sylow ^-subgroup of G. Recall that there exist two inverse 
isomorphisms 

ip : Z[G] M ^ Hom^[5](Z[G], M) 

[0 if 7^ f S. 

^ : Homz[5](Z[G'],M) ^ Z[G] ®z[5] M 

g&S\G 

On the other hand, we have the obvious unit and counit homomor- 
phisms 

?]:M^Hom^[5](Z[G],M) 
7]{m){g) = gm 
e : Z[G] 0z[s] M 
e{g ^ m) = gm. 

It is immediate that 

eoiPo7]={G: S). 

Since {G : S) is prime to i, this shows that M is a direct summand 
of the induced module Z[G] ®z[S] M ~ Homz[5](Z[G'], M). But it is 
well-known (see e.g. [80| §8.3, cor. to Prop. 26]) that M, as an 
S'-module, is a successive extension of trivial S'-modules. Any trivial 
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torsion S'-module has a length 1 resolution by trivial torsion-free 5*- 
modules. Since the "induced module" functor is exact, this concludes 
the proof. □ 

1.8. Cartier duality and 1-motives with cotorsion. We now in- 
troduce a new category t-Mi. 

1.8.1. Definition. We denote by t-Mf^ the full subcategory of A^^nc 
consisting of those [L — )■ G] such that L is a lattice and G is an ex- 
tension of an abelian variety by a group of multiplicative type, and by 
tM-i its localisation with respect to quasi-isomorphisms. An object of 
tM-i is called a l-motive with cotorsion. 

Recall that Deligne [251 §10.2.11-13] (c/. [8, 1.5]) defined a self- 
duality on the category A4i, that he called Cartier duality. The fol- 
lowing facts elucidate the introduction of the category jA^i. 

1.8.2. Lemma. Let T be a group of multiplicative type, L its Cartier 
dual and A an abelian variety (over k = k). We have an isomorphism 

T : Ext(A, r) ^ Hom(L, Pic°(A)) 
given by the canonical "pushout" mapping. 

Proof. Displaying L as an extension of Lfr by Ltor denote the corre- 
sponding torus by T:= Hom(Lfi., G^) and let F := Hom(Ltor,Gm) be 
the dual finite group. We obtain a map of short exact sequences 

O^Ext(A,T) Ext(v4,r) Ext(A,F)^0 

Tfr 

^ Hom(Lfr,Pic°(A))^Hom(L,Pic°(v4))->Hom(Ltor,Pic°(A)) ^ 0. 

Now Tfr is an isomorphism by the classical Weil-Barsotti formula, i. e. 
Ext{A,Gm) — Pic'^(y4), and Ttor is an isomorphism since the Neron- 
Severi group of A is free: Hom(Ltor, Pic''(A)) = Hom(Ltor, Pic(A)) = 
H\A,F) = Ext{A,F) {cf [62, 4.20]). □ 

1.8.3. Lemma. Cartier duality on J\4i extends to a contravariant ad- 
ditive functor 

( )* : 'Mf tMf 
which sends a q.i. to a q.i. 

Proof. The key point is that Ext(— ,Grrt) vanishes on discrete sheaves 
{cf. [62], 4.17]), hence Cartier duality extends to an exact duality be- 
tween discrete sheaves and groups of multiplicative type. 

To define the functor, we proceed as usual (see [H 1.5]): starting 
with M = [L A] E ^Ad'f, le be the extension of the dual abelian 
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variety A* by the Cartier dual L* of L given by Lemma [1.8.21 (note that 
may be described as the group scheme which represents the functor 
associated to Ext(M,G^)). We define M* = [0 ^ G"] G tMf. For 
a general M = [L A G] G ^Aif^, with G an extension of A by T, 

the extension M of [L A A] by the toric part [0 — )■ T] provides the 
corresponding extension G" of A' by L* and a boundary map 

u* : Hom(T, G„) ^ Ext([L 4 A], G„) = G"(A;) 

which defines M* G tA^i^. 

For a quasi-isomorphism M-^M' with kernel [F ^ F] for a finite 

group F, c/. flC.2p . the quotient [L A A]^[L' A A'] has kernel 
[F-^Fa] where Fa'-= KeT{A-^A') and the following is a pushout 

^ Hom(T', G^) ^ Hom(r, G„) ^ Hom(FT, G„) ^ 
(«')* «• II 

^ Ext([L' ^ A'],G™)^Ext([L A A],G^)-^Ext([F^FA],G™) ^ 
where Ft := Ker (T-^T'). □ 

1.8.4. Proposition, a) The functor of Le'mma \1.8.3\ induces an anti- 
equivalence of categories 

( r:'Mr[l/p]^tM,[l/p]. 

b) The category t-Mil^/p] is abelian and the two functors of a) are 
exact. 

c) Cartier duality on Aii[l/p] is an exact functor, hence induces a 
triangulated self-duality on D''{A4i[l/p]). 

Proof, a) The said functor exists by Lemma 11.8.31 and it is clearly 
additive. Let us prove that it is i) essentially surjective, ii) faithful and 
iii) full. 

i) We proceed exactly as in the proof of Lemma 11.8.31 taking an 
[L' — )■ G'] G (A^i[l/p], and writing G' explicitly as an extension of an 
abelian variety by a group of multiplicative type. 

ii) We reduce to show that the functor of Lemma 11.8.31 is faithful 
by using that Lemma [C. 2. 31 is also true in t-Mf^i^/p] (dual proof). By 
additivity, we need to prove that if / : Mq — ?■ Mi is mapped to 0, then 
/ = 0. But, by construction, /* sends the mutiplicative type part of 
Ml* to that of Mn*. 
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iii) Let Mq = [Lq ^ Go], Mi = [Li d] in ^Mf[l/p\, and let 
/ : Mj* — > Mq be (for a start) an effective map. We have a diagram 

> Ti — > G'l — > a; ^ 

/g 

^ To y G'q V A'q > 

where M* = [L • — G •] , A ■ is the dual of the abelian part of Mj and 
is the dual of Lj. If fa maps Fi to F2, there is no difficulty to get an 
(effective) map g : Mq — )■ Mi such that g* = f ■ In general we reduce 
to this case: let /i be the image of fc^Xi) in ^'q'- this is a finite group. 
Let now A'2 = Aq/^i, so that we have a commutative diagram 

> To > G'q > A'q > 

II 

> F2 > G'o > A'2 > 

where /i = Ker(AQ A'^) = Coker(Fo — > F2). By construction, fc 
induces maps /r : Fi — > F2 and : A[ — )■ A2. 

Consider the object M2 = [L2 — )■ G2] G '^M.'f[l/p] obtained from 
(Lq, F2, A2) and the other data by the same procedure as in the proof 
of Lemma 11.8.31 We then have a q.i. s : M2 — )■ Mo with kernel [fi = fi] 
and a map g : M2 ^ Mi induced by {fi, fr, Ia), and {gs~'^)* = f. 

If / is a q.i. , clearly g is a q.i. ; this concludes the proof of fullness. 

b) Since *A^i[l/]9] is abelian, tA^i[l/]9] is abelian by a). Equivalences 
of abelian categories are automatically exact. 

c) One checks as for *A^i[l/p] that the inclusion of A^i[l/p] into 
tA1i[l/p] induces the exact structure of A^i[l/p]. Then, thanks to 
b), Cartier duality preserves exact sequences of A^i[l/p], which means 
that it is exact on A^i[l/]9]. □ 

L8.5. Remarks. 1) Cartier duality does not preserve the strong exact 
structure of Remark 11.4.41 1). For example, let A be an abelian variety, 
a G A{k) a point of order m > 1 and B = A/ (a). Then the sequence 

^ [Z ^ 0] ^ [Z 4 A] ^ [0 ^ 5] ^ 0, 

with /(I) = a, is exact in the sense of Definition 11.4.21 but not in the 
sense of Remark 11.4.41 However, its dual 

^ [0 ^ 5*] ^ [0 ^ G] ^ [0 ^ G„] ^ 

is exact in the strong sense. Taking the Cartier dual of the latter 
sequence, we come back to the former. 
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2) One way to better understand what happens in Lemma 11.8.31 

eS 

and Proposition 11.8.41 would be to introduce a category t-Mi , whose 
objects are quintuples (L, u, G, A, T) with L a lattice, T a group of 
multiplicative type, A an abelian variety, G an extension of A by 

eff 

r and u a morphism from L to G. Morphisms in t-M-i are ad- 
ditive and respect all these structures. There is an obvious functor 

efF 

(L, u, G, A, r) I-)- [L A G] from tMi to tM'f, the functor of Lemma 
ll.8.3l lifts to an ant i- isomorphism of categories 'Mr — > tMi and the 

eflf 

locahsation of t-Mi [l/p] with respect to the images of q.i. of *A^^^[l/p] 
is equivalent to (A^i[l/p]. We leave details to the interested reader. 

Dually to Theorem 11.6.1^ we now have: 

1.8.6. Theorem. The natural functor Aii[l/p] fM.i[l/p] is fully 
faithful and induces an equivalence of categories 

D\M^[l/p]) ^ D\Mi[l/p]). 

Moreover, Cartier duality exchanges 'M.i[l/p\ and t.M.i['^ / p] inside the 
derived category {M.i[l / p\) . 

Proof. This follows from Theorem 11.6.11 and Proposition 11.8.41 □ 

1.8.7. Notation. For C e D\Mi[l/p]), we write *i7"(C) {resp. tH^'iC) 
for its cohomology objects relative to the t-structure with heart *A^i [1/p] 
(resp. fMi[l/p]). We also write *if„ for and for fi?"". 

Thus we have two t-structures on D^{Aii[l/p\) which are exchanged 
by Cartier duality; naturally, these two t-structures coincide after ten- 
soring with Q. In Section [31 we shall introduce a third t-structure, of 
a completely different kind: see Corollary 13.9.21 

We shall also come back to Cartier duality in Section HI 

I. 9. How not to invert p. This has been done by Alessandra Ber- 
tapelle [11]. She defines a larger variant of *A^i by allowing finite 
connected /c-group schemes in the component of degree 0. Computing 
in the fppf topology, she checks that the arguments provided in Ap- 
pendix O carry over in this context and yield in particular an integral 
analogue to Theorem IC. 5. 31 Also, the analogue of (11.31) is fully faithful 
integrally, hence an exact structure on A^i; she also checks that the 
analogue of Theorem 11.6.11 holds integrally. 

In particular, her work provides an exact structure on A^i, hence 
an integral definition of D^{A4i). One could check that this exact 
structure can be described a priori using Proposition 11.4. 11 and Lemma 

II. 4.31 and working with the fppf topology. 
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It is likely that the duality results of §1.81 also extend to Bertapelle's 
context. 



2.1. Statement of the theorem. The derived category of 1-motives 
up to isogeny can be realised in Voevodsky's triangulated category of 
motives. With rational coefficients, this is part of Voevodsky's Prethe- 
orem 0.0.18 in [8l] and claimed in [861 Sect. 3.4, on page 218]. Details 
of this fact appear in Orgogozo [68]. In this section we shall give a 
p-integral version of this theorem, where p is the exponential character- 
istic of k, using the etale version of Voevodsky's category. By Lemma 
11.3.21 any 1-motive M = [L ^ G] may be regarded as a complex 
of homotopy invariant etale sheaves with transfers. By Lemma ID.1.3t 
M[l/p] := M(8>zZi[l/p] is a complex of strictly homotopy invariant etale 
sheaves with transfers; this defines a functor 



(see [BSl Sect. 3] for motivic complexes). 

From now on, we will usually drop the mention of k from the notation 
for the various categories of motives encountered. 

2.1.1. Definition. We denote by DMg^^^^. the thick subcategory of 

DM!^^^^ generated by the image of DMg^ under the "change of topol- 
ogy" functor 

a* : DM!_^ ^ ^M^e^ 
of [la §3.3]. We set M^t(X) ■=a*M{X). 

2.1.2. Theorem. Let p be the exponential characteristic of k. The 
functor (12. ip extends to a fully faithful triangulated functor 



where the left hand side was defined in ^l-4\ ^'ts essential image is 
the thick subcategory d<i DMg^ of DMg^^ generated by motives of 
smooth curves. 

The proof is in several steps. 

2.2. Construction of T. We follow Orgogozo. Clearly, the embed- 
ding (11.21) extends to a functor 



2. Universal realisation 



(2.1) 



M^{k) ^ BM%{k) 
M ^ M[l/p]. 



T: D^(7Wi[l/j9]) ^DM!_^, 




C\Mi) ^ C7^(Hlf/l). 
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By Lemma rA.2.1t we have a canonical functor C^(Hl|^'^') ^ D^{}ll^t), 
and there is a canonical composite functor 

D\ma) D\Ell,) ^ DM!.*^,, 

where HI|^ is the category of strictly homotopy invariant etale sheaves 
with transfers (see Def. ID.1.21 and Proposition ID.1.41) . To get T, we 
are therefore left to prove 

2.2.1. Lemma. The composite functor 
factors through D^{Aii[l/p]). 

Proof. It is a general fact that a homotopy in C^(A^i) is mapped to 
a homotopy in C^(Hl|^'^^), and therefore goes to in D''(Rl^t), so that 
the functor already factors through K^{Aii). The lemma now follows 
from Lemma [1.5.11 □ 

2.3. Pull faithfulness. It is sufficient by Proposition IB. 2. 41 to show 
that T ® Q and Ttors are fully faithful. 

For the first fact, we reduce to [EHl 3.3.3 ff]. We have to be a little 
careful since Orgogozo's functor is not quite the same as our functor: 
Orgogozo sends C to Tot(C) while we send it to Tot(C)[l/p], but the 
map Tot(C) — t- Tot(C)[l/p] is an isomorphism in DM!^^^^. ®Q as we 
shall see in Proposition 16.1.11 (see also Remark 12.7.21 2)). 

For the reader's convenience we sketch the proof of [681 3.3.3 ff]: it 
first uses the equivalence of categories 

of [HEl Prop. 3.3.2] (c/. Proposition 16.1.11 ). One then reduces to show 
that the morphisms 

Ext*(M,M') ^ Hom(Tot(M),Tot(M')[i]) 

are isomorphisms for any pure 1-motives M, M' and any i G Z. This is 
done by a case-by-case inspection, using the fact [HSl 3.1.9 and 3.1.12] 
that in DMI^ OQ 

Hom(M(X), C) ® Q = e°^^(X, C) ® Q 

for any smooth variety X. The key points are that 1) for such X 
we have if^arl^^^m) = for i > 1 and for an abelian variety A, 
-^Zar("^;^) = for i > because the sheaf A is fiasque, and 2) that 
any abelian variety is up to isogeny a direct summand of the Jacobian 
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of a curve. This point will also be used for the essential surjectivity 
below. 

For the second fact, the argument in the proof of [861 Prop. 3.3.3 
1] shows that the functor DM!^^^^ — )■ D~(Shv((Spec /i;)et)) which takes 
a complex of sheaves on Sm{k)et to its restriction to (Spec k)et is an 
equivalence of categories on the full subcategories of objects of prime- 
to-p torsion. The conclusion then follows from Theorem 11.6.11 



2.4. Gersten's principle. We want to formalise here an important 
computational method which goes back to Gersten's conjecture but 
was put in a wider perspective and systematic use by Voevodsky. For 
the etale topology it replaces advantageously (but not completely) the 
recourse to proper base change. 

2.4.1. Proposition, a) Let C be a complex of presheaves with trans- 
fers on Sm{k) with homotopy invariant cohomology presheaves. Sup- 
pose that C{K) := lin^^^^^^^ ^^C{U) is acyclic for any function field K / k . 

Then the associated complex of Zariski sheaves Czar is acyclic. 

b) Let f : C ^ D be a morphism of complex of presheaves with transfers 
on Sm{k) with homotopy invariant cohomology presheaves. Suppose 
that for any function field K/k, f{K) : C{K) — )• D{K) is a quasi- 
isomorphism. Then /zar : C*zar — ^ -Dzar is a quasi-isomorphism. 

c) The conclusions of a) and b) hold for the etale topology if their hy- 
potheses are weakened by replacing K by Kg, a separable closure of 
K. 

Proof, a) Let F = H'^{C) for some g G Z, and let X be a smooth 
A:- variety with function field K. By [Ml Cor. 4.18], F{Ox,x) ^ F{K) 
for any a; G X, hence Fzar = 0. b) follows from a) by considering the 
cone of /. c) is seen similarly. □ 



eff 



,et 



2.5. An important computation. Recall that the category DM 
is provided with a partial internal Hom denoted by Hornet, defined on 
pairs (M, M') with M G DMg^^^^: it is defined analogously to the one 
of [HHl Prop. 3.2.8] for the Nisnevich topology. We need: 

2.5.1. Definition. Let X G Sch{k). We denote by tio{X) the largest 
etale fc-scheme such that the structural map X — )■ Spec k factors through 
7ro(X). 

(The existence of 7ro(X) is obvious, for example by Galois descent: 
see [301 Ch. I, §4.6].) 
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2.5.2. Proposition. Let f : C ^ Spec k be a smooth projective k- 
curve. Then, in DM'^^^^..- 

a) There is a canonical isomorphism 

Hom,,(M,t(C),Z(l)[2]) ~ R,J,Gm[l/p][l]. 

b) we have 

{RMC)/k^ni[l/p] forq = Q 
Pic^/Jl/p] forq = l 

else. 

Here, Rno{c)/k denotes the Weil restriction of scalars from tto{C) to k. 

c) The morphism 

M^tlC) ^ Hom,t(M^t(C'),Z(l)[2]) 

induced by the class Ac G Hom(M6t(C) (g) M6t(C), Z(l)[2]) of the diag- 
onal is an isomorphism. 

This is [68| Cor. 3.1.6] witli tliree differences: 1) the fppf topol- 
ogy should be replaced by the etale topology; p must be inverted (c/. 
Corollary ID. 1.61) : 3) the truncation is not necessary since C is a curve. 

Proof, a) is the etale analogue of [86l Prop. 3.2.8] since Z6t(l) = 
Gm[l/p][— 1] (see Corollary ID.1.6P and f*{Grn,k) = ^m,c for the big 
etale sites. In b), the isomorphisms for g = 0, 1 are clear; for q > 2, 
we reduce by Gersten's principle (Prop. 12.4. ip to stalks at separably 
closed fields, and then the result is classical |SGA4t IX (4.5)]. 

It remains to prove c). Recall that its Nisnevich analogue is true in 
BM"^ (ini Th. 4.3.2 and Cor. 4.3.6], but see [SI App. B] to avoid 
resolution of sing ularities). Let a* : DMl*^ DMl*^,,^ be the change of 
topology functor (c/. [6T1 Remark 14.3]). By b), the natural morphism 

(2.2) a*HomNis(M(C), Z(l)) ^ Eom, ,(a* M(C), Z(l)) 

is an isomorphism. Hence the result. □ 

2.6. Essential image. We proceed in two steps: 

2. 6. a. The essential image of T is contained in T := d<iDM'^^^^.. It 
is sufficient to prove that T{N) G T for a 1-motive of type [L — >■ 0], 
[0 — 7- G] (G a torus) or [0 — > A] {A an abelian variety). For the first 
type, this follows from Proposition 11.7.11 For the second type. Propo- 
sition [TTrT] applied to the character group of G shows that T([0 — )■ G]) 
is contained in the thick subcategory generated by permutation tori, 
which is clearly contained in T. 
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It remains to deal with the third type. If A = J{C) for a smooth pro- 
jective curve C having a rational fc-point c, then T([0 — ?■ A]) = A[—l] 
is the direct summand of M(C)[— 1] (determined by c) corresponding 
to the pure motive h^{C), so belongs to T. If A ^ A' is an isogeny, 
then Proposition II ■7.11 implies that ^[—1] G T <^==^ ^ 
general we may write A as the quotient of a jacobian J{C). Let B be 
the connected part of the kernel: by complete reducibility there exists 
a third abehan variety B' C J{C) such that B + B' = J{C) and BnB' 
is finite. Hence B (B B' ^ 1~, B' ^ T and finally A G T since it is 
isogenous to B'. 

2.6. b. The essential image of T contains T ■ It suffices to show that 
M{X) is in the essential image of T if X is smooth projective irreducible 
of dimension or 1. Let E be the field of constants of X. If X = 
SpecE", M(X) is the image of [RE/k^ — )■ 0]. If X is a curve, we apply 
Proposition 12.5.21 by c) it suffices to show that the sheaves of b) are in 
the essential image of T. We have already observed that 

is in the essential image of T . We then have a short exact sequence 

^ RE/kJ{X)[l/p] ^ Vicx,u[l/p\ ^ RE/kAl/p] ^ 0. 

Both the kernel and the cokernel in this extension belong to the 
image of T, and the proof is complete. □ 

2.7. The universal realisation functor. 

2.7.1. Definition. Define the universal realisation functor 

Tot:D^(A^i[l/p])^DM^^,,, 

to be the composition of the equivalence of categories of Theorem 12. 1.21 
and the embedding d<i DMg|^ -> DMg|^ 

2.7.2. Remarks. 1) In view of Theorem II. 8. 6[ the equivalence of The- 
orem [2TT!2| yields two "motivic" t-structures on d<i DMg^^^.: one with 
heart *A^i[l/p] and the other with heart iA^i[l/p]. We shall describe 
a third one, the homotopy t-structure, in Theorem 13.9.11 

2) In what follows we shall frequently commit an abuse of notation in 
writing G_ rather that G[l/p], etc. for the image of (say) a semi-abelian 
variety in DMg^,5^ by the functor Tot. This is to keep notation light. 
A more mathematical justification is that, according to Proposition 
ID. 1.51 the functor T is naturally isomorphic to the composition 

D\Mr[l/p]) ^ D\m^^\l/p]) ^ D\m,,[l/p]) 

^ D-(Shv,,(5m(fc))[l/p]) A DM!!^,, 
which (apparently) does not invert p on objects. 
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3. 1-MOTIVIC SHEAVES AND THE HOMOTOPY t-STRUCTURE 

We recall the blanket assumption that p is inverted in all Horn 
groups. 

3.1. Some useful lemmas. Except for Proposition 13.1.7] this subsec- 
tion is in the spirit of [TTJ Ch. VII]. 

Let G be a commutative fc-group scheme, and let us write G for the 
associated sheaf of abelian groups for a so far unspecified Grothendieck 
topology. Let also J-" be another sheaf of abelian groups. We then have: 

• Ext^(G, J-") (an Ext of sheaves); 

• H^{G,J^) (cohomology of the scheme G); 

2 

• H {G,J^): this is the homology of the complex 

J^{G) ^ J^{G X G) ^ J^(G X G X G) 
where the differentials are the usual ones. 

3.1.1. Proposition. There is an exact sequence (defining A) 

^ A ^ Exti(G, J^) \ H\G,T) A H\G x G,T) 
and an injection 

0^ a^h\g,t). 

Proof. Let us first define the maps a, b, c: 

• c is given by Pi+ P2 — f^*, where /i is the group law of G. 

• For b: let S be an extension of G by J-". We have an exact 
sequence 

£{G) ^ G{G) ^ H\G,T). 

Then b{[S]) is the image of Iq by the connecting homomor- 
phism. Alternatively, we may think of S as an J-'-torsor over G 
by forgetting its group structure. 

• For a: we have b{[S]) = if and only if 1g has an antecedent 
s G S{G). By Yoneda, this s determines a section s : G — > 
S of the projection. The defect of s to be a homomorphism 
gives a well-defined element of H (G, J-") by the usual cocycle 
computation: this is a([£^]). 

Exactness is checked by inspection. □ 

3.1.2. Remark. It is not clear whether a is surjective. 

3.1.3. Proposition. Suppose that the map 

J^{G) © T{G) J^{G X G) 

2 

is surjective. Then H {G^J-") = 0. 
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Proof. Let 7 G J-'{G x G) be a 2-cocycle. We may write 7 = pla + p2P. 
The cocycle condition implies that a and /3 are constant. Hence 7 is 
constant, and it is therefore a 2-coboundary (of itself). □ 

3.1.4. Example. J-" locally constant, G smooth, the topology = the 
etale topology. Then the condition of Proposition 13.1.31 is verified. We 
thus get an isomorphism 

mult 

with the group of multiplicative classes in Hl^{G,J^). 

3.1.5. Lemma. Let G he a semi-abelian k-variety and L a locally con- 
stant Z- constructible Stale sheaf with torsion-free geometric fibres. Then 
Ext\G,L) = 0. 

Proof. By the Ext spectral sequence, it suffices to show that "Horn {G, L) 
= Sxt {G, L) = 0. This reduces us to the case L = Z. Then the first 
vanishing is obvious and the second follows from Example 13.1.41 □ 

3.1.6. Lemma. Let E E Ext^(G, G^) and let g E G{k). Denote by Tg 
the left translation by g. Then T*b{S) = b{S). Here b is the map of 
Proposition \3.1.1[ 

Proof. By Hilbert's theorem 90, g lifts to an e G S{k). Then induces 
a morphism from the Gm-torsor b{£) to the G^-torsor T*h{£): this 
morphism must be an isomorphism. □ 

For the proof of Theorem 13.3.11 below we shall need the case i = 2 of 
the following proposition, which unfortunately cannot be proven with 
the above elementary methods. 

3.1.7. Proposition. Let G be a smooth commutative algebraic k-group 
and L a discrete k-group scheme. Let A = Sh.y^i{Sm{k)) be the cat- 
egory of abelian etale sheaves on the category of smooth k-varieties. 
Then, for any i > 2, the group Ext^(G, L) is torsion. 

Proof. Considering the connected part G^ of G, we reduce to the case 
where G is connected, hence geometrically connected. We now turn 
to the techniques of |2lj^ : using essentially the Eilenberg-Mac Lane 
spectrum associated to G, Breen gets two spectral sequences 'E^''' and 
converging to the same abutment, with 

• "Ef = Exe^{G,Ly, 

• "E2''^ is torsion for q ^ 1; 

• '£"2'^ is the p-th cohomology group of a complex involving terms 
of the form Hl{G'',L). 



'We thank L. lUusie for pointing out this reference. 
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(In [21], Breen works with the fppf topology but his methods carry 
over here without any change: see remark in loc. cit. top of p. 34.) 
It follows from ^ (2.1)] that H%{G'',L) is torsion for any g > 0: to 
see this easily, reduce to the case where L is constant by a transfer 
argument involving a finite extension of k. Hence 'El^''^ is torsion for 
g > 0. On the other hand, since G is geometrically connected, so are 
its powers G", which implies that H^{G°'^L) = H^{k,L) for any a. 
Since the complex giving 'E'g'^ is just the bar complex, we get that 
'E2'^ = L[k) and 'E2^ = for p > 0. Thus all degree > terms of the 
abutment are torsion, and the conclusion follows. □ 

3.2. 1-motivic sheaves. 

3.2.1. Definition. An etale sheaf J-" on Sm{k) is 1-motivic if there is 
a morphism of sheaves 

(3.1) gAj- 

where G is a semi-abelian variety and Ker 6, Coker h are discrete (see 
Definition [rH]). 

We denote by Shvo the full subcategory of ShV(5t(5'm(A;)) [1 jp] consisting 
of discrete sheaves and by Shvi the full subcategory of Shvet(5'm(A;)) [1/p] 
consisting of 1-motivic sheaves. 

3.2.2. Remark. The category Shvo is equivalent to the category *A^o[l Iv] 
of Definition [HHH 

3.2.3. Proposition, a) In Definition \3.2.1\ we may choose b such that 
Kerb is torsion- free: we then say that b is normalised. 

b) Given two 1-motivic sheaves J^i,J^2, normalised morphisms bi : G^ ^ 
J-'i and a map ^ : T\ T2, there exists a unique homomorphism of 
group schemes (pc : Gi ^ G2 such that the diagram 

G, ^ 



G2 72 

commutes. 

c) Given a 1-motivic sheaf T , a pair [G, b) with b normalised is uniquely 
determined by T . 

d) The categories Shvg and Shvi are exact abelian subcategories of 
Shva{Sm{k)). 

Proof, a) If Ker b is not torsion-free, simply divide G by the image of 
its torsion. 
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b) We want to construct a commutative diagram 

> Li Gi J^i El > 



> U G2 J^2 E2 > 

where Li = Ker6j and Ei = Cokerfej. It is clear that C2fbi = 0: this 

proves the existence of ipE- We also get a homomorphism of sheaves 
— i- G2/L2, which lifts to '^g '■ G^ ^ G_2 by Lemma [3.1.5[ hence ip^. 
From the construction, it is clear that is uniquely determined by 
and that (pi is uniquely determined by ipc- It remains to see that 

(pc is unique. Let ^p'q be another choice. Then b2{'PG — fa) = O5 hence 

{ipc — 'p'g){Gi) C L2, which implies that ipc = 'p'c- 

c) Follows from b). 

d) The case of Shvo is obvious. For Shvi, given a map ip as in b), we 
want to show that J-3 = Kenp and J-4 = Cokenp are 1-motivic. Let 
G3 = {Keripc)^ and G^ = Cokeryj^: we get induced maps h : G_^^ Ti 
for 2 = 3,4. An easy diagram chase shows that Kerfej and Cokerfej are 
both discrete. □ 

Here is an extension of Proposition 13.2.31 which elucidates the struc- 
ture of Shvi somewhat: 

3.2.4. Theorem, a) Let SAb he the category of semi-abelian k-varie- 
ties. Then the inclusion functor 

SAb ^ Shvi 
G^G 

has a right adjoint/left inverse 7; the counit of this adjunction is given 
by (13. ip (with b normalised). The functor 7 is faithful and "exact up 
to isogenics" . For a morphism (p G Shvi, '~f{ip) = is an isogeny 
if and only if Ker ip and Coker ip> G Shvo . In particular, 7 induces an 
equivalence of categories 

Shvi / Shvo ^ SAb ®Q 

where SAb ®Q is the category of semi-abelian varieties up to isogenics, 
b) The inclusion functor Shvo — )■ Shvi has a left adjoint/left inverse 
ttq; the unit of this adjunction is given by Coker 6 in (13. ip . The right 
exact functor 

(7ro)Q : Shvi ^ Shvo ®Q 
has one left derived functor {tti)q given by Kerb in ( 13. ip . 
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Proof, a) The only delicate thing is the exactness of 7 up to isogenics. 
This means that, given a short exact sequence — )■ J-"' — )► J-" — )► J-"" — )► 
of 1-motivic sheaves, the sequence 

^ 7(J^') -> 7(J^) ^ 7(J^") 

is half exact and the middle homology is finite. This follows from a 
chase in the diagram 

y L' G' — ^ r E' y 



> L G — ^ J- E > 



¥ L" G" J^" ^" > 

of which we summarize the main points: (1) G" — )■ G is injective because 
its kernel is the same as Ker(L' — )■ L). (2) G — )■ G" is surjective because 
(i) Hom(G" ^ Coker(E' ^ E)) = and (ii) if L" ^ Coker(G ^ G") is 
onto, then this cokernel is 0. (3) The middle homology is finite because 
the image of Ker(G' G) ^ E' must be finite. 

In b), the existence and characterisation of {'iti)q follows from the 
exactness of 7 in a). □ 

3.2.5. Remark. One easily sees that tti does not exist integrally. Rather, 
it exists as a functor to the category of pro-objects of Shvo. (Actually 
to a finer subcategory: compare [79].) 

3.3. Extensions of 1-motivic sheaves. The aim of this subsection 
is to prove: 

3.3.1. Theorem. The categories Shvo and Shvi are stable by extensions 
in the abelian category Shv(,t{Sm{k))[l/p]. 

Proof. For simplicity, let us write A:= Shv^t{Sm{k))[l/p] as in Propo- 
sition [XTTl The statement is obvious for SIivq. Let us now show that 
Shvi is closed under extensions in A. Let J-'i, T2 be as in f l3.2p (no map 
given between them). We have to show that the injection 

(3.3) Ext^hv,(-^2,^i) Exti,(J-2, J-i) 

is surjective. This is certainly so in the following special cases: 

(1) J-'i and J-2 are semi-abelian varieties; 

(2) T2 is semi-abelian and T\ is discrete (see Example I3.1.4p . 
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For m > 1, consider 

= Coker(Li © Li) 

so that we have two exact sequences 

(1Gi ,0) 

> Gi ' ) J^" > Li/m > 

> Li J^" > GjLi © Li/m > 0. 

The first one shows that (13.31) is surjective for (J-2, J^i) = (G2, J-"™"). 
Let us now consider the commutative diagram with exact rows associ- 
ated to the second one, for an unspecified m: 
(3.4) 

Extl^^^{G„Tn^Extl^^^{G„GjL^ © L^/m)-^Extl^^^{G,,L^) 

I 

Ext^(G2,J^™) ^ ExtJ^(G2,Gi/Li©Li/m) ^ Ext^(G2, Li). 
Note that the composition 

Ext^(G2,Gi/Li) ^ Exti^(G2,Gi/Li © Li/m) ^ Ext^(G2,Li) 

coincides with the boundary map 6 associated to the exact sequence 

^ Li ^ Gi ^ GjLi 0. 

Let e G Ext\{G2, GJ Li) . By Proposition [3X71 / = (5(e) is tor- 
sion. Choose now m such that m/ = 0. Then there exists e' G 
Ext^(G2, Li/m) which bounds to / via the Ext exact sequence as- 
sociated to the exact sequence of sheaves 

— )■ Li ^ Li — )■ Li/m — 0. 

Since S"^{e, — e') = 0, fl3.4p shows that (e, — e') comes from the left, 
which shows that f l3.3p is surjective for (J-2, J^i) = {G2,Gi/Li). 
By Lemma I3.L5[ in the commutative diagram 

Exti,,^(G2,Gi/Li) > Exti,,^(G2, J-i) 

Ext\iG2,GjL,) > Ext^(G2,J-i) 

the horizontal maps are isomorphisms. Hence ( 13. 3p is surjective for 
J-2 = G2 any J^i. 

To conclude, let J-" be an extension of J^2 by in By the above, 
J-"': =62-^ is 1-motivic as an extension of G_2 by J^i, and we have an 
exact sequence 

^ L2 ^ ^ T ^ E2 ^ 0. 
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Let 6' : G —7- J-"' be a normalised map (in the sense of Proposition 
I3.2.3P from a semi-abelian variety to T' and let 6 : G — t- J-" be its 
composite with the above map. It is then an easy exercise to check 
that Ker h and Coker h are both discrete. Hence T is 1-motivic. □ 

3.3.2. Remark. We may similarly define 1-motivic sheaves for the fppf 
topology over Spec k\ as one easily checks, all the above results hold 
equally well in this context. This is also the case for §3.71 below. 

In fact, let Shv^''^^ be the Z[l/p]-linear category of fppf 1-motivic 
sheaves and vr : (Spec /i;)fppf — > Sm{k)^t be the projection functor. Then 
the functors vr* and vr,, induce quasi-inverse equivalences of categories 
between Shvi and Shv^^''^ Indeed it suffices to check that 7r^,7r* is nat- 
urally isomorphic to the identity on Shvi: if J-" G Shvi and we consider 
its normalised representation, then in the commutative diagram 

> L > G > T \ E > 



> 'n*'n*L )■ Ti^Ti*G_ > tx^tx^T > ti*ti*E )■ 

the first, second and fourth vertical maps are isomorphisms and the 
lower sequence is still exact: both facts follow from [62, p. 14, Th. 
III.3.9]. 

In particular the restriction of vr* to Shv^''^^ is exact. Actually, 
(-R''7r*)| gj^^fppf = for g > (use same reference). 

3.4. A basic example. 

3.4.1. Proposition. Let X G Sm{k). Then the sheaf Picx/fc is 1- 
motivic. 

Proof. Suppose first that X is smooth projective. Then Picx/fc is an 
extension of the discrete sheaf NSx/a: (Neron-Severi) by the abelian 
variety Pic^/^ (Picard variety). 

In general, we apply de Jong's theorem [171 Th. 4.1]: there exists a 
diagram 

U > X 

p 

U y X 

where the horizontal maps are open immersions, X is smooth projec- 
tive and the vertical map is finite etale. Then we get a corresponding 
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diagram of Pics 



Picc//fc i Picx/k- 

The horizontal morphisms are epimorphisms and their kernels are 
lattices. This already shows by Proposition l3.2.3l d) that Picj^^^, G Shvi. 

Consider the Cech spectral sequence associated to the etale cover p. 
It yields an exact sequence 

^ H\p,H^,{U,GJ) ^ Picu/k ^ H\p,Picfj/,) 

^H\p,mtiU,Gm)). 

All the are cohomology sheaves of complexes of objects of the 
abelian category Shvi, hence belong to Shvi; it then follows from The- 
orem [33?T] that Picu/k G Shvi, as well as Picx/k- D 

3.5. Application: the Neron-Severi group of a smooth scheme. 
3.5.1. Definition. Let X G Sm{k). 

a) Suppose that k is algebraically closed. Then we write NS(X) for the 
group of cycles of codimension 1 on X modulo algebraic equivalence. 

b) In general, we define NSx/fc as the etale sheaf on Sm{k) given by 



NSxA(f/) = NS(Xx,fc(f/)) 



G 



where U G Sm{k) is irreducible, k{U) is a separable closure of k{U) 
and G = Gal(k{U)/k{U)). 

3.5.2. Proposition. The natural map e : Picx/fc ~^ NSx/fc identifies 
NSx/A: with TTnf Pic Y/;,,) (cf. Theorem \3.2.4\ b)). In particular, NSx/fc G 
ShvQ. 

Proof. It is well-known that cycles modulo algebraic equivalence are 
invariant by extension of algebraically closed base field. By Proposition 
13.6.21 b). this implies that e induces a map e : Trnf PiC y/^.) — )■ NSx/fc, 
which is evidently epi. But let Pi(fx/k — Kere: by ^Vtl Lemma 7.10], 
Pic''(X;^) = Picx/A,(^) is divisible, which forces e to be an isomorphism. 

□ 

3.5.3. Remark. In particular, NS(X) is finitely generated if k is al- 
gebraically closed: this was proven in j39[ Th. 3] in a quite different 
way. 
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3.6. Technical results on 1-motivic sheaves. 

3.6.1. Proposition. The functor 

ev : Shvi — )• Ab 

to the category Ab of ahelian groups is exact and faithful, hence (cf. 
[20| Ch. 1, p. 44, prop. 1]) "faithfully exact": a sequence £ is exact if 
and only if ev{£) is exact. 

Proof. The exactness of ev is clear. For faithfulness, let : T\ 
be such that ev{}f) = 0. In ef fl3.2p . we have v^g(Gi(^)) ^ -^2(^); 
since the former group is divisible and the latter is finitely generated, 
ef (v?g) = 0. Hence ipc = 0. On the other hand, ef = 0, hence 
ipE = 0. This implies that (f is of the form ipci for ip : Ei ^ J^2- But 
ev{i(j) = 0, which implies that ip = 0. □ 

The following strengthens Theorem 13.2.41 b) : 

3.6.2. Proposition, a) Let G be a commutative algebraic k-group and 
let E be a Gal{k/ k) -module, viewed as an etale sheaf over Sm{k) (E 
is not supposed to be constructible) . Then Hom(G, -E) = 0. 

b) Let T G Shvi and E as in a). Then any morphism T ^ E factors 
canonically through tcq^J^). 

Proof, a) Thanks to Proposition 13.6.11 we may assume k algebraically 
closed. By Yoneda, Hom(G, E) is a subgroup of E{G) (it turns out 
to be the subgroup of multiplicative sections but we don't need this). 
Since E{k) E{G), any homomorphism from G to is constant, 
hence 0. 

b) follows immediately from a) and Proposition 13.2.31 □ 

3.6.3. Lemma. Let T G Shvi, K a separably closed extension of k 
and M/K an algebraic extension. Then the map J^{K) — )■ J^{M) is 
injective. 

Proof. Consider a normalised representation of J-": 

(3.5) O^L^gAt^E^O. 

The lemma then follows from an elementary chase in the diagram: 
> L{K) > G{K) > T{K) > E{K) y 

; mono ( 

> L{M) > G{M) > 7{M) > E{M) > 0. 

□ 
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3.6.4. Definition. We denote by *AbS(fc) = *AbS the Z[l/p]-linear 
category of commutative fc-group schemes G such that G"^ is semi- 
abelian and 7ro(G) is discrete. An object of * AbS is called a semi-abelian 
scheme with torsion. 

3.6.5. Proposition. The functor 

* AbS ^ Shvi 
G^G 

has a left adjoint/left inverse Q. 

Proof. Let J-" G Shvi with normalised representation (13. 5p . As the set 
of closed subgroups of if C G is Artinian, there is a minimal H such 
that the composition 

L^G^ G/H 

is trivial. Then J-'/b{H_) represents an object of *AbS and it 

follows from Proposition l3.2.3l b) that the universal property is satisfied. 
(In other words, Q{J^) is the quotient of J-" by the Zariski closure of L 
in G.) □ 

3.6.6. Proposition. Let f '■ T\ he a morphism in Shvi. Assume 
that for any n > 1 prime to p, f is an isomorphism on n-torsion and 
injective on n-cotorsion. Then f is injective with lattice cokernel. If f 
is even bijective on n-cotorsion, it is an isomorphism. 

Proof, a) We first treat the special case where J-*! = 0. Consider mul- 
tiplication by n on the normalised presentation of J^2'- 

> L > G > T2 > E > 



> L > G > T2 > E > 0. 

Since L is torsion-free, uq is injective for all n, hence (7 = and 
T2 = E. If moreover multiplication by n is surjective for any n, we 
have J-2 = since E is finitely generated. 

b) The general case. Split / into two short exact sequences: 

^ I ^ J^2 ^ G ^ 0. 
We get torsion/cotorsion exact sequences 

nK nJ^i nl ^ K / n -> J^i/n I /n -> 
„/ -> nJ^2 nG ^ I /n J^2/n -> G/n -> 0. 
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A standard diagram chase successively yields nK = 0, nJ^i — > 
nl — > ^i/n — > I/n, K/n — and = 0. By a), we find 
K — Q and C a lattice, which is what we wanted. □ 

3.7. Presenting 1-motivic sheaves by group schemes. In this 
subsection, we give another description of the category Shvi; it will 
be used in the next subsection. 

3.7.1. Definition. Let AbS be the Z[l/p]-linear category of commu- 
tative /c-group schemes G such that 7ro(G') is a lattice and G° is a 
semi-abelian variety (it is a full subcategory of * AbS). We denote by 
Sf^ the full subcategory of *AbS'~^'°^ consisting of those complexes 
F. = [Fi Fo] such that 

(i) Fi is discrete {i.e. in *A4o); 

(ii) Fo is of the form Lq © G, with Lq G and G e SAb; 

(iii) Fi ^ Fo is a monomorphism; 

(iv) Ker(Fi — )■ Lq) is free. 

We call Sf^ the category of presentations. 

We shall view Sf^ as a full subcategory of Shv^'^'"' via the functor 
G ^ G which sends a group scheme to the associated representable 
sheaf. In this light, F. may be viewed as a presentation of J-' := Hq{R). 
In the next definition, quasi-isomorphisms are also understood from 
this viewpoint. 

3.7.2. Definition. We denote by S the collection of quasi-isomorphisms 
of Sf^, by the homotopy category of Sf^ (Hom groups quotiented 

by homotopies) and by Si — T^'^S^ the locahsation of with respect 
to (the image of) E. 

The functor F. i-> Ho{F.) induces a functor 

(3.6) ho: Si^ Shvi . 

Let F = (Fi,Lo,G) be a presentation of J-" e Shvi. Let L ~ 
Ker(Fi Lq) and E — Coker(Fi — >■ Lq). Then we clearly have an 
exact sequence 

(3.7) O^L^G^T^E^O. 

3.7.3. Lemma. Let F. = (Fi, Lq, G) G S'f- . Then, for any finite Galois 
eoctension i/k such that Lq is constant over I, there exists a q.i. F. — )■ F., 
with F. — [Fi ^ Lq © G] such that uq is diagonal and Lq is a free 
Gal{£/k) -module. 
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Proof. Just take for Lq a free module projecting onto Lq and for Fi — )■ 
Lq the pull-back of Fi — Lq. □ 

3.7.4. Lemma. The set S admits a calculus of right fractions within 
S-^ in the sense of (the dual of) [SSI Ch. I, §2.3]. 

Proof. The statement is true by Lemma IA.2.21 if we replace Sf^ by 
Shv^ but one easily checks that the constructions in the proof of 
Lemma [A. 2. 21 preserve 5*^^. □ 

3.7.5. Proposition. The functor Hq of (13.61) is an equivalence of cat- 
egories. In particular, Si is abelian. 

Proof. Step 1. Hq is essentially surjective. Let J-" G Shvi and let (13.71) 
be the exact sequence attached to it by Proposition 13.2.31 b). We shall 
construct a presentation of J-', from (13. 7p . Choose elements /i, . . . , G 
J-'{k) whose images generate E{k). Let i/khe a finite Galois extension 
such that all fi belong to J^{i), and let T = Gal{i/k). Let Lq = Z[r]^ 
and define a morphism of sheaves Lq — > by mapping the i-th basis 
element to /j. Then Ker(Lo — )■ E) maps to G/L. Let Mq be the kernel 
of this morphism, and let Lq = Lq/Mq. Then Lq^E factors into a 
morphism Lq-^E, whose kernel K injects into G/L. 

Pick now elements gi, ■ ■ ■ , gs ^ ^'(/c) whose image in G{k)/ L{k) gen- 
erate the image of K{k), and gs+i, ■ ■ ■ ,gt £ G{k) be generators of the 
image of L{k). Let i' /k be a finite Galois extension such that all the 
gi belong to^G{i'), and let P' = Gal{i'/k). Let Fi = Z[P']*, and define 
a map / : Fi — )■ G by mapping the i-th basis element to gi. By con- 
struction, f~^{L) = Ker{Fi-^K) and /' : f~^{L) L is onto. Let 
Ml be the kernel of /' and Fi = Fi/Mi. then Fi ^ K factors through 
Fi and Ker(Fi —)-)■/(') = Ker(Fi — )■ Lq) — ^ L. In particular, condition 
(iii) of Definition 13.7.11 is verified. 

Step 2. Hq is faithful. Let f : F. ^ F' be a map in Si such that 
ho{f) = 0. By Lemma 13.7.41 we may assume that / is an effective 
map (i.e. comes from Sf). We have /(Lq ® G) C lm{L[ © G'), 

hence f\G = and /(I^o) is contained in lm{L[ — )■ Lq © G'). Pick a 
finite Galois extension i/k such that Lq and L[ are constant over i. By 
Lemma 13.7.3^ take a q.i. u : [Fi — )■ Lq] — ?■ [Fi — )■ Lq] such that Lq is 
Gal{£/k)-fTee. Then the composition Lq — ?■ Lq — t- Im(L'i — )■ Lg © G') 
lifts to a map s : Lq ^ L[, which defines a homotopy between and 
fu. 

Step 3. Hq is full. Let F.,F! G and let : J-" — J-"', where 
J-" = Hq^F.) and J-"' = Hq^F'). In particular, we get a map fc'-G^G^ 
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and a map ip : Lq L'q (B / F[. Let be a finite Galois extension 
such that F[ is constant over ^. Pick a q.i. m : F. — )■ F. as in Lemma [3. 7. 31 
such that Lq is Gal{£/ k)-iree. Then ipou hfts to a map ip : Lq ^ Lq©G'. 
The map 

sends Fi into F[ by construction, hence yields a map f : F. ^ F' such 
that ho^fu'^) = ip. □ 

3.7.6. Corollary. The obvious functor 

Si D\Shvi) 

is fully faithful. 

Proof. The composition of this functor with Hq is the equivalence Hq 
of Proposition 13.7.51 Therefore it suffices to show that the restriction 
of Hq to the image of is faithful. This is obvious, since the objects 
of this image are homologically concentrated in degree 0. □ 

3.8. The transfer structure on 1-motivic sheaves. Recall the cat- 
egory AbS from Definition 13.7.11 Lemma 11.3.21 provides a functor 

p: AbS^Hl6t[l/p]. 
The aim of this subsection is to prove: 

3.8.1. Proposition. This functor extends to a full embedding 

p:Shvi-^Hl6t[l/p] 

where Hl^t is the category of Definitions UTSAl and lD.l.^ This functor 
is exact with thick image (i.e. stable under extensions). 

Proof. By Proposition 13. 7. 5^ it suffices to construct a functor p : — )■ 
HI^t[l/p]- First define a functor p : Sf^ — HI(5t[l/p] by 

p([Fi Fo]) = Coker(p(Fi) ^ p(Fo)). 

Note that the forgetful functor / : HI(5t — t- Shv6t(5'm(/c)) is faithful 
and exact, hence conservative. This first gives that p factors into the 
desired p. 

Proposition 13.2.31 d) says that fp is (fully faithful and) exact. Since 
/ is faithful, p is fully faithful and exact. 

It remains to show that p is thick. Recall that Shvi is thick in 
ShV(5t(5'm(A;))[l/p] by Theorem 13.3. 1[ Since / is exact, we are then left 
to show: 

3.8.2. Lemma. The transfer structure on a sheaf T G Shvi is unique. 
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Proof. Let jj be the transfer structure on J-" given by the beginning of 
the proof of Proposition 13.8.1] and let fi' be another transfer structure. 
Thus, for X, y G Sm{k), we have two homomorphisms 

fi,fi' : T{X)®c{Y,X) ^ J^{Y) 

and we want to show that they are equaL We may clearly assume that 
Y is irreducible. 

Let F = k{Y) be the function field of Y. Since J-" is a homotopy in- 
variant Zariski sheaf with transfers, the map J^{Y) — )■ J^{F) is injective 
by [88| Cor. 4.19]. Thus we may replace Y by F. 

Moreover, it follows from the fact that J-" is an etale sheaf and from 
Lemma rj.6.31 that J^{F) J^{F), where F is an algebraic closure of 
F. Thus, we may even replace Y hj F. 

Then the group c(Y,X) is replaced by c{F,X) = Zq{Xp). Since 
F is algebraically closed, all closed points of Xjp are rational, hence 
all finite correspondences from Spec F to X are linear combinations of 
morphisms. Therefore /i and fi' coincide on them. □ 

This concludes the proof of Proposition 13.8.11 □ 

3.9. 1-motivic sheaves and DM. Recall from Definition ID. 1.21 the 
subcategory HI^^. C Hl^t of strictly homotopy invariant etale sheaves 
with transfers: this is a full subcategory of DM*5^^^. By Proposition 
ID. 1.41 we have 

H4 = {^®zZ[l/p] I^GHI^t}. 
The introduction of Shvi is now made clear by the following 

3.9.1. Theorem. Let Shv^ C HI^^ be the full subcategory image o/Shvi 
by the functor T H- ^-'[l/p] of Lemma \D.1.3[ Then Shvi — )■ Shv^ is 
an equivalence of categories. Moreover, let M G c/<iDMg^^^. Then 
for all i G Z, 'Hi{M) G Shv^ In particular, there is a t-structure 
on (i<iDMg^,5^, with heart ShvJ; it is induced by the homotopy t- 
structure of Corollaru \D.3.3\ on DM'^f^^ (see Definition \D.2.1\ and The- 
orem [D.2.S\) . 



Proof. The first assertion is clear since HI^^. — )■ Hl^t ^ ^ht[^/p] is an 
equivalence of categories by Proposition ID. 1.41 By Proposition 13.2.31 
d), we reduce to the case M = M{C), C — )■ Spec k a smooth projective 
curve. By Proposition I2.5.2"| the cohomology sheaves of M{C) belong 
to Shvp for V} this is clear and for 'H? it is a (trivial) special case of 
Proposition 13.4.11 □ 
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Note that the functor A^i — )■ H^^' refines to an functor A^i — )■ 

Shvf'^', hence, using Lemma [A. 2. II again, we get a composed triangu- 
lated functor 

(3.8) tot : D\Mi[l/p\) /^^(Shvf'^l) ^ D\^\iYi) 

refining the one from Lemma [2.2.11 (same proof). We then get: 

3.9.2. Corollary. The two functors 

D\Mi[l/p]) Z)^(Shvi)^d<iDM^i^,,, 
are equivalences of categories. 

Proof. For the composition, this is Theorem 12.1.21 This implies that 
the second functor is full and essentially surjective, and to conclude, it 
suffices by Lemma [A. 1.11 to see that it is conservative. But this follows 
immediately from Theorem 13.9. 1[ Note that by Proposition ID. 1.41 we 
have that ShvJ ~ Shvi (see Theorem 13.9.11 for the definition of ShvJ). 

□ 

3.9.3. Definition. We call the t-structure defined on D^{M.i[l/p\) or 
on (i<i DMg^^^. by Corollary 13.9.21 the homotopy t-structure. 

3.9.4. Remark (c/. §1.91) . In [llj, A. Bertapelle defines an integral ver- 
sion of the category Shv^^^^ of Remark 13.3.21 and constructs an equiva- 
lence of categories 

D'iMi) ^ D^(ShvlPP') 

without inverting p (not going via DM). Hence the homotopy t-structure 
of Definition 13.9.31 exists integrally. 

3.10. Comparing t-structures. In this subsection, we want to com- 
pare the homotopy t-structure of Definition 13.9.31 with the motivic t- 
structure of Theorem 11.6.11 a) . 

Let C e D\Mi[l/p]). Recall from [IX7| the notation *i/„(C) G 
*A^i[l/j)] for its homology relative to the torsion 1-motivic t-structure 
from Theorem ll.6.1[ We also write 'H^{C) G Shvi for its cohomology 
objects of relative to the homotopy t-structure. 

Consider the functor tot of (13. 8p . Let J-" be a 1-motivic sheaf and 
{G,h) its associated normahsed pair (see Proposition 13.2.31 a)). Let 
L = Kerb and E = Coker 6. In D^(A^i[l/p]), we have an exact triangle 

[L G][l] tot-i(J^) ^[E^O]^ 
(see Corollary 13.9. 2p . This shows: 
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3.10.1. Lemma. We have 

*i/o(tot-i(J^)) = [E^0] 
'Hi{tot-\T)) = [L^G] 
'Hg{tot-\j^)) =0 for 0,1. □ 

On the other hand, given a 1-motive (with torsion or cotorsion) M = 
[L — 7- G], we clearly have 

H\M) = Kerf 
(3.9) 'H^(M) = Coker/ 

W{M) = for g 7^ 0, 1. 

by considering it as a complex of length 1 of 1-motivic sheaves. 

In particular, ^Mi[l/p] n Shvi = SIivq, ^Mi[l/p] n Shvi[-1] con- 
sists of quotients of semi-abelian varieties by discrete subsheaves and 
^Mi[l/p] n Shvi[g] = for g ^ 0, -1. 

Here is a more useful result relating "H* with the two motivic t- 
structures: 

3.10.2. Proposition. Let C G D\Mi[l/p]); wnte [Li 4 G,] for 

tHi{C) and [L* ^ G*] for *if*(G)0. Then we have exact sequences 
in Shvi.- 

■■■—)■ Lj+i — )• Gj+i — )• T-ii{C) Li Gi . . . 
> V-^ G'-^ ^W{C) ^ V ^ G' ^ ... 

Proof. For the first one, argue by induction on the length of G with 
respect to the motivic t-structure with heart tA^i[l/j9] (the case of 
length is (13. 9p ). For the second one, same argument with the other 
motivic t-structure. □ 

Note finally that the homotopy t-structure is far from being invariant 
under Cartier duality: this can easily be seen by using Proposition 

4. Comparing two dualities 

In this section, we show that the classical Cartier duality for 1- 
motives is compatible with a "motivic Cartier duality" on triangulated 
motives, described in Definition 14.5.21 below. 



'''Note that {Li, d) and {U, G') are determined only up to the relevant q.i. 's. 
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4.1. Biextensions of 1-motives. This material is presumably well- 
known to experts, and the only reason why we write it up is that we 
could not find it in the literature. Exceptionally, we put 1-motives in 
degrees —1 and in this subsection and in the next one, for compati- 
bility with Deligne's conventions in [25\ . 

Recall (see [25l §10.2]) that for Mi = [Li ^ d] and M2 = [L2 ^ G2] 
two complexes of abelian sheaves over some site S, concentrated in 
degrees —1 and 0, a biextension of Mi and M2 by an abelian sheaf 
H is given by a (Grothendieck) biextension P of Gi and G2 by H 
and a pair of compatible trivializations of the biextensions of Li x G2 
and Gi x L2 obtained by puUbacks. Let Biext(Mi, M2; if) denote the 
group of isomorphism classes of biextensions. We have the following 
fundamental formula (see [251 §10.2.1]): 

(4.1) Biext(Mi, M2; H) = Ext^(Mi |) M2, H). 

Suppose now that Mi and M2 are two Deligne 1-motives. Since Gi 
and G2 are smooth, we may compute biextensions by using the etale 
topology. Hence, we shall take here 

S = Sm{k)(,t. 

Let M| denote the Cartier dual of M2 as constructed by Deligne 
(see [2Sl §10.2.11] and P, §0]) along with the Poincare biextension 
Pm2 £ Biext(M2, M2 ; Gm)- We also have the transpose *Pm2 = Pm* £ 
Biext(M2 , M2; Gm)- Pulling back ^Pm2 yields a map 

(4.2) 7M„Af. : Hom(Mi, M*) ^ Biext(Mi, M2; G„) 
which is clearly additive and natural in Mi. 

4.1.1. Proposition. The map 7a/i,m2 yields a natural equivalence of 
functors from 1-motives to abelian groups, i.e. the functor 

Ml Biext(Mi, M2; Gm) 

on 1-motives is representable by the Cartier dual Mg . Moreover, 7mi,M2 
is also natural in M2. 

Proof. We start with a few lemmas: 

4.1.2. Lemma. For q < 0, we have 

Hom^(Mi I M2, G^[g]) = 0. 



Proof. For g < this is trivial and for g = this is [25| Lemma 
10.2.2.1]. □ 
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4.1.3. Lemma. Let k be an algebraic closure of k and G 
Then 

Homfc(Mi, M*) ^ Hom^(Mi, M^f 
Biextfc(Mi, M2; G„) ^ Biex%(Mi, M^] G^)^ 

Proof. The first isomorphism is obvious. For the second, thanks to 
( 14. ip we may use the spectral sequence 

HP{G, Hom^(Mi I M2, G„[g])) ^ Homfc(Mi ® M2, Gm[p + g])- 

(This is the only place in the proof of Proposition 14.1.11 where we 
shall use (14. ip .) The assertion then follows from Lemma [4.1.21 □ 

Lemma r4.1.3l reduces the proof of Proposition 14 . 1 . 11 to the case where 
k is algebraically closed, which we now assume. The following is a 
special case of this proposition: 

4.1.4. Lemma. The map 71/1, M2 is an isomorphism when Mi and M2 
are abelian varieties Ai and A2, and is natural in A2. 

Again this is certainly well-known and explicitly mentioned as such 
in |SGA7l VII, p. 176, (2.9.6.2)]. Unfortunately we have not been 
able to find a proof in the literature, so we provide one for the reader's 
convenience. 

Proof. We shall use the universal property of the Poincare bundle [651 
Th. p. 125]. Let P e Biext(Ai, A2). Then 

(1) P|Aix{o} is trivial; 

(2) P||,|xA2 e Pic°(A2) for all a G Ai{k). 

Indeed, (1) follows from the multiplicativity of P on the y42-side. For 
(2) we offer two proofs (note that they use multiplicativity on different 
sides) : 

• By multiplicativity on the Ai-side, a 1— )■ P\{a}xA2 gives a homo- 
morphism Ai{k) — > Pic(A2). Composing with the projection 
to NS(yl2) gives a homomorphism from a divisible group to a 
finitely generated group, which must be trivial. 

• (More direct but more confusing): we have to prove that 
TbP\{a}xA2 = P\{a}xA2 for all 6 G A2ik). Using simply a to 



= Gal{k/k). 
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denote the section Spec k ^ Ai defined by a, we have a com- 
mutative diagram 

A2 ^ Ai X A2 



T, 



A2 h Ai X A2. 

Let TTi : — > Spec k and 112 A2 ^ Spec k be the two 
structural maps. Then by multiphcativity on the y42-side, an 
easy computation gives 

{1a, X TbYP = P ® (Ia, X {712 o b))* P. 

Applying (a x IA2)* to this gives the result since (a x 1^2)* ° 
(1ai X (tts o b))* P = '!TA2Pa,b is trivial. 

By the universal property of the Poincare bundle, there exists a 
unique morphismH / : Ai — )■ A2 such that P ~ (/ x 1^2)*(*Pa2). It 
remains to see that / is a homomorphism: for this it suffices to show 
that /(O) = 0. But 

Oa, ^ P|{o}xA2 = (0 X lA,r o (/ X UJCPa,) 

= (/(o) X Ia.TCPa,) = {PM)iM.{fm = /(o) 

where the first isomorphism holds by multiphcativity of P on the Ai- 
side. 

Finally, the naturality in A2 reduces to the fact that, if / : — )■ 
A'2, then (/ X 1^J*(*P^J ~ (1^^ X f'y{PA,)- This follows from the 
description of /' on fc-points as the pull-back by / of line bundles. □ 

We also have the following easier 

4.1.5. Lemma. Let L he a lattice and A an abelian variety. Then the 
natural map 

Hom(L, A') ^ Biext(L[0], A[0]; G^) 
/^(lx/)*(*P^) 

is bjiective. 

Proof. Reduce to L = Z; then the right hand side can be identified with 
Ext (A, Grn) and the claim comes from the Weil-Barsotti formula. □ 



^For convenience we denote here by A' the dual of an abeUan variety A and by 
/' the dual of a homomorphism / of abelian varieties. 
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Let US now come back to our two 1-motives Mi, M2. We denote by 
Li, Tj and Ai the discrete, toric and abelian parts of Mj for i = 1,2. Let 
us further denote by u'^ : L[ ^ A[ the map corresponding to Gi under 
the isomorphism Ext{Ai,Ti) ~ Hom(L^,A^) where L'^ = Hom(Tj,Gm) 
and A'^ = Pic\Ai). 

We shall use the symmetric avatar (Lj, Aj, L^, A^, ■j/'j) of Mj (see [251 
10.2.12] or [H p. 17]): recall that ipi denotes a certain section of the 
Poincare biextension P4. G Biext{Ai, A'f,Grn) over Lj x L'^. The sym- 
metric avatar of the Cartier dual is {L[, A[, L^, Ai^ifjl). By loc. cit. 
a map of 1-motives : Mi — )■ is equivalent to a homomorphism 
/ : — )■ ^2 of abelian varieties and, if /' is the dual of /, liftings g 
and g' of fui and f'u2 respectively, i.e. to the following commutative 
squares 



(4.3) 



Ai 



L' 



A' 



and 



A, 



/' 



under the condition that 



(4.4) 



X g'Yiji 



X iL-i) on Li X L2. 



Now let (P, r, cr) be a biextension of Mi and M2 by 



z.e. a 



biextension P G Biext(Gi, G2; 
section a on Gi x L2 such that 



a section r on Li x G2 and a 



(4.5) 



|LiXL2 — |LiXL2 



We have to show that {P,T,a) = {{p x 1)*{^Pa2,T2,o'2) for a unique 
9? : Ml — )■ M2, where r2 and (T2 are the universal trivializations. 

Recall that Biext(Gi, G2; Gm) = Biext(/li, A2; G„) (c/. [25, 10.2.3.9]) 
so that, by Lemma 14.1.41 P is the pull-back to Gi x G2 of (/ x 
lA2)*(*Pyi2) for a unique homomorphism f : Ai ^ A'2. We thus have 
obtained the map / and its dual /' in (14. 3p . and we now want to show 
that the extra data (r, a) come from a pair {g, g') in a unique way. 
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We may view E = {fui x 1^2)*(*-Pa2) as an extension of Li (g) A2 by 
Gm- Consider the commutative diagram of exact sequences 





> 



Li®T2 



(4.6) 



Q 



= Li ® T2 > 

Li (g) ^2 > 



E 



Li^A2 



y 





where 12 {resp. P2) is the inclusion T2 G2 [resp. the projection 
G2 — A2). The section r yields a retraction r : Q — > whose 
restriction to Li ® T2 yields a homomorphism 

5^ : Li (g) r2 ^ 

which in turn defines a homomorphism as in (14.31) . We denote the 
negative of this morphism by g. 

4.1.6. Lemma. With this choice of g, the left square of (14.31) commutes 
and T = {g X 1g2)*^2- 

Proof. To see the first assertion, we may apply Ext*(— ,Gm) to (14.61) 
and then apply JT5[ Lemma 2.8] to the corresponding diagram. Here is 
a concrete description of this argument: via the map of Lemma [4.1.5[ 
U2g goes to the following pushout 











Li ® T2 Li ® G2 



E 



4 Li®A2 



-> 



-> 0. 



because, due to the relation ir + rn' = 1, the left square in this diagram 
commutes. 

In particular, we have 



Q = {i®P2nfui(^ir'PA, 



{fUi (g)p2 



u'2g®P2TPA, = {g®iy{u'2®P2YPA,. 
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For the second assertion, since Hom(Li A2, Gm) = it suffices to 
check the equahty after restricting to Li ®T2. This is clear because un- 
der the isomorphism Hom(L2 ® T2, Gm) = Hom(L2, Lg), the canonical 
trivialization *'?/'2 corresponds to the identity. □ 

Note that if we further pullback we obtain that 

(4.7) r |l,xL2= U1XL2 • 
The same computation with a yields a map 

and the same argument as in Lemma 14.1.61 shows that with this choice 
of g' the right square of (14. 3 p commutes. We now use that P = (1^^ x 
f')*{PAi), which follows from the naturality statement in Lemma [4.1.41 
As in the proof of Lemma [4.1.61 this implies that its trivialization a on 
Gi X L2 is the pullback of the canonical trivialization ipi on Gi x L[ 
along X (7' : Gi X L2 — 7- Gi X L[. In particular: 

(4.8) a |lixL2= V'l U1XL2 • 

Put together, (H^]), (HT]) and (USD show that Condition is 
verified: thus we get a morphism ip : Mi — )■ Let h : Gi ^ G2 he 
its group component. It remains to check that a = {hx lL2)*a2- As in 
the proof of Lemma 14.1.61 we only need to check this after restriction 
to Ti ® L2. But the restriction of h to the toric parts is the Cartier 
dual of g' , so we conclude by the same argument. 

Finally, let us show that 7mi,M2 is natural in M2. This amounts to 
comparing two biextensions. For the bitorsors this follows from Lemma 
14.1.41 and for the sections we may argue again as in the proof of Lemma 
WTM □ 

4.2. Biextensions of complexes of 1-motives. Let ^ be a cate- 
gory of abelian sheaves, and consider two bounded complexes Gi, G2 of 
objects of Let H E A. We have a double complex 

Biext(Gi, G2; HY^'i := Biext(Gf, G|; H). 

4.2.1. Definition. A biextension of Gi and G2 by H is an element of 
the group of cycles 

Biext(Gi, G2; H) := Z°(TotBiext(Gi, G2; H)). 

Here Tot denotes the total complex associated to a double complex. 

Concretely: such a biextension P is given by a collection of biexten- 
sions Pp G Biext(Gf , G2^^; H) such that, for any p, 

(c/?®l)*Pp+l = (l®rf2^-^)*Pp 



ON THE DERIVED CATEGORY OF 1-MOTIVES 53 

where d'^ {resp. rfg) are the differentials of Ci {resp. of C2). 

Now suppose that A is the category of fppf sheaves, that H = 
and that all the Cj are Deligne 1-motives. By Lemma I4.1.2[ we have 

Ext\Cl CI G„) = for i < 0. 

Therefore, a spectral sequence argument yields an edge homomor- 
phism 

(4.9) Biext(Ci, C2; G™) ^ Ext^(Ci |) C2, G„). 

Recall that Deligne's Cartier duality |25j provides an exact functor 
M^M* : Mi[l/p] Mi[l/p] 
yielding by Proposition 11.8.41 a triangulated functor 

(4.10) ( )* : D\Mi[l/p]) ^ D\M^[l/p]). 
Note that for a complex of 1-motives 

C = { yM'^ M'+^ ^ ■ ■ ■ ) 

we can compute C* by means of the complex 

C* = { y {M'+y ^ {M'Y ■ ■ ■ ) 

of Cartier duals here placed in degrees — i — 1, — i, etc. 

Let us now take in (14. 9 p Ci = C , C2 = C* . For each p G Z, we have 
the Poincare biextension Pp G Biext(C^, (C*^)*; Gm)- By Proposition 
14.1. Ij the {Pp} define a class in Biext(C, C*; G^). 

4.2.2. Definition. This class Pc is the Poincare biextension of the 
complex C . 

Let Ci,C2 G C''{Mi). As in Subsection iJl pulling back *Pci = 
Pc* G Biext(Ci,C^; G^) yields a map generalising (14. 2p : 

(4.11) 7c„c. : Hom(Ci, C*) ^ Biext(Ci, C2; G^) 

y.^(¥.xlcJ*(*PcJ. 

which is clearly additive and natural in Ci. We then have the following 
trivial extension of the functoriality in Proposition 14.1.11 

4.2.3. Proposition. 7ci,C2 o/so natural in €2- □ 
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4.3. A pairing with finite coefficients. In this section, we assume 
that k is algebraicaUy closed. 

If C is a complex of 1-motives and n > 1 is prime to char k, we define 

C/n = cone(C A C) 

the mapping cone of multiplication by n. This defines a functor on 
C^{Aii); we clearly have a natural isomorphism 

C*/n ~ {C/n[-l]y - 

This functor and this natural isomorphism are easily seen to pass to 
-D*(A^i). Composition of morphisms now yields a pairing (Hom groups 
computed in D^{M.i)): 

Hom(Z, C/n) x Hom(Z, C7n) = Hom(Z, C/n) x Hom(Z, {C/n)*[l]) 
~ Hom(Z,C/n) x Hom(C/n, Z*[l]) ^ Hom(Z,Z*[l]) = k*. 

4.3.1. Lemma. For any C G C^(A^i), the map C/n A C/n is homo- 
topic to 0. 

Proof. We may embed 1-motives in a category of complexes of sheaves 
of length 1, and then the proof is standard. □ 

This lemma implies that the above pairing refines into a pairing 

(4.12) Hom(Z, C/n) x Hom(Z, C* /n) 

4.3.2. Theorem. This pairing is perfect. 
Proof. Convert (14.121) into a morphism 

Hom(Z,C/n) ^ Hom(Hom(Z, C7n), /i„). 

This map is clearly natural in C, hence by devissage we may check 
that it is an isomorphism on "generators" C = N[i], i & 7j, where N 
is a 1-motive. We may further reduce to = [Z — )• 0], [0 — )■ Gm] or 
[0 —7- A] where A is an abelian variety. 

It is convenient to replace D'^{A4i) by -D''(*A^i) (Theorem ll.G.ip . 
which allows us to represent N/n by 

[Z/n^O][0] ifiV=[Z^O] 
[/i„^0][0] ifiV=[O^G„] 
[nA^O][0] iiN=[O^A]. 

This implies that Hom(Z, A^[i]/n) = if i 7^ (the best way to see 
this is to use the functor Tot). Suppose i = 0. In the cases = [Z — )■ 
0] or [0 — )• Gm], the pairing is easily seen to be the obvious pairing 
Z/n X fin ^ fj'n OT '^/n ^ fj.n, which is clearly perfect. In the case 
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N = [0 ^ A], SO that iV* = [0 -)■ A'] is the dual abehan variety, we get 
a pairing 

nA X „yl — )■ fin 

which is by construction the Weil pairing (see [651 IV. 20] and [631 §16])- 
Therefore it is perfect too. □ 

4.4. Comparing two Ext groups. The aim of this subsection is to 
prove: 

4.4.1. Proposition. Let Ci,C2 G D\Mi[l/p]) and C3 E DMf .,{k). 
Then the forgetful triangulated functors 

BMf -^{k) D-{Slw^t{SmCor{k))) {Shv^t{Sm{k))) 

induce an isomorphism 

HomDMe_ff^^(Tot Ci ® Tot C^, Cslq]) ^ HomB-(Shv,,)(Ci I C2, Cslq]) 
for any q E 1^. 

Proof. Each of the two functors in Proposition 14.4. 11 has a left adjoint. 
For the first one see [86, Prop. 3.2.3]; we shall denote it by RC as in 
loc. cit. The second may be constructed using [861 Remark 1 p. 202]: 
we shall denote it by $. In both cases, the construction is done for 
the Nisnevich topology but carries over for the etale topology as well 

L 

(see also [61]). The tensor product ®tr in D^(EST) is defined from the 
formula 

L{X)(g)L{Y) = L{X X Y) 

see [86l p. 206]. For X G Sm{k), let Z(X) be the Z-free etale sheaf on 
the representable sheaf Y Map^(y, X). It is clear that 

<I>Z(X) = L{X) 
Z(X) ®Z(F) = Z(X X Y). 

From this it follows that one has natural isomorphisms 

$(a|)5) = <^{A)^tMB). 
On the other hand, the tensor product in DM'^^ij^. is defined by descent 

L 

of ®tr via RC [Sni p. 210]. Hence we get an adjunction isomorphism 

HomB-(shv,o(Ci ® C2, Cs[q]) ~ }iom^^.s JRC o $(Ci |) C2), Cafe]) 
~ HomDMiff,^(^C' o $(Ci) ® o $(^2), Cslq]). 
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Now, since the components of Ci and C2 belong to Hl^t, the counit 
maps RC o ^ Tot(Ci) and RC o ^(Ca) ^ Tot(C2) are isomor- 

phisms. This concludes the proof. □ 

4.5. Two Cartier dualities. Recall the internal Hom Hom^ ^ from 



§231 We define 

(4.13) D$i(M):=Hom,,(M,Z(l)) 

for any object M e OMg^..^. 

We now want to compare the duality (14.101) with the following duality 
on triangulated 1-motives: 



4.5.1. Proposition. The functor restricts to a self-duality ( y 

jeff 
gm,ct ■ 



(anti- equivalence of categories) on (i<i DM^^ 



Proof. It suffices to compute on motives of smooth projective curves 
M(C). Then it is obvious in view of Proposition 12.5.21 c). □ 

4.5.2. Definition. For M G d<i DM^^ ,5^, we say that is the motivic 
Cartier dual of M. 

Note that motivic Cartier duality exchanges Artin motives and Tate 
motives, e.g. = Z(l). We are going to compare it with the Cartier 
duality on D'^^Adill/p]) (see Proposition II. 8. 4p via Theorem 12. 1.2[ 

For two complexes of 1-motives Ci and C2, by composing (14. lip and 
(14.91) and applying Proposition 14.2.31 we get a bifunctorial morphism 

(4.14) Hom(Ci, C;) Biext(Ci, C2; G„) ^ Hom(Ci ® C2, G^[-l]) 

where the right hand side is computed in the derived category of 
etale sheaves. This natural transformation trivially factors through 
D\M,[l/p]). 

From Proposition SXH and \6V, Thm. 4.1], taking C3 = Z(l) = 
1], it follows that the map (14.141) may be reinterpreted as a natural 
transformation 

B.omDt^Mili/p]){Ci,C;) ^ Hom^^^DM-ff ,,(Tot(Ci),Tot((:72)^). 

Now we argue a la Yoneda: taking Ci = C and C2 = C*, the image 
of the identity yields a canonical morphism of functors: 

r]c : Tot(C*) Tot(C)^. 

4.5.3. Theorem. The natural transformation rj is an isomorphism of 
functors. 
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Proof. It suffices to check this on 1-motives, since they are dense in 
the triangulated category D^(A^i[l/p]). Using Yoneda again and the 
previous discussion, it then follows from Theorem 12.1 . 21 and the isomor- 
phisms (14.11) and (14. 2p (the latter being proven in Proposition I4.1.1|) . 
The following commutative diagram explains this: 

Rom{N,M*) ^Jl^ Hom(Tot(A^),Tot(M*)) 

^^^lm(k)jN®M,Grn) ™ Hom(Tot ( A^) , Tot (M)^ ) . 

□ 

Part 2. The functors LAlb and RPic 

5. Definition of LAlb and RPic 

The aim of this section is to construct the closest integral approxi- 
mation to a left adjoint of the full embedding Tot of Definition I2.7.1I 
In order to work it out, we ffist recollect some ideas from [8^ . 

We shall show in Theorem 16.2.11 that the functor LAlb of Definition 
l5.2.1l does provide a left adjoint to Tot after we tensor Hom groups with 
Q: this will provide a proof of Pretheorems announced in [HH Preth. 
0.0.18] and [85j. See Remark 15.2.21 for an integral caveat. 

5.1. Motivic Cartier duality. Recall the functor D^^^ : DM^^^^ 
DM!_^^t of dUn]). On the other hand, by Corollary ESil] and Theo- 
rem ID.2.2t we may consider truncation on DMg^ with respect to the 
homotopy t-structure. We have: 

5.1.1. Lemma. Let p : X ^ Spec A; be a smooth variety. Then the 
truncated complex r<2-D<i(M|5t(X)) belongs to (i<iDMg^^^- (here we 
set M^t{X):=a*M{X)).~ 

Proof. The same computation as in the proof of Proposition l2.5.2l yields 
that the nonvanishing cohomology sheaves are Ti^ = RTTo{x)/k'^m[^/p] 
and T-L^ = Picx/A:[l/p]. Both belong to Shvi (the latter by Proposition 
13.4.11) . hence the claim follows from Theorem 13. 9. 1[ □ 

Unfortunately, 7{^(D|\(M^t(X))) does not belong to d<i DMg^^^^^ for 
z > 2 in general: indeed, it is well-known that this is a torsion sheaf 
of cofinite type, with nonzero divisible part in general (for i > 3 and 
in characteristic 0, its corank is equal to the i-th Betti number of X). 
It might be considered as an ind-object of d<o DMg^^^^., but this would 
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take us too far. To get around this problem, we shall restrict to the 
standard category of geometric triangulated motives of [SS], DMg^. 

Let us denote by D<f the same functor as 0*^^ in the category 
DM!_^, defined with the Nisnevich topology. Let as before a* : DM'^_^ — > 
DM'!^'^^^ denote the "change of topology" functor. 

5.1.2. Lemma, a) For any smooth X with motive M{X) G DMg^, we 
have 

a*Dl^M{X) ^ T<2D%a*M{X). 
b) The functor a* induces a triangulated functor 

Proof, a) This is the weight 1 case of the Beilinson-Lichtenbaum con- 
jecture (here equivalent to Hilbert's theorem 90.) b) follows from a) 
and Lemma [5.1.11 □ 

5.1.3. Definition. We denote by c/<i : DM^|^ ^ d<i DM^^ the com- 
posite functor o a* o D^^^. 

Thus, for M e DMg^, we have 

(5.1) d<i{M) = Hornet ("*HomNis(M, Z(l)), Z(l)). 

The evaluation map M (8> Homj^;g(M, Z(l)) — i- Z(l) then yields a 
canonical map 

(5.2) ttM ■■ a*M -> d<i{M) 

for any object M G DMg|^. We call um the motivic Albanese map 
associated to M for reasons that will appear later. 

5.1.4. Proposition. The restriction of (15.21) to (i<i DMg^ is an iso- 
morphism of functors. In particular, we have an equality 

a*Z}<i(DM^gfj = «*rf<iDM^^. 

Proof. For the first claim, we reduce to the case M = M{C) where C 
is a smooth proper curve. The argument is then exactly the same as 
in Proposition 14.5.11 using (12.21) . The other claim is then clear. □ 

5.2. Motivic Albanese. 

5.2.1. Definition. The motivic Albanese functor 

LAlb : DM^f^ ^ D\Mi[l/p]) 

is the composition of d<i with a quasi-inverse to the equivalence of 
categories of Theorem 12.1.21 
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5.2.2. Remark. With this definition we get the following form of (15. 2 p 

qm ■■ a*M -> TotLAlb(M) 

By Theorem I2.1.2[ we then have the following relationship between 
LAlb and the functor Tot of Definition [2TA1 for M e DMg^ and 
G Z^^(A^i[l/p]), the map aj\/ of (15. 2p induces a map 

(5.3) Hom(LAlbM, A^) ^ Hom(a*M, Tot(A^)). 

In Section [6l we prove that this map is an isomorphism rationally, 
showing that LAlb yields a left adjoint of Tot after Hom groups have 
been tensored with Q. However, it is not so in generao e.g. take 
M = Z(2), A^ = Z/n [n prime to p). Then LAlbM = because 
HomNi,(Z(2),Z(l)) = 0, but 

Hom(a*M,Tot(A^)) = Hl{k,Z/n{-2)) 

which is in general nonzero. 

The same example shows that Tot does not have a left adjoint. In- 
deed, suppose that such a left adjoint exists, and let us denote it by 
LAlb*^*. For simplicity, suppose k algebraically closed. Let n > 2. For 
any m > 0, the exact triangle in DMg^ 

Z{n) ^ Z{n) Z/m{n) 4 

must yield an exact triangle 

LAlb*^* Z{n) ^ LA\h^ Z{n) LAlb'^* Z/m{n) ^ 

Since Tot is an equivalence on torsion objects, so must be LAlb*^*. 
Since k is algebraically closed, Z/m{n) ~ /i®"' is constant, hence we 
must have LAlb*^* Z/m(n) ~ [Z/m — )■ 0]. Hence, multiplication by m 
must be bijective on the 1-motives H'^{ljA]\f^{Z{n))) for all g 7^ 0, 1, 
which forces these 1-motives to vanish. For g = 0, 1 we must have exact 
sequences 

^ H\hk\\f\Z{n))) ^ H\hk\\f\Z{n))) \Z/m -> 0] 

^ H^{hk\\f\Z{n))) ^ H^{hK\\f\Z{n))) 

which force either H'^ = [Z ^ 0], = or = 0, = [0 ^ G„]. 
But both cases are impossible as one easily sees by computing 

Hom(M(P"),Tot([Z ^ 0])[2n + 1]) = H^;^+\¥'',Z)[l/p] 

via the trace map, where (Q/Z)' = ^i^pQi/Z^. 

^Contrary to what was claimed in a preliminary version of this paper. 
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Presumably, LAlb*^* does exist with values in a suitable pro-category 
containing D^{A4i[l/p]), and sends Z(n) to the complete Tate module 
of Z(n) for n > 2. Note that, bv lHXcl below. LAlb(Z(n)) = forra > 2, 
so that the natural transformation LAlb''* (a;*M) — )■ LAlb(M) will not 
be an isomorphism of functors in general. 

5.3. Motivic Pic. 

5.3.1. Definition. The motivic Picard functor (a contravariant func- 
tor) is the functor 

RPic:DM^^^->D^(7Wi[l/p]) 
given by Tot-^a*Df^ {cf. Definition EZH) • 

For M G DMgl^ we then have the following tautology 

(TotRPic(M))'^ = TotLAlb(M). 
Actually, from Theorem 14.5.31 we deduce: 

5.3.2. Corollary. For M G BM"^ we have 

RPic(M)* = LAlb(M). □ 
Therefore we get *i7*(RPic(M)) = {tHi{LAlh{M)))* . 

6. The adjunction LAlb - Tot with rational coefficients 

Throughout this section, we use the notations (g)Q and KIQ from 
Definition [nH 

6.1. Rational coefficients revisited. Let DMf{k; Q) and DMf^^^{k; Q) 
denote the full subcategories of DMf (A;) and DMf^^{k) formed of those 
complexes whose cohomology sheaves are uniquely divisible. Recall 
that by [861 Prop. 3.3.2], the change of topology functor 

a* : DM!.^(A;) ^ DM!_'^-,(A;) 

induces an equivalence of categories 

DM!_«(fc;Q) ^DM!.*f,,(A:;Q). 

Beware that in loc. cit. , these two categories are respectively de- 
noted by DM!_^(A;) (g) Q and I)Mf^^^{k) (g) Q, while this notation is used 
here according to Definition 11.1.31 The composite functors (with our 
notation) 

DM!.^(A;; Q) ^ DM!_^(A;) ^ DM'i^(A;) ® Q 
DM!_'^,t(^; Q) ^ DM^_^,t(^) ^ DM!.^,t(A;) ® Q 
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are fully faithful but not essentially surjective. The functor a*®Q is not 
essentially surjective, nor (a priori) fully faithful. Nevertheless, these 
two composite functors have a left adjoint/left inverse C h-> C®Q, and 

6.1.1. Proposition, a) The compositions 

DM^^(A;) ® Q ^ DM1^(A;) ® Q ^ DM°_^(A;; Q) 

are fully faithful. 

b) Via these full embeddings, the functor a* induces equivalences of 
categories 

d<i BW^ik) K Q ^ d<i BW^^.^ik) M Q. 

Here (i<iDMg^(A;) is the thick subcategory 0/ DMg^(A;) generated by 
motives of smooth curves. 

Proof, a) We shall give it for the first composition (for the second one 
it is similar). Let M, G DMg^(A;): we have to prove that the obvious 
map 

Hom(M, N)'S)Q-^ Hom(M Q, O Q) 

is an isomorphism. We shall actually prove this isomorphism for any 
M e DMg^(fc) and any N e I)Mf{k). By adjunction, the right hand 
side coincides with Hom(M, ® Q) computed in DM'^^(k). We may 
reduce to M = M{X) for X smooth. By [861 Prop. 3.2.8], we are left 
to see that the map 

is an isomorphism for any g G Z. By hypercohomology spectral se- 
quences, we reduce to the case where is a sheaf concentrated in 
degree 0; then the assertion follows from the fact that Nisnevich coho- 
mology commutes with filtering direct limits of sheaves. 

b) It is clear that the two compositions commute with a*, which 
sends DM^J^(A;) ® Q into BW^^^^ik) ® Q. By a) and [Ml Prop. 3.3.2], 
this functor is fully faithful, and the induced functor on the Kl cate- 
gories remains so and is essentially surjective by definition of the two 
categories. Similarly for the d<i categories. □ 

6.1.2. Remarks. 1) In fact, d<i DM^^^^^{k) ^Q = d<i DM^^ ..^(A;) K Q 
thanks to Corollary 11.6.21 and Theorem I2.1.2[ We don't know whether 
the same is true for the other categories. 
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2) See [731 A. 2. 2] for a different, more general approach to Proposition 

6.1.3. Definition. With rational coefficients, we identify DMg^(A;)KQ 
with DM^^^^^.(/c) Kl Q via a* (using Proposition 16.1.11 b)) and define 

Nis r-ict 



gm,et 



d<i = 
LAlb^ = Tot-i orf 



6.1.4. Remark. This definition is compatible with the formula d<i = 
D% oa*o Df^ of Definition [5X3l 

6.2. The functor LAlb^. We now get the announced adjunction by 
taking (15.11) with rational coefficients, thanks to Corollary 11.6.21 and 
Proposition 16.1.11 

6.2.1. Theorem. Let M e DM^|^(A;) KQ. Then the map au from 
induces an isomorphism 

Hom(d<iM, M') ^ Hom(M, M') 

TCff 

gm 

with rational coefficients. 

Proof. By Proposition 14.5. 1| M' can be written as A^^ = D<i{N) for 
some G (i<iDMg^(fc) M Q. We have the following commutative 
diagram 

Hom(M,L)<i(Ar)) = Hom(M ® A^, Z(l)) = Hom(A^, L)<i(M)) 



for any M' G d<i DMg^(A;) MQ. Equivalently, (15. 3p is an isomorphism 



(aM<Siljv)* 



D<i{aM)* 



Hom(rf<iM, D<i(A^))=Hom(rf<iM ® N, Z(l))=Hom(A^, D<i{d<iM)). 

But D<i{aM) o aD<iJ\/ = 1d<imJ74, p. 56, (3.2.3.9)0 and ao^^M is 
an isomorphism by Proposition 15.1.41 which proves the claim. □ 

6.2.2. Corollary. The functor d<i of (15.11) induces a left adjoint to 
the embedding d<i DM^^(A;) K Q~-^ DM^^(A;) K Q. The Voevodsky- 
Orgogozo full embedding Tot : D\Mi (g) Q) ^ DMg^ KIQ has a left 
adjoint/left inverse LAlb^. □ 

7. A TENSOR STRUCTURE AND AN INTERNAL HOM ON D^{Mi Q) 

In this section, coefficients are tensored with Q and we use the func- 
tor LAlb^ of Corollary ED 



10 



Note that this proof carries over in our case. 
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7.1. Tensor structure. 

7.1.1. Lemma. Let Gi,G2 be two semi-ahelian varieties. Then, we 
have m DM^^ KQ.- 



j Biext(G'i, G2; Gm) if Q = 
else. 



Proof. By Gersten's principle (Proposition I2.4.T]) . it is enough to show 
that the isomorphisms are vahd over function fields K of smooth k- 
varieties and that T-L^ comes from the small etale site of Spec k. Since 
we work up to torsion, we may even replace K by its perfect closure. 
Thus, without loss of generality, we may assume K = k and we have 
to show the lemma for sections over k. 

For g < 0, we use Proposition 14.4.11 for g < this follows from 
Lemma I4.1.2[ while for g = it follows from the isomorphisms (14. ip 
and (14. 2 p (see Proposition I4.1.1p . which show that Biext(Gi, G2; Gm) 
is rigid. 

For g > 0, we use the formula 

D<iiG,[-l] ® G.\-l]) - HomfGj-l], Tot([0 ^ G,]*)) 

coming from Theorem 14.5.31 Writing [0 — t- G2]* = [L2 — t- A2] with L2 
a lattice and A2 an abelian variety, we are left to show that 

HomoM-ff ,^kq(Gi, L2[g + 1]) = for g > 

HomoMcff ,^kq(Gi, A2[g]) = for g > 0. 

For this, we may reduce to the case where Gi is either an abelian 
variety or Gm- If Gi = Gm, Gi is a direct summand of M(P^)[— 1] and 
the result follows. If Gi is an abelian variety, it is isogenous to a direct 
summand of J{G) for G a smooth projective geometrically irreducible 
curve. Then Gi is a direct summand of M(C), and the result follows 
again since L2 and A2 define locally constant (fiasque) sheaves for the 
Zariski topology. □ 

7.1.2. Proposition, a) The functor LAlh^ : DM^^ D\Mi®<l^) 
is a localisation functor; it carries the tensor structure ® of DM 
to a tensor structure ®i on D^{Aii ^ Q). 

b) For (M, A^) G DM^^, x D\Mi ® Q), we have 

LAlb^(M ® Tot(A^)) ~ LAlb^(M) ®i A^. 

c) We have 

[Z ^ 0] c = c 



eff 1 
gm 
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for any C e D\Mi Q) ; 

Ni ®i N2 = [L^ G] 
for two Deligne 1-motives Ni = [Li — t- Gi], N2 = [L2 — G2], where 

L = Li® L2; 

there is an extension 

^ Biext(Gi, G2; G™)* ^ G ^ Li ® G2 © ^2 ® Gi ^ 0. 

d) The tensor product ®i is exact with respect to the motivic t-structure 
and respects the weight filtration. Moreover, it is right exact with respect 
to the homotopy t-structure. 

e) For two 1-motives Ni,N2 and a semi-ahelian variety G, we have 

Hom(Ari ®i N2, [0 ^ G]) ~ Biext{Ni, N2; G) ® Q. 

Proof, a) The first statement is clear since LAlb is left adjoint to the 
fully faithful functor Tot. For the second, it suffices to see that if 
LAlb'^(M) = then LAlb^(M ® N) = for any N e DM^^ ®Q. We 
may check this after applying Tot. Note that, by Proposition 14.5.11 
and Remark EH 3), TotLAlb^(M) = d<i{M) = is equivalent to 
D<i{M) = 0. We have: 

D<i{M ®N) = Hom(M O A^, Z(l)) = Hom(A^, Hom(M, Z(l))) = 0. 

b) Let M' = /z6re(TotLAlb^(M) ^ M): then LAlb^(M') = 0. By 
definition of ®i we then have 

LAlb^(M) ®iN = LAlb^(Tot LAlb'^(M) ® Tot(A^)) 

^ LAlb^(M® Tot(A^)). 

c) The first formula is obvious. For the second, we have an exact 
triangle 

Gi[-1] ® G2[-l] Tot{Ni) ® Tot(Ar2) 

Tot([Li (g) L2 ^ Li (g) ^2 © L2 ® Gi]) 4 

hence an exact triangle 

Hom(Tot([Li (g) L2 ^ Li (g) G2 © L2 © Gi], Z(l)) 
^ Hom(Tot(A^i)©Tot(A^2),Z(l)) ^ Hom(Gi[-l] © G2[-l], G,„) H 

By Lemma lY.l.lj the last term is Biext(Gi, G2; Gm), hence the claim. 

d) Exactness and compatibility with weights follow from the sec- 
ond formula of b); right exactness for the homotopy t-structure holds 
because it holds on DM!_^ (gQ. 
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e) We have: 

HomA4i0Q(iVi®iA^2, [0 ^ G]) = Homrf^^ DM^Q(Tot(Ari®iiV2), ^[-1]) 
= HomDM®Q(Tot(Ari) ® TotiN^), G[-l]) = Biext{N^, N^; G) ® Q 

by Proposition 14.4. 11 and formula f l4.ip . □ 

7.1.3. Remarks. 1) It would be interesting to try and define ®i a 
priori, with integral coefficients, and to see whether it is compatible 
with the tensor product of DMg^ via the integral LAlb. 

2) It is likely that Proposition 17. 1 . 2] e) generalises to an isomorphism 

RomM.mi^i ®i ^2, A^) = Biext(A^i, N2] N) ® Q 

for three 1-motives Ni,N2,N, where the right hand side is the biex- 
tension group introduced by Cristiana Bertolin [12], but we have not 
tried to check i This puts in perspective her desire to interpret these 
groups as Hom groups in the (future) tannakian category generated by 
1-motives. 

More precisely, one expects that DMgm KIQ carries a motivic t-struct- 
ure whose heart A^A^ would be the searched-for abelian category of 
mixed motives. Then Aii^Q would be a full subcategory of J^J^ and 
we might consider the thick tensor subcategory A4f O generated 
by A^i ® Q and the Tate motive (inverse to the Lefschetz motive): this 
is the putative category Bertolin has in mind. 

Since the existence of the abelian category of mixed Tate motives 
(to be contained in A^f !) depends on the truth of the Beilinson-Soule 
conjecture, this basic obstruction appears here too. 

Extrapolating from Corollary 16.2.21 and Proposition 17.1. 2[ it seems 
that the embedding Mi ^ Q ^ A^A^"^ (where A^A^''''^ is to be the 
intersection of A^A^ with DMg|^ KIQ) is destined to have a left ad- 
joint/left inverse Alb*^ = Hqo LAlbj^^ofi , which would carry the ten- 
sor product of A^A^'''^ to Oi. Restricting Alb*^ to A^f n A^A^''^ would 
provide the link between Bertolin's ideas and Proposition 17. 1 .21 e) . 

7.2. Internal Hom. 

7.2.1. Proposition, a) The formula 

Hom(Ci,C2) = (Ci®iC2*)* 
defines an internal Hom on D''{Aii ® Q), right adjoint to the tensor 



product of Proposition \7.1.2\ 



h) This internal Hom is exact for the motivic t-structure. 
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This was since proven in [T5] . 
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Proof, a) We have to get a natural isomorphism 

Hom(Ci 01 C2, C3) ~ Hom(Ci, Hom(C2, C3)) 

for three objects Ci, C2, C3 G D^Mi ® Q). 

Let us still write (8>i for the tensor product in d<i DMg^ (8)Q corre- 
sponding to the tensor product in D^{Aii^Q). By definition, we have 
for Mi,M2,M e (i<iDM 

Homd^^DM(Mi ®i M2, M) ~ HomDM(Mi ® M2, M) 

= HomDM(Mi,Hom(M2,M)). 

In view of Theorem I4.5.3[ we are left to show that Hom fM?, M) ~ 
{M2^i,M"^y. By duality, we may replace M by M^. Then: 

Hom(M2, M"^) = Hom(M2, Hom(M, Z(l)) 

~ Hom(M2 ® M, Z(l)) ~ Hom(M2 ®i M, Z(l)) = (M2 ®i M)"^ 

where the second isomorphism follows from Proposition 17. 1 .2] b) . 

b) This follows from the formula of a). Proposition 17.1.21 d) and 
Proposition 11.8.41 c) . □ 

Part 3. Some computations 

8. The Albanese complexes and their basic properties 

We introduce homological and Borel-Moore Albanese complexes of 
an algebraic variety providing a computation of their 1-motivic homol- 
ogy- 

We also consider a slightly more sophisticated cohomological Al- 
banese complex LAlb*(X) which is only contravariantly functorial for 
maps between schemes of the same dimension. All these complexes 
coincide for smooth proper schemes. 

8.1. The homological Albanese complex. Let p : X Speck be 
a smooth variety. Recall that X has a motive M{X) e M 
is a covariant functor from the category Sm{k) of smooth fc-schemes 
of finite type to DMg^. The image of M{X) via the full embedding 
is given by the Suslin complex of the representable 
Nisnevich sheaf with transfers L{X) associated to X. 

For X an arbitrary fc-scheme of fnite type, the formula M{X) = 
C=k(L(A)) still defines an object of DM^; if char/c = 0, this object is 
in DM^^ by |86, §4.1]. 



ON THE DERIVED CATEGORY OF 1-MOTIVES 67 

Convention. In this subsection, "scheme" means separated /c-scheme 
of finite type if char k = and smooth (separated) /c-scheme of finite 
type if char k > 0. 

8.1.1. Definition. We define the homological Albanese complex of X 
by 

LAlb(X):= LAlb(M(X)). 

Define, for z G Z 

L,Alb(X):=ti/,(LAlb(X)) 

the 1-motives with cotorsion (see Definition 11.8.11 and Notation I1.8.7P 
determined by the homology of the Albanese complex. 

The functor LAlb has the following properties, easily deduced from 
[861 2.2]: 



8.1. a. Homotopy invariance. For any scheme X the map 

LAlb(X X A^) ^ LAlb(X) 
is an isomorphism, thus 

LiAlb(X X A^) ^ L,Alb(X) 

for all 2 G Z. 

8.1.b. Mayer-Vietoris. For a scheme X and an open covering X 
U UV there is a distinguished triangle 

LAlb(f/nl^) y LAlb(f/) © LAlb(\/) 

+i\ >/ 
LAlb(X) 

and therefore a long exact sequence of 1-motives 

> LiAlb(f/ nV)^ UA\h{U) © UA\h{V) L,Alb(X) ^ ■ ■ ■ 

8. I.e. Tate twists. If X is a smooth scheme and n > 0, then 



Tot LAlb(M(X)(n)) 



if n > 1 

M(7ro(X))(l) ifn = l 



where 7ro(X) is the scheme of constants of X, see Definition 12.5.11 
Indeed 

Tot LAlb(M(X)(n)) = Hom f Hom j^^j^ (M(X) (n) , Z(l)), Z(l)) 

= Hom. ,a* fHom^j. (M(X) (n - 1), Z), Z(l)) 
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by the cancellation theorem [87]. Now 

Jo ifn>l 



HomNi,(M(X)(n-l),Z) 



\HomNis(M(7ro(X)),Z) if n = 1. 



The last formula should follow from [IHl Lemma 2.1 a)] but the 
formulation there is wrong; however, the formula immediately follows 
from the argument in the proof of loc. cit. , i.e. considering the Zariski 
cohomology of X with coefficients in the fiasque sheaf Z. 

This gives 



^.1) LiAlb(M(X)(l)) 



[0 Rno{X)/k'^m] if « = 

else 



where Ri/ki,—) is Weil's restriction of scalars. 
From this computation we formally deduce: 

8.1.2. Proposition. For any M G DMg^, we have 

• LAlb(M(n)) = forn> 2; 

• LAlb(M(l)) is a complex of toric l-motives. □ 

8.1.d. Gysin. Let Z he a closed smooth subscheme purely of codimen- 
sion n of a smooth scheme X, and let U = X — Z . Then 

LAlb(f/) ^ LAlb(X) if n > 1 

and if n = 1 we have an exact triangle 

LAlb(f/) ^ LAlb(X) ^ [0 ^ RMzykG^M ^ LAlb(f/)[l] 

hence a long exact sequence of l-motives 

^ L2Alb(f/) ^ L2Alb(X) ^ [0 ^ RnoizykGm] 

LiAlb(f/) ^ LiAlb(X) ^ 

and an isomorphism LoAlb(f/) — )■ LoAlb(X). 

8. I.e. Blow ups. If X is a scheme and Z C X is a closed subscheme, 
denote by p : X — )■ X a proper surjective morphism such that p^^{X — 
Z) — )■ X — Z is an isomorphism, e.g. the blow up of X at Z. Then 
there is a distinguished triangle 

LAlb(Z) > LAlb(X) © LAlb(Z) 

+i\ / 
LAlb(X) 
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with Z = p~^{Z), yielding a long exact sequence of 1-motives 

(8.2) > LiAlb(Z) ^ LiAlb(X) © L,Alb(Z) ^ LiAlb(X) ^ • • • 

If X and Z are smooth, we get (using [86l Prop. 3.5.3] and the 

above) 

LAlb(X) = LAlb(X) © [0 ^ RMz)/kG^m 
and corresponding formulas for homology. 

5.1. f. Albanese map. If X is a scheme we have the natural map f l5.2p 

(8.3) ax ■■ a*M{X) Tot LAlb(X) 
inducing homomorphisms on etale motivic cohomology 

Hom(M(X),Z(l)[j]) ^ Hom(LAlb(X),G„[j - 1]) 
which are isomorphisms rationally by Theorem 16.2.11 

8.2. Cohomological Pic. Dual to 18.1.11 we set: 

8.2.1. Definition. Define the cohomological Picard complex oi X by 

RPic(X):= RPic(M(X)). 

Define, for z G Z 

R'Vic{X):='H\RVic{X)) 

the 1-motives with torsion determined by the cohomology of the Picard 
complex (see Notation ll.8.7p . 

The functor RPic has similar properties to LAlb, deduced by duality. 
Homotopical invariance, Mayer- Vietoris, Gysin and the distinguished 
triangle for abstract blow-ups are clear, and moreover we have 



RPic(M(X)(r2)) 



if n > 1 

[Z7ro(X)^0] ifn = l. 



We also have that RPic(X) = LAlb(X)^, hence 

RTic(X) = LiAlb(X)'^. 
We shall complete §8.1.dl by 
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8. 2. a. RPic and LAlb with supports. Let X G Sm{k), U a dense open 
subset of X and Z = X — U (reduced structure). In DM, we have the 
motive with supports (X) fitting in an exact triangle 

M{U) -> M(X) ^ M^{X) i» 
hence the cohomological complex with supports 

RPicz(X) := RPic(M^(X)) 
fitting in an exact triangle 

RPicz(X) ^ RPic(X) ^ RPic(t/) ^ . 

Dually, we have LAlb^(X) := LAlb(M^(X)). 

8.2.2. Lemma. // dimX = d, RPicz(X) ~ [CH^,_^(Z) 0][-2], 
where CH ^_^(Z) is the lattice corresponding to the Galois module 
CH,^,{Zt:). 

Note that CHd-i{Zj) is simply the free abelian group with basis the 
irreducible components of Z-^ which are of codimentsion 1 in Xj. 

Proof. This follows readily from the exact sequence 

^ r(x^, G„) ^ r(f/^, ^ CH,_,{z^) 

□ 

8.3. Relative LAlb and RPic. For / : F — )■ X a map of schemes 
we let M{X,Y) denote the cone of C^{Y) C,(X). Note that for 
a closed embedding / in a proper scheme X we have an isomorphism 
M{X,Y) ^ M%X -Y). 

We denote by LAlb(X, Y) and RPic(X, Y) the resulting complexes 
of 1-motives. 

9. BOREL-MOORE VARIANTS 

9.L The Borel-Moore Albanese complex. Let p : X — )■ Spec A; be 
a scheme of finite type over a field k which admits resolution of singu- 
larities. Recall that the motive with compact support of X, denoted 
M^(X) G DM5, has also been defined in [Ml Sect. 4]. It is the Suslin 
complex C* of the representable presheaf with transfers L'^{X) given by 
quasi-finite correspondences. Since finite implies quasi-finite we have 
a canonical map M(X) M'^(X) which is an isomorphism if X is 
proper over k. 
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In general, M'^ : Sch^{k) — )■ DMg^^ is a covariant functor from the 
category of schemes of finite type over k and proper maps between 
them. 

9.1.1. Definition. We define the Borel-Moore Albanese complex of X 
by 

LAlb'(X):= LAlb(M"(X)). 

Define, for i G Z 

LiAlb"(X) :=tiJi(LAlb"(X)) 

the 1-motivic homology of this complex. 

Note that we have the following properties: 

9.1. a. Functoriality. The functor X LAlb'^(X) is covariant for proper 
maps and contravariant with respect to flat morphisms of relative di- 
mension zero, for example etale morphisms. We have a canonical, 
covariantly functorial map 

LAlb(X) ^ LAlb"(X) 

which is an isomorphism if X is proper. 

9.1.b. Localisation triangle. For any closed subscheme F of a scheme 
X we have a triangle 

LAlb"(y) > LAlb"(X) 

+i\ ^ 
LAlb"(X - Y) 

and therefore a long exact sequence of 1-motives 
(9.1) 

> LiAlb"(y) LiAlb"(X) ^ UA\h^{X-Y) Li_iAlb"(y) ^ ... 

In particular, let X be a scheme obtained by removing a divisor Y 
from a proper scheme X, i.e. X = X — Y . Then 

y LiAlb(r) ^ LiAlb(X) ^ LiAlb'(X) ^ LoAlb(r) 

^ LoAlb(X) ^ LoAlb'=(X) 

9. I.e. Albanese map. We have the following natural map ( 15. 2p 

a'x : a*M''{X) TotLAlb'=(X) 

which is an isomorphism if dim(X) < 1. In general, for any X, a^c in- 
duces an isomorphism on motivic cohomology with compact supports. 
I.e. Hl{X, Q(l)) = Hom(LAlb^(X), Gm[j - 1]) ® Q- 
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9.2. Cohomological Albanese complex. 

9.2.1. Lemma. Suppose p = 1 (i.e. char A; = Q), and let n > 0. 

For any X of dimension < n, the motive M(X)*(n)[2n] is effective. 
(Here, contrary to the rest of the paper, M{X)* denotes the "usual" 
dual Hom(M(X), Z) m Y)M^^.) 

Proof. First assume X irreducible. Let X — )■ X be a resolution of 
singularities of X. With notation as in §8.1.e[ we have an exact triangle 

M{X)*{n) M{X)*{n) © M{Zy{n) © M{Z)*{n) ±> . 

Since X is smooth, M{X)*{n) =i ]\/P{X)[-2n] is effective by [Ml 
Th. 4.3.2]; by induction on n, so are M{Zy{n) and M{Z)*{n) and 
therefore M{X)*{n) is effective. 

In general, let Xi, . . . , be the irreducible components of X. Sup- 
pose r > 2 and let F = X2 U ■ ■ ■ U X,.: since (Xi, Y) is a cdh cover of 
X, we have an exact triangle 

M{Xy{n) -> M(Xi)*(n) © M(r)*(n) © M(Xi n Yy{n) ^ . 

The same argument then shows that M{Xy{n) is effective, by in- 
duction on r. □ 

We can therefore apply our functor LAlb and obtain another complex 
LAlb(M(X)*(r;,)[2n]) of 1-motives. If X is smooth this is just the Borel- 
Moore Albanese. 

9.2.2. Definition. We define the cohomological Albanese complex of a 
scheme X of dimension n by 

LAlb*(X) := LAlb(M(X("))*(n)[2n]) 

where X^") is the union of the n-dimensional components of X. Define, 
for 2 G Z 

L,Alb*(X):=ii7,(LAlb*(X)) 
the 1-motivic homology of this complex. 

9.2.3. Lemma, a) If Zi, . . . Zn are the irreducible components of di- 
mension n of X, then the cone of the natural map 

LAlb*(X) ^ 0LAlb*(Zi) 

is a complex of groups of multiplicative type. 

b) If X is integral and X is a desingularisation of X, then the cone of 
the natural map 

LAlb*(X) LAlb*(X) 
is a complex of groups of multiplicative type. 
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Proof, a) and b) follow from dualising the abstract blow-up exact tri- 
angles of [SB, 2.2] and applying Proposition 18. 1.21 □ 

9.3. Compactly supported and homological Pic. We now con- 
sider the dual complexes of the Borel-Moore and cohomological Al- 
banese. 

9.3.1. Definition. Define the compactly supported Picard complex of 
any scheme X by 

RPic'(X) := RPic(M"(X)) 

and the homological Picard complex of an equidimensional scheme X 
of dimension n by 

RPic*(X) := RPic(M(X)*(n)[2n]). 

Denote RTic''(X) := *if^(RPic'(X)) and RTic*(X) := *if*(RPic*(X)) 
the 1-motives with torsion determined by the homology of these Picard 
complexes. 

Recall that RPic'(X) = RPic(X) if X is proper and RPic^(X) = 
RPic*(X) if X is smooth. 

9.4. Topological invariance. To conclude this section and the pre- 
vious one, we note the following useful 

9.4.1. Lemma. Suppose that f : Y ^ X is a universal topological 
homeomorphism, in the sense that Ijj x f : U x Y ^ U x X is a 
homeomorphism of topological spaces for any smooth U (in particular 
f is proper). Then f induces isomorphisms LAlb(y) — > LAlb(X), 
RPic(X) ^ RPic(y), LAlb'=(y) ^ LAlb'(X) and RPic'=(X) ^ 
RPic'=(r). Similarly, LAlb*(X) ^ LAlb*(r) and RPic*(r) ^ 
RPic*(X). This applies in particular to Y = the semi-normalisation 
ofX. 

Proof. It suffices to notice that / induces isomorphisms L(Y) L{X) 
and L'^iY) L'^{X), since by definition these sheaves only depend on 
the underlying topological structures. □ 



Lemma 19.4.11 implies that in order to compute LAlb(X), etc., we 
may always assume X semi- normal if we wish so. 
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10. Computing LAlb(X) and RPic(X) for smooth X 

10.1. The Albanese scheme. Let X be a reduced fc-scheme of finite 
type. "Recall" (^71^ Sect. 1], [81]) the Albanese scheme Ax/k fitting in 
the following extension 

(10.1) ^ A%t, ^ Ax/k ^ Z[7ro(X)] ^ 

where AS^/k Serre's generalised Albanese semi-abelian variety, and 
7ro(X) is the scheme of constants of X viewed as an etale sheaf on 
S'm(A;)|3 In particular, 

Ax/k G AbS (see Definition 13.7.11) . 

There is a canonical morphism 

(10.2) ax : X -> Ax/k 

which is universal for morphisms from X to group schemes of the same 
type. 

For the existence of Ax/k^ the reference [TU Sect. 1] is sufficient if 
X is a variety (integral separated fc-scheme of finite type), hence if X 
is normal (for example smooth): this will be sufficient in this section. 
For the general case, see §11.11 

We shaU denote the object Toi'^{Ax/k) ^ D^{Mi[l/p\) simply by 
Ax/k- As seen in Lemma [3. 10. H we have 

{ [Z[7ro(X)] ^0] for i = 
H.{Ax/k) = < [0 ^ A\/^] for z = 1 

[o fori ^0,1. 

10.2. The main theorem. Suppose X smooth. Via (11.11) . (110.21) in- 
duces a composite map 

(10.3) M,t(X) ^ M,,{Ax/k) ^ Ax/k. 
Theorem 14.5.31 gives: 

10.2.1. Lemma. We have an exact triangle 

Z[7ro(X)]*[0] ^ Hom(^xA,Z(l)) ^ {A\,^y[-2] ±> □ 
By Lemma 110.2. H the map 

Hom(^x/fc, Z(l)) ^ Hom(M,t(X), Z(l)) 
deduced from (110. 3p factors into a map 

(10.4) Hom(^xA, Z(l)) ^ r<2Hom(M,t(X), Z(l)). 

^^In the said references, -4^,^, is denoted by Alhx and Ax/k is denoted by Alhx- 
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Applying Proposition 14.5.11 and Lemma 15.1.21 we therefore get a 
canonical map in D^[Aii[l/p\) 

(10.5) LAlb(X) ^ Ax/k. 

10.2.2. Theorem. Suppose X smooth. Then the map (110. 5p sits in an 
exact triangle 

[0 ^ NS;,/,][2] ^ LAlb(X) ^ Ax/k ^ 

where NS^^^ denotes the group of multiplicative type dual to NS^/fc (cf- 
Definition \3. 5.1\ and Proposition 1 3. 5. 2^) . 

This theorem says in particular that, on the object LAlb(X), the 
motivic t-structure and the homotopy t-structure are compatible in a 
strong sense. 

10.2.3. Corollary. For X smooth over k we have 

r [Z[7ro(X)] -> 0] ift = 



LiAlb(X) 



otherwise. 



10.2.4. Corollary. For X smooth, LiAlb(X) is isomorphic to the ho- 
mological Albanese 1-motive A\h^{X) of[8\. □ 

10.3. Reformulation of Theorem 110.2.21 It is sufficient to get an 
exact triangle after application of -D<ioTot, so that we have to compute 
the cone of the morphism (110.41) in DMg|^^^. We shall use: 

10.3.1. Lemma. For G Hl|^, the morphism b of Proposition [Xi . il is 
induced by (II. ip . 

Proof. This is clear by construction, since HomDM6t(^(<-^)7 -^[1]) = 
Hl{G,J^) ^ Prop. 3.3.1]. ' □ 

Taking the cohomology sheaves of (110. 4p . we get morphisms 

(10.6) nam (Ax/k, G^) P*Gm,x 

(10.7) f:Sxt{Ax/k, 

where in (110.70 . b corresponds to the map of Proposition 13 . 1 . 11 thanks 
to Lemma [10.3.11 Thanks to Proposition 13.6.1] Theorem 1 1 . 2 . 2 1 is then 
equivalent to the following 
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10.3.2. Theorem. Suppose k algebraically closed; Then 

a) (110. 6p yields an isomorphism B.om{Ax/k,^m) --^ r(X, Gm). 

b) ( 110. 7p defines a short exact sequence 

(10.8) Ext{Ax/k, Gm) Pic(X) NS(X) ^ 
where e is the natural map. 

Before proving Theorem 110.3.21 it is convenient to prove Lemma 
110.3.31 below. Let Ax/k be the abehan part of Ax/^'i then the sheaf 
£xt {Ax/k,Gm) is represented by the dual abelian variety A*x^f^. Com- 
posing with the map / of (110.71) . we get a map of 1-motivic sheaves 

(10.9) A*x/, ^ Ficx/k- 

10.3.3. Lemma. The map (110. 9p induces an isogeny in SAb 

^x/fe^7(Picx/fc) = El(fx/k 
where 7 is the adjoint functor appearing in Theorem 3.2.4\ a)- 

Proof. We proceed in 3 steps: 

(1) The lemma is true if X is smooth projective: this follows from 
the representability of Pic^ and the duality between the Picard 
and the Albanese varieties. 

(2) Let j : ?7 — )■ X be an open immersion: then the lemma is 
true for X if and only if it is true for U. This is clear since 
Pic x/k Pici//fc is an epimorphism with discrete kernel. 

(3) Let If : Y X he an etale covering. If the lemma is true for Y, 
then it is true for X. This follows from the existence of transfer 
maps V?* : ^y/^ A*x/k' ^^Y/k ~^ Pic y/^. commuting with the 
map of the lemma, plus the usual transfer argument. 

We conclude by de Jong's theorem |37l Th. 4.1]. □ 

10.4. Proof of Theorem 110.3.21 We may obviously suppose that X 
is irreducible. 

a) is obvious from the universal property of Ax/k- For b) we proceed 
in two steps: 

(1) Verification of ef = 0. 

(2) Proof that the sequence is exact. 

(1) As above, let A = Ax/k be the abelian part of A^x/k- -'■^ 
diagram 

Ext (A, G^) Ext(^^/fc, G„) ^ Ext(^x/fc, G^) 
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the first map is surjective and the second map is an isomorphism, hence 
we get a surjective map 

V : Ext(A,G™) ^ Ext(^xA.,G„). 

Choose a rational point x G X{k). We have a diagram 

Ext(A,G„) Ext(^x/fc,Gm) 



Pic(A) Pic(X) 



NS(v4) NS(X) 

in which 

(1) a is given by [771 P- 170, prop. 5 and 6] (or by Proposition 

(ii) ca = (ibid., p. 184, th. 6; ). 

(iii) X* is induced by the "canonical" map X ^ A sending x to 0. 

Lemma [3.1.61 apphed to G = Ax/k imphes that the top square com- 
mutes (the bottom one trivially commutes too). Moreover, since v is 
surjective and ca = 0, we get e/ = 0. 

(2) In the sequence (110.81) . the surjectivity of e is clear. Let us prove 
the injectivity of /: suppose that f{£) is trivial. In the pull-back 
diagram 



£ — Ax/k 

tt' has a section a'. Observe that £^ is a locally semi-abelian scheme: by 
the universal property of Ax/k, the morphism a' a' factors canonically 
through a. In other words, there exists a : Ax/k £■ such that 
aV = era. Then 

TTcra = vraV = avr V = a 

hence vrcr = 1 by reapplying the universal property of Ax/k-, and E 
is trivial. Finally, exactness in the middle follows immediately from 
Proposition 13.5.2] and Lemma [10.3.31 □ 

10.4.1. Corollary. The isogeny of Lemma \10.3.!^ is an isomorphism. 

Proof. This follows from the injectivity of / in (110. 8p . □ 
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10.5. An application. 

10.5.1. Corollary. Let X be a smooth k-variety of dimension d, U a 
dense open subset and Z = X — U (reduced structure). Then the mor- 
phism Au/k Ax/k is epi; its kernel Tx/u,k is a torus whose character 
group fits into a short exact sequence 

T;,/u,k -> mi-iiZ) ^ NSz(X) ^ 

where CH^_i(^) as m LemmalEEE and NSz(X) = Ker(NS(X) 
NS(f/). 

Proof. To see that Au/k — ^ Ax/k is epi witli kernel of multiplica- 
tive type, it is sufficient to see that TiQ^Au/k) T^oiAx/k) and that 
Au/k Ax/k- The ffist isomorphism is obvious and the second one 
follows from |i63t Th. 3.1]. The characterisation of Tx/u,k is then an 
immediate consequence of Theorem 1 1 . 2 and Lemma [8.2.21 in partic- 
ular, it is a torus. □ 



10.6. RPic(X). Recall that for X smooth projective A'^^f^ = Ax/k is 
the classical Albanese abelian variety Alb(A). In the case where X 
is obtained by removing a divisor Y from a smooth proper scheme X, 
Ax/ 1., can be described as follows (c/. [8]). Consider the (cohomological 

Picard) 1-motive Pic+(A) := [Div^(A) ^ Pic°(X)]: its Cartier dual is 
Ax/k which can be represented as a torus bundle 

^ Tx/x,k ^ A/k ^ Alb(X) ^ 

where Tx/x has character group Divy (A) according to Corollary llO.5.11 
From the previous remarks and Corollary 110.2.41 we deduce: 

10.6.1. Corollary. If X is smooth, R^Pic(A) is isomorphic to the 1- 
motive Pic^(A) o/ [8] (the Cartier dual o/Alb~(A)j. If X is a smooth 
compactification of X, then 



RTic(A) 



where Y = X ~ X . 



f [0 ^ Z[7ro(A)]*] _ ifi = Q 

[Div?.(A) ^ Pic°(A)] ifi = l 

[NS(A)^0] «/« = 2 

otherwise 
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11. 1-MOTIVIC HOMOLOGY AND COHOMOLOGY OF SINGULAR 

SCHEMES 

11.1. Ax/k for X G Sch{k). In this subsection, we extend the con- 
struction of Ax/k to arbitrary reduced fc-schemes of finite type, starting 
from the case where X is integral (which is treated in [Til Sect. 1]). 
So far, k may be of any characteristic. 
To make the definition clear: 

11.1.1. Definition. Let X G Sch{k). We say that Ax/k exists if the 
functor 

AbS ^ Ab 
G ^ G{X) 

is corepresentable. 

First note that Ax/k does not exist (as a semi-abelian scheme, at 
least) if X is not reduced. For example, for X = Spec k[e] with £^ = 0, 
we have an exact sequence 

Gaik) Mapfc(X, G„) ^ Gm{k) 

which cannot be described by Hom(^, G^) for any semi-abelian scheme 
A. 

On the other hand, M{X) = M{X,ed) for any X G Sch{k), where 
Xred is the reduced subscheme of X (see proof of Lemma 19.4. ip , so we 
are naturally led to neglect nonreduced schemes. 

11.1.2. Lemma. Let Z G Sch{k), G G AbS and fi, f2 ■ Z ^ G two 

morphisms which coincide on the underlying topological spaces (thus, 
fi = f2 if Z is reduced). Then there exists a largest quotient G of G 
such that TToiG) ttq{G) and the two compositions 

Z^G^G 

coincide. 

Proof. The set S of such quotients G is in one-to-one correspondence 
with the set of closed subgroups C G". Clearly 7ro(G') G S, and 
if Gi = G/H^ e S,G2 = G/Hl g S, then G3 = G/{Hl n Hi) G S. 
Therefore 5* has a smallest element, since it is Artinian (compare proof 
of Proposition 13^6. 5p . □ 

11.1.3. Proposition. Ax/k exists for any reduced X G Sch{k). 

Proof. When X is integral, this is [7T1 Sect. 1]. Starting from this case, 
we argue by induction on dimX. Let Zi,...,Zn be the irreducible 
components of X and Zij = ZiCl Zj. 
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By induction, Aij '■= •^{Zij)^^i/k exists for any Consider 

A = Coker (^0 Aij a) 

with Ai = Azjk- Let Z = IJZij and fi, f2 : Z ^ IJZi he the two 
inclusions: the compositions fi, f2 : Z ^ A verify the hj^othesis of 
Lemma fll.l.2[ Hence there is a largest quotient A' of A with 7ro(^) — > 
ttq^A'), equalising /i and f2- Then the composition 

]JZ,^0A^^' 

glues down to a morphism X ^ A'. It is clear that A' = Ax/k since, 
for any commutative group scheme G, the sequence 

-> Mapfc(X, G) ^ Mapfc(Zi, G) ^ Mapfc(%, G) 

is exact. □ 

Unfortunately this result is only useful to understand LiAlb(X) for 
X "strictly reduced", as we shall see below. In general, we shall have 
to consider Albanese schemes for the eh topology. 

11.2. The eh topology. In this subsection and the next ones, we 
assume that k is of characteristic 0. Recall that Hl^t = HI^^ in this 
case by Proposition ID.1.41 

The following etale analogue of the cdh topology was first considered 
by Thomas Geisser 



11.2.1. Definition. The eh topology on Sch{k) is the topology gener- 
ated by the etale topology and coverings defined by abstract blow-ups 
(it is the same as [86i Def. 4.1.9] by replacing the Nisnevich topology 
by the etale topology). 

As in [HHl Th. 4.1.10] (see [6ll Proof of Th. 14.20] for more details), 
one has: 

11.2.2. Proposition. Let C G DMI^^-^- Then, for any X G Sch{k) and 
any q ^Ij one has 

HomDMi«-^^(M,t(X),G[g]) ^ Hl{X,C,^[q]). 

In particular, if X is smooth then iJ?^(X, Get) Hl^{X,Cc\i) ■ □ 

(See [361 Th. 4.3] for a different proof of the second statement.) 
The following lemma will be used many times: 
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11.2.3. Lemma (Blow-up induction). Let A be an abelian category. 

a) Let B C A be a thick subcategory and H* : Sch{k)°^ ^^^^ a 
functor with the following property: given an abstract blow-up as in 
§g.i.eL we have a long exact sequence 

> H\X) H\X) © H\Z) -> H\X) -> W+^{X) ^ ... 

Let n > 0, and assume that W[X) G B for i < n and X G Sm{k). 
Then H\X) e B for i < n and all X e Sch{k). 

b) Let H^, H2 be two functors as in a) and ip* : — )■ if 2 be a natural 
transformation. Let n > 0, and suppose that is an isomorphism 
for all X G Sm{k) and i < n. Then is an isomorphism for all 
X G Sch{k) and i < n. 

We get the same statements as a) and b) by replacing "i < n" by 
% > n + dimX". 

Proof. Induction on dimX in two steps: 1) if X is integral, choose a 
resolution of singularities X — X; 2) in general, if Zi, . . . , Zr are the 
irreducible components of X, choose X = IJZi and Z = Uj^^j ^ 
Z,. □ 

11.2.4. Examples. 1) Thanks to [SB^, Th. 4.1.10] and Proposition 
lll.2.2[ cdh or eh cohomology with coefficients in an object of DM!^^ 
or DM'^^^ satisfy the hypothesis of a) (here A = abelian groups). (See 
also [Ml Prop. 3.2] for a different proof.) 

2) Etale cohomology with torsion coefficients satisfies the hypothesis 
of a) by [69, Prop. 2.1] (recall that the proof of loc. cit. relies on the 
proper base change theorem). 

Here is a variant of Lemma lll.2.3[ 

11.2.5. Proposition, a) Let X G Sch{k) and X. X be a hyper- 
envelope in the sense of Gillet-Soule 1.4.1]. Let r = cdh or eh. 
Then, for any (bounded below) complex of sheaves C over Sch^X)^-, 
the augmentation map 

h;{x,c) ^ h:{x.,c) 

is an isomorphism. 

b) Suppose that Xq and Xi are smooth and T is a homotopy invariant 
Nisnevich (if t = cdhj or etale (if t = eh) sheaf with transfers. Then 
we have 

J-.(X) = Ker(^(Xo)^^(Xi)). 

Proof, a) By Lemma 12.26], X. is a proper r-hypercovering (c/. 
[TSf p. 46]). Therefore the proposition follows from the standard theory 
of cohomological descent. 
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b) Let US take C = Jv[0]. By a) we have a descent spectral sequence 
which gives a short exact sequence 

^ TAX) ^ Tr{Xo) ^ Tr{Xl) 

and the conclusion now follows from lll.2.2[ □ 

11.3. LjAlb(X) for X singular. The following is a general method 
for computing the 1-motivic homology of LAlb^(X): 

11.3.1. Proposition, //charfc = and X G Sch{k) consider cdh co- 
homology groups W^^AX,ti*{N))iq^, where n : Sch{k)cdh Sch{k)za.r is 
the canonical map from the cdh site to the big Zariski site. Then we 
have short exact sequences, for all i & Z 

^ Exti(L,_iAlb^(X),iV) ^ Ill^AX,7r*{N))q 

Hom(LiAlb^(X), A^) ^ 

^ Ext^(Ar,Li+iAlb'^(X)) ^ Ext-^(Ar,LAlb'^(X)) 

^ Hom(X,LiAlb(X)) ^ 0. 

Proof. For any 1-motive N E M.i we have a spectral sequence 
(11.1) = ExtP(LgAlb(X),X) =^ ExtP+''(LAlb(X),X) 

yielding the following short exact sequence 

^ Ext^(Li_iAlb^(X),X) ^ Ext^(LAlb^(X),X) ^ 

Hom(LiAlb^(X),X) 

because of Proposition 1 1 . 2 . ll By adjunction we also obtain 

Ext^(LAlb'^(X),X) = Hom(LAlb^(X),X[i]) ^ Hom(M(X), Tot X[i]). 

Now from [86, Thm. 3.2.6 and Cor. 3.2.7], for X smooth we have 

Hom(M(X), Tot N[i]) = M^^^X, X)q. 

If k is of characteristic and X is arbitrary, we get the same isomor- 
phism with cdh hypercohomology by [861 Thm. 4.1.10]. 

The proof for the second short exact sequence is similar. □ 

The following proposition folllows readily by blow-up induction (Lem- 
ma I11.2.3P from Corollary 110.2.31 and the exact sequences (18. 2p : 

11.3.2. Proposition. For any X G Sch{k) of dimension d in charac- 
teristic 0, we have 

a) LiAlb(X) = z/i < 0. 

h) LoAlb(X) = [Z[7ro(X)] ^ 0]. 
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c) LiAlb(X) = /or i > max(2,rf+ 1). 

d) L(i+iAlb(X) is a group of multiplicative type. □ 

11.4. The cohomological 1-motives R*Pic(X). If X G Sch{k), we 
quote the following variant of Proposition 111. 3. It 

11.4.1. Lemma. Let N e Mi ® Q and X e Sch{k). We have a short 
exact sequence, for all i ^ Z 

^ Ext(iV,R^-iPic(X)) -> W^^^{X,tt*{N*))q 

Hom(X,RTic(X)) ^ 
here tc : Sch{k)cdh ~^ Sch{k)is,r and N* is the Cartier dual. 
Proof. The spectral sequence 

= ExtP(X,R'?Pic(X)) =^ ExtP+^(X,RPic(X)) 
yields the following short exact sequence 

^ Ext(X, R'-iPic(X)) ^ Ext^(X, RPic(X)) ^ 

Hom(X,RTic(X)) ^ 

and by Cartier duality, the universal property and jHSl Thm. 4.1.10] 
we obtain: 

Ext^(X,RPic(X)) = Hom(X,RPic(X)[i]) = Hom(LAlb(X), X*[i]) = 

Hom(M(X),X*[^]) = eU(X,vr*(X*))Q. 

□ 

On the other hand, here is a dual to Proposition 111.3.21 

11.4.2. Proposition. For any X G Sch{k) of dimension d in charac- 
teristic 0, we have 

a) RTic(X) = z/i < 0. 

h) ROpic(X) = [0 ^ Z[7ro(X)]*]. 

c) RTic(X) = /or i > max(2, d+l). 

d) R'^+iPic(X) is discrete. □ 

11.5. Borel-Moore variants. 

11.5.1. Definition. For X G Sch{k), we denote by vrQ(X) the disjoint 
union of 7ro(Zj) where Zj runs through the proper connected compo- 
nents of X: this is the proper scheme of constants. 

11.5.2. Proposition. Let X G Sch{k) of dimension d. Then: 
a) LiAlb'(X) = z/z < 0. 

h) LoAlb"(X) = [Z[7r(5(X)] ^0]. In particular, LoAlb"(X) = Q if no 
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connected component is proper. 

c) LiAlb'=(X) =0 fori> max(2,rf+ 1). 

d) L^_|_iAlb'^(X) is a group of multiplicative type. 

Proof. If X is proper, this is Proposition I11.3.2I In general, we may 
choose a compactification X of X; if Z = X — X, with dim Z < dimX, 
the claim follows inductively by the long exact sequence (19.11) . □ 

We leave it to the reader to formulate the dual of this proposition 
for RPic'=(J\:). 

12. 1-MOTIVIC HOMOLOGY AND COHOMOLOGY OF CURVES 

12.1. "Chow-Kiinneth" decomposition for a curve. Note that 
for any curve C, the map ac is an isomorphism by Proposition 15.1.41 
Moreover, since the category of 1-motives up to isogeny is of cohomo- 
logical dimension 1 (see Prop. OH), the complex LAlb^(C) can be 
represented by a complex with zero differentials. Using Proposition 
111. 3. 21 c). we then have: 

12.1.1. Corollary. If C is a curve then the motive M{C) decomposes 
m DM^I^ ®Q as 

M[C) = Mo{C) © Mi{C) © M2{C) 
where Mi{C) := TotLiAlb^(C)[i]. 

12.2. LjAlb and R'Pic of curves. Here we shall complete the com- 
putation of Proposition 111.3.21 in the case of a curve C. 

Let C denote the normalisation of C. Let C be a smooth compactifi- 
cation of C so that F = C — C is a. finite set of closed points. Consider 
the following cartesian square 

S ^ C 

s — > c 

where S denote the singular locus. Let S denote S regarded in C. Note 
that S = vro(S'), 5* = 7ro(5') and 7ro(S') ^ vro(S') if C — )■ C is radicial, 
yielding M{C) — )■ M{C) in this case. In general, we have the following. 
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12.2.1. Theorem. Let C , C , C, S , S , S and F as above. Then 



Li Alb (C) 



[Z[7ro(C)] ^ 0] ifi = 

[Div|/^(C, F) A Pic°(C, F)] if 1 = 1 

[O^NSy z/z = 2 

otherwise 



where: Div^^g(C, F) = Div~^^(C) here is the free group of degree zero 

divisors generated by S having trivial push-forward on S and the map u 
is the canonical map (cf. pi Def. 2.2.1]); NSg^^ is the sheaf associated 

to the free abelian group on the proper irreducible components of C . In 
particular, LiAlb(C) = Pic~(C). 

Proof. We use the long exact sequence (18.21) 

y L,Alb(5) ^ L,Alb((7)©LiAlb(5) ^ LiAlb(C) ^ U_^A\h{S) ^ . . 

Since S and S are 0-dimensional we have LjAlb(5') = LjAlb(5') = 
for i > 0, therefore 

LiAlb(C) = LiAlh{C) for i > 2 

and by ll0.2.^I] we get the claimed vanishing and description of L2Alb(C). 
For i = see Corollary lll.3.2[ If i = 1 then LiAlb(C) is here repre- 
sented as an element of Ext([A — > 0], LiAlb(C)) where A := Ker(Z[7ro(S')] 
^ Z[7ro((5)]©Z[7ro(5)]. Recall, see ll0.2.3l that LiAlb(C') = [0 -> ^^^J 

thus Ext(A,LiAlb(C')) = Homfe(A,^^^J and 

LiAlb(C) = [A A^^/J. 

Now A = Div|/^(C,F), A^^^ = Pic°(C,F) and the map u is induced 
by the following canonical map. 

Consider : C ^ Pic{C,F) where (^g(P) := (0^(P), 1) yielding 
A^^f^ = Pic(C, F) and such that 

^ Div^(C)* ^ Pic°(C, F) ^ Pic°(C) ^ 0. 

Thus LiAlb(C') = [0 ^ Fic\C,F)]. Note that Z[7ro(S)] = Divg((7) = 
Div^(C, F), the map Z[7ro(S')] — )• Z[7ro(C)] is the degree map and the 
following map Z[7ro(S')] — )■ Z[7ro(5')] is the proper push-forward of Weil 
divisors, i.e. A = Div|/<.(C, F). The map (fQ then induces the map- 
ping u G Homfc(A, Pic°(C, F)) which also is the canonical lifting of the 
universal map D i— )■ Oq^D) as the support of D is disjoint from F {cf. 
[H Lemma 3.1.3]). □ 
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12.2.2. Remark. Note that R^Pic(C) = LiAlb(C)* is Deligne's motivic 
cohomology H^{C){1) of the singular curve C by [HI Prop. 3.1.2]. In 
fact, Pic-(C)* = Alb+(C) ^ Hl{C){l) ^ Pic+(C) = Alb^(C)* for a 
curve C. Thus LiAlb(C) also coincides with the homological Albanese 
1-motive Alb~(C). The LjAlb(C) also coincide with Lichtenbaum- 
Deligne motivic homology hi{C) of the curve C, cf. [55] . 

12.2.3. Corollary. Let C be a curve, C its seminormalisation, C' a 
compactification of C , and F = C — C . Let further C denote the 
normalisation of C . Then 

f [0 ^ G^[7ro(C)]] _ z/2 = 

[Div°.(C') ^ Pic°(C')] if 1 = 1 

[NS((5)^0] «/i = 2 

otherwise 



RTic(C) 



where NS(C) = Z[7rQ(C)] and vrQ(C) is the scheme of proper constants. 
In particular, RiPic(C) = Pic+(C). 

12.3. Borel-Moore variants. 

12.3.1. Theorem. Let C he a smooth curve, C a smooth compactifi- 
cation of C and F = C — C the finite set of closed points at infinity. 
Then 

f [ZK-(C2] ^ 0] _ z/z = 
[Div^(C) ^ Pic°(C)] ifi = l 
[0->NSi./J if I = 2 

otherwise 



LiAlb"(C) 



where NS(C) = Z[7ro(C)] and T^^iC) is the scheme of proper constants. 
Proof. It follows from the distinguished triangle 

LAlb(F) y LAlb(C) 

+i\ >/ 
LAlb'=(C) 

and Corollary 110. 2. 3[ yielding the claimed description: LoAlb'^(C) = 
Coker(LoAlb(F) — LoAlb(C)) moreover we have 

[Div^(C) ^ 0] = Ker(LoAlb(F) ^ LoAlb(C)) 

and the following extension 

^ LiAlb(C) ^ LiAlb"(C) ^ [Div?.(C) ^ 0] ^ 0. 

Finally, LiAlb(C) = LiAlb'=(C) for i > 2. □ 
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12.3.2. Corollary. Let C be a smooth curve, C a smooth compactifi- 
cation of C and F = C — C the finite set of closed points at infinity. 
Then 

f[O^G^K(C)]] ifi = Q 
[0 Pic°(C, F)] if 1 = 1 
[NS(C)^0] ifi = 2 
otherwise 



RTic'(C) 



where NS(C) = Z[7ro(C)] and tIq{C) is the scheme of proper constants. 

Here we have that R^Pic'^(C) = R^Pic*(C) is also the Albanese va- 
riety of the smooth curve. 

Note that LiAlb"(C) (= Pic+(C) = Alb+(C) for curves, see p]) 
coincide with Deligne's motivic if^(C)(l) of the smooth curve C. This 
is due to the Poincare duality isomorphism M^{C) = M(C)*(1)[2]. 

13. Comparison with Pic+,Pic~, Alb+ and Alb~ 

In this section, k is of characteristic since we mainly deal with 
singular schemes. We want to study LiAlb(X) and its variants in 
more detail. In particular, we show in Proposition 113.6.31 c) that it is 
always a Deligne 1-motive, and show in Corollaries 113.7.21 and 113.10.21 
that, if X is normal or proper, it is canonically isomorphic to the 1- 
motive Alb~(X) of [8]. Precise descriptions of LiAlb(X) are given in 
Proposition 113.6.51 and Corollary 113.6.61 

We also describe LiAlb'^(X) in Proposition I13.11.2( more precisely, 
we prove in Theorem 113.11.11 that its dual R^Pic (X) is canonically 
isomorphic to Pic*'(X, Z)/U, where X is a compactification of X with 
complement Z and U is the unipotent radical of the commutative al- 
gebraic group Pic°(X, Z). Finally, we prove in Theorem 113. 12.61 that 
LiAlb*(X) is abstractly isomorphic to the 1-motive Alb^(X) of |8]. 

We start with some comparison results between eh and etale coho- 
mology for non smooth schemes. 

Let e : Sc/ich — ^ 5'c/iet be the obvious morphism of sites. If J-" is 
an etale sheaf on Sch, we denote by J-'eh its eh sheafification (that is, 
Teh = £*e*J'). We shall abbreviate H^^{X,J'^i^) to H^^{X,J'). 

13.1. Torsion sheaves. The first basic result is a variant of [831 Cor. 
7.8 and Th. 10.7]: it follows from Proposition lll.2T^ and Examples 
ITT^ via Lemma [IlXab). 

13.1.1. Proposition. Let C be a bounded below complex of torsion 
sheaves on {Spec k)^f Then, for any X e Sch and any n G Z, 
Hg{X,C)^H^^{X,C). □ 
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(See [36l Th. 3.6] for a different proof.) 

13.2. Discrete sheaves. 

13.2.1. Lemma. If T is discrete, then 

a) T J-6h- More precisely, for any X e Sch, J^(7ro(X)) 

:f{x)^t,^{x). 

b) If f : Y ^ X is surjective with geometrically connected fibres, then 

•F 5h f* f -F 5h ■ 

Proof, a) We may assume X reduced. Clearly it suffices to prove that 
J-'{hq{X)) — F^^{X) for any X G Sch. In the situation of §8.1.e[ we 
have a commutative diagram of exact sequences 

> -FchW > J-,h(X)© > Fel^iZ) 

> F{7To{X)) > F{7ro{X)) (B FiMZ)) > F{7To{Z)). 

The proof then goes exactly as the one of Proposition 113.1.11 b) 
follows from a). □ 

It is well-known that J-") = for any geometrically unibranch 

scheme X G Sch if J-" is constant and torsion-free (c/. |SGA4t IX, Prop. 
3.6 (ii)]). The following lemma shows that this is also true for the eh 
topology, at least if X is normal. 

13.2.2. Lemma (compare pll Ex. 12.31 and 12.32]). Let F be a con- 
stant torsion-free sheaf on Sch{k). 

a) For any X G Sch, Hl^{X,F) is torsion-free. It is finitely generated 
if F is a lattice. 

b) Let f : X X be a surjective morphism. Then Hl^{X,F) — )■ 
Hl^{X,F) is injective in the following cases: 

(i) The geometric fibres of f are connected. 

(ii) / is finite and flat. 

cJIfXis normal, Hl^{X,F) = 0. 

Proof, a) The first assertion follows immediately from Lemma 113.2.11 
(consider the exact sequence of multiplication by n on J-"). The second 
assertion follows by blow-up induction from the fact that Hl^{X, F) = 
if X is smooth, by Proposition 111.2.21 

b) In the first case, the Leray spectral sequence yields an injection 

Hi{XJ,F)-^HiiX,F) 
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and /^J-" = J-" by Lemma [13.2.11 b). In the second case, the theory of 
trace |SGA4[ XVII, Th. 6.2.3] provides J-", hence J^^\^, with a morphism 
Trj : f^T — i- J-" whose composition with the natural morphism is 
(on each connected component of X) multiplication by some nonzero 
integer. This shows that the kernel of ifji^(X, J^) — )■ Hl^{X, f^J^) is 
torsion, hence by a). 

c) follows from b) with X a desingularisation of X: by Proposi- 
tion [HXIl Hl{X,T) ^ Hl^{X,T) and it is well-known that the 
first group is 0; on the other hand, the fibres of / are geometrically 
connected by Zariski's main theorem. □ 

The following is a version of [901 Lemma 5.6]: 

13.2.3. Lemma. Let f : X X be a finite birational morphism, i : 
Z "-^ X a closed subset and Z = p^^{Z). Then, for any discrete sheaf, 
we have a long exact sequence: 

■ ■ ■ ^ hUx, ^ hUx, © Hiiz, J-) 

^Hl,iZ,T)^Hlt\X,T)^... 

Proof. Let g : Z Z he the induced map. Then i^ and (7* are exact 
for the etale topology. Thus it suffices to show that the sequence of 
sheaves 

^ ^ fj'*^ © iXT {ig)^{ig)*J' 

is exact. The assertion is local for the etale topology, hence we may 
assume that X is strictly local. Then Z, X and Z are strictly local as 
well, hence connected, thus the statement is obvious. □ 

We can now prove: 

13.2.4. Proposition. For any X G Sch{k) and any discrete sheaf , 
the map Hl^{X,J^) — )• Hl^{X,J^) is an isomorphism. 

Proof. Consider the exact sequence 

J'tors ^ ^ J^/J^toTS 

where J^tors is the torsion subsheaf of J-". The 5 lemma. Lemma 113.2.11 
and Proposition 113.1.11 reduce us to the case where J-' is torsion-free. 
As a discrete etale sheaf over Sch{k), T becomes constant over some 
finite Galois extension of k: a Hochschild-Serre argument then reduces 
us to the case where T is constant and torsion-free. 

Let / : X — )• X be the normalisation of X, and take for Z the 
non-normal locus of X in Lemma 113.2.31 The result now follows from 
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comparing the exact sequence of this lemma with the one for eh topol- 
ogy, and using Lemma 113.2.21 c) . □ 

13.2.5. Corollary. The exact sequence of Lemma \13.2.3\ holds up to 
i = 1 for a general abstract blow-up. □ 

13.3. Strictly reduced schemes. If G is a commutative fc-group 
scheme, the associated presheaf G is an etale sheaf on reduced k- 
schemes of finite type. However, G{X) — )■ G^h(^) is not an isomor- 
phism in general if X is not smooth. Nevertheless we have some nice 
results in Lemma 113.3.41 below. 

13.3.1. Definition. A separated /c-scheme of finite type X is strictly 
reduced (a recursive definition) if it is reduced and 

(i) If X is irreducible: Xsmg, considered with its reduced structure, 
is strictly reduced. 

(ii) If Zi, . . . , Zn are the irreducible components of X: all Zi are 
strictly reduced and the scheme-theoretic intersection Zi fl Zj 
is reduced for any i j. 

13.3.2. Examples. 1) If dimX = 0, X is strictly reduced. 

2) The union of a line and a tangent parabola is not strictly reduced. 

3) If X is normal and of dimension < 2, it is strictly reduced. 

4) M. Ojanguren provided the following example of a normal 3-fold 
which is not strictly reduced: take the affine hypersurface with equation 
uv = x'^{y^ — xY- 

13.3.3. Lemma. Let G be an affine group scheme and f : Y X a 
proper surjective map with geometrically connected fibres. Then G{X) 

and H!}{X,G) H!^(Y,G) for any Grothendieck topology 
T stronger than the Zariski topology. 

Proof. The first statement is clear, and the second folllows because the 
hypothesis on / is stable under any base change. □ 

13.3.4. Lemma, a) If X is reduced, then the map 
(13.1) G{X)^G^^{X) 

is injective for any semi-abelian k-scheme G. 

b) If X is strictly reduced, ( 113. ip is an isomorphism. 

c) If X is proper and G is a torus, the maps G(tiq{X)) — > G^t(X) — )■ 
G^1j(X) are isomorphisms. If moreover X is reduced, (113.11) is an iso- 
morphism. 

Proof, a) Let Z^ be the irreducible components of X (with their reduced 
structure), and for each i let Pi : Z^ Zi be a resolution of singularities. 



ON THE DERIVED CATEGORY OF 1-MOTIVES 



91 



We have a commutative diagram 

GiX) > ^GiZd ®GiZ,). 

The bottom horizontal maps are injective; the right vertical map is 
an isomorphism by Proposition I11.2.2I The claim follows. 

b) We argue by induction on c? = dimX. If d = this is trivial. 
If d > 0, we first assume X irreducible. Let Z be its singular locus, 
and choose a desingularisation p : X ^ X with p proper surjective, 
X smooth, Z = p~^{Z) a divisor with normal crossings (in particular 
reduced) and P\x~z isomorphism. We now have a commutative 
diagram 

> G,h(X) y G^^{Z) ® a,^{x) — > ®a,^{z) 

> QiX) > G{Z)®G{X) > ©G(Z) 

where the lower sequence is exact, the middle vertical map is bijective 
by induction on d and the smooth case (Proposition lll.2.2p and the 
right vertical map is injective by a). It follows that the left vertical 
map is surjective. 

In general, write Zi, . . . , Z„ for the irreducible components of X: by 
assumption, the two-fold intersections Zij are reduced. The commuta- 
tive diagram 

— > G,h(x) — > eG,h(^.) — > eG,h(%) 

y QiX) > eG(Z,) > eG(%) 

then has the same formal properties as the previous one, and we con- 
clude. 

For c), same proof as for Lemma flS. 2.11 a). (The second statement of 
c) is true because G(7ro(X)) — G_{X) if X is proper and reduced.) □ 

13.4. Normal schemes. The main result of this subsection is: 

13.4.1. Theorem. Let X he normal. Then, for any T G Shvi, the map 
T{X) — )■ T(.\J^X) is bijective and the map Hl^{X,J^) — )• if|jj(X, J^^h) is 
injective (with torsion-free cokernel by Proposition \13.l7l\) . 



92 



LUCA BARBIERI-VIALE AND BRUNO KAHN 



Proof. In several steps: 

Step 1. The first result implies the second for a given sheaf J-": let 
e : Sch{k)^Yi — > Sch{k)^t be the projection morphism. The associated 
Leray spectral sequence gives an injection 



chJ 



But any scheme etale over X is normal |SGAH Exp. I, Cor. 9.10], 
therefore J-" — )■ e^J-'a is an isomorphism over the small etale site. 

Step 2. Let — )■ J-"' — )■ J-" — )■ J-"" — i- be a short exact sequence 
in Shvi. If the theorem is true for T' and J-"", it is true for J-". This 
follows readily from Step 1 and a diagram chase. 

Step 3. Given the structure of 1-motivic sheaves, Step 1-2 reduce us 
to prove that J-'{X) — ^ J^5h(X) separately when is discrete, a torus 
or an abelian variety. The discrete case follows from Lemma 113.2.11 a) . 

Step 4- If G is a torus, let vr : X — )■ X be a desingularisation of X. 
We have a commutative diagram 

G,,(X) > G,,(X) 



G{X). 



G{X) - 

Here the right vertical map is an isomorphism because X is smooth 
and the two horizontal maps are also isomorphisms by Lemma 113.3.31 
applied to vr (Zariski's main theorem). The result follows. 

Step 5. Let finally G be an abelian variety. This time, it is not 
true in general that G_{X) G(X) for a smooth desingularisation X 
of X. However, we get the result from Proposition 111.2.51 b) and the 
following general lemma. □ 

13.4.2. Lemma. Let X G Sch{k) be normal, p : Xq — > X a proper 
surjective map such that the restriction of p to a suitable connected 

Po 

component Xq of Xq is birational. Let Xi ^Xq be two morphisms such 
that ppq = ppi and that the induced map \^ : Xi — )■ Xq Xq is proper 
surjective. Let Y G Sch{k) and let f : Xq ^ Y be such that fpo = fpi. 
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Then there exists a unique morphism f : X ^ Y such that f = fp. 

Proof. We may assume X connected. Since is proper surjective, the 
hypothesis is true by replacing Xi by Xq XxXq, which we shall assume 
henceforth. Let x G X and K = k{x). Base-changing by the morphism 
Spec K X,we find (by faithful fiatness) that / is constant on p~^{x). 
Since p is surjective, this defines / as a set-theoretic map, and this map 
is continuous for the Zariski topology because p is also proper. 

It remains to show that / is a map of locally ringed spaces. Let 
X eX,y = J{x) and x' e p-\x) n X^. Then C Ox'^,.'- Note 

that X and Xq have the same function field L, and Ox,x ^ ^ L. 

Now, since X is normal, Ox,x is the intersection of the valuation rings 
containing it. 

Let O be such a valuation ring, so that x is the centre of (9 on X. 
By the valuative criterion of properness, we may find x' G p~^{x) fl Xq 
such that Oxi^,x' ^ O. This shows that 

Ox,x = Pi Ox'g,x' 
x'gp-i(x)nx^ 

and therefore that f^iOy^y) C Ox,x- Moreover, the corresponding map 

/" : Oy^y — )■ Ox,x is local since /" is. 

(Alternatively, observe that / and its topological factorisation induce 
a map 

f*:Oy^ UOx, ^ l^p.Ox, = l.Ox.) 

□ 

13.5. Some representability results. 

13. 5. L Proposition. Let tt^ be the structural morphism of X and 
{tt^Y^ the induced direct image morphism on the eh sites. For any 
J-" G Hl^t, let us denote the restriction of R^i^Ti^Y^J^eh to Sm by Bf^Ti^J^ 
(in other words, R'^^n^Y^J^^.i^ is the sheaf on Sm{k)^t associated to the 
presheafU ^ HItJ^X x U,J^(,\^): it is an object o/HI^f Then 

a) For any lattice L, R'^tt^L is a ind-discrete sheaf for all q > 0; it is 
a lattice for g = 0, 1. 

b) For any torus T , R'^n^'X is 1-motivic for g = 0, 1. 

Proof. We apply Lemma 111. 2. 31 a) in the following situation: A = Bin, 
B = Shvo, H\X) = Rn^L in case a), B = Shvi, H\X) = T 
in case b). The smooth case is trivial in a) and the lattice assertions 
follow from lemmas [13. 2. II and 113.2.21 a). In b), the smooth case follows 
from Proposition 13.4.11 □ 



94 



LUCA BARBIERI-VIALE AND BRUNO KAHN 



13.6. LiAlb(X) and the Albanese schemes. We now compute the 
1-motive LiAlb(X) = [Li — ?► Gi] in important special cases This is 
done in the foUowing three propositions; in particular, we shall show 
that it always "is" a Deligne 1-motive. Note that, by definition of a 
1-motive with cotorsion, the pair is determined only up to a 

q.i. : the last sentence means that we may choose this pair such that 
Gi is connected (and then it is uniquely determined). 

13.6.1. Proposition. Let X G Sch{k). Then 

a) ni(LA\hlx)) = Ofori<0. 

b) Let Tx = 'Ho(Tot LAlb(X)). Then Tx corepresents the functor 

Shvi ^ Ah 

T ^ J'ch(X) (see Def. \11.2.1\) 

via the composition 

a*M{X) TotLAlb(X) ^ J^fO]. 

Moreover, we have an exact sequence, for any representative [Li — t- Gi] 
o/LiAlb(X) : 

(13.2) Li ^ Gi ^ ^ Z7ro(X) ^ 0. 

c) Let A'^^^i^ := Q{J^x) (cf. Proposition 1 3. 6. 5]) . Then A'^x/k corepresents 
the functor 

*AbS -> Ah 

Moreover we have an epimorphism 

(13.3) J^^^^^Ax^^,/k. 

d) If Xred is strictly reduced (Def. \13. 3.1\) or normal, (113.31) is an 
isomorphism. 

Proof, a) is proven as in Proposition 111.3.21 by blow-up induction (re- 
duction to the smooth case). If J-" G Shvi, we have 

HomoM^ff (a*M(X),^) = J^^^{X) 

— ,ct 

by Propositions l3.8.T|lll.2.2 land lD.1.4[ The latter group coincides with 
Homshvi (-^x, -^) by (15. 3p and a), hence b); the exact sequence follows 
from Proposition 13.10.21 The sheaf A'^^j^ clearly corepresents the said 
functor; the map then comes from the obvious natural transformation 
in G: G(Xi.ed) Geh(X) and its surjectivity follows from Lemma 
113.3.41 a), hence c). d) follows from Lemma [13.3.41 b). Theorem 113.4.11 
and the universal property of Ax/k- D 
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13.6.2. Remark. One could christen Tx and J^xjk universal 1- 
motivic sheaf and the eh-Albanese scheme of X. 

13.6.3. Proposition, a) The sheaves Tx ond J^xjk have ttq equal to 
Z[7ro(X)]; in particular, A'^x/k ^ AbS. 

b) In (113. 2p . the composition — 7- 7ro(G'i) is surjective. 

c) One may choose LiAlb(X) ~ [Li — t- Gi] with Gi connected (in other 
words, LiAlb(X) is a Deligne 1-motive). 

Proof. In a), it suffices to prove the ffist assertion for J-'x'- then it 
follows from its universal property and Lemma [13.2.11 a). The second 
assertion of a) is obvious. 

b) Let L[ ^ G[ -> J'x Z[7ro(X)] be the normahsed 
presentation of J^x given by Proposition [3231 We have a commutative 
diagram 

y L[ y G[ > Tx > ^M^)] > 



> J'x > Z[7ro(X)] y 

Li Gi > Tx > > 

with Ui{Li) = ui{Li)/F and Gi = Gi/F, where F is the torsion sub- 
group of Mi(Li). Indeed, Ext{G[,ui{Li)) = so we get the downwards 
vertical maps as in the proof of Proposition 13.2.31 By uniqueness of 
the normalised presentation, G[ maps onto G^. A diagram chase then 
shows that the composition 

ML^^Gi^noiGi) 

is onto, and another diagram chase shows the same for Ui. 
c) The pull-back diagram 

L? > G\ 

Li V Gi 

is a quasi- isomorphism in jA^^^, thanks to b). □ 

13.6.4. Lemma. Suppose that k is algebraically closed. Let [Li — t- Gi] 
be the Deligne 1-motive that lies in the q.i. class o/LiAlb(X), thanks 



> ui{Li) G 
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to Proposition \13.6.^ c), and let L be a lattice. 

a) We have an isomorphism 

HomBft(;,^,)(LAlb(X),L[l]) ^ Hom(Li,L). 

b) The map 

HomB.(^^)(LAlb(X),L[j]) ^ }iom^^.<^jM,,{X) , L[j]) = hI{X,L) 

induced by ax fl8.3p is an isomorphism for j = 0, 1 (see Prop. \11.2.il\ 
for the last equality). 

Proof, a) From the spectral sequence flll.ip . we get an exact sequence 

^ Ext^(LoAlb(X),L) ^ Hom^i,(_;vio(LAlb(X),L[l]) 

^ Hom(LiAlb(X),L) Ext2(LoAlb(X), L). 

Since the two Ext are 0, the middle map is an isomorphism. Since 
[Li —7- Gi\ is a Deligne 1-motive, Hom(LiAlb(X), L) is isomorphic to 
Hom(Li, L). 

b) By blow-up induction (Lemma lll.2.31) we reduce to X smooth. If 
j = 0, the result is trivial; if j = 1, it is also trivial because both sides 
are (by a) and Corollary 110.2.31 for the left hand side). □ 

13.6.5. Proposition. Keep the above notation LiAlb(X) = [Li — t- Gi\. 

a) We have an isomorphism 

Li ~ "Horn {R^-k^Tj., Z) 

(cf. Proposition 1 1 3. 5l\) . 

b ) We have a canonical isomorphism 

G'l/(Li)zar ^ {^"x/kf 

where (Li)zar is the Zariski closure of the image of Li in Gi and A'^x/k 
was defined in Proposition \13. 6.1\ ({•A'^x/k)'^ corepresents the functor 
SAb 9 G G6h(X);. 

Proof. For the computations, we may assume k algebraically closed. 
Let L be a lattice. By Lemma [13.6.41 we have an isomorphism 

ffi(X,L)^Hom(Li,L). 

This gives a), since we obviously have H}^{X,L) = Hg{k,R^n,L) 
= R^tt^Tj L by Proposition 113.5.11 a). 

b) follows directly from the definition of A'^x/k- '— ' 
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13.6.6. Corollary. Let LiAlb(X) = [Li Gi], as a Deligne 1-motive. 

a) If X is proper, then Gi is an abelian variety. 

b) If X IS normal, then LiAlb(X) = [0 ^ ^x/fcl- 

c) If X is normal and proper then R^Pic(X) = [0 — ?■ Pic^/^] is an 
abelian variety with dual the Serre Albanese LiAlb(X) = [0 — )■ -4.^^^]. 

Proof, a) is seen easily by blow-up induction, by reducing to the smooth 
projective case (Corollary 110.2.31) . b) follows from Proposition 113.631 
a), b), Lemma [13.2.21 c) and Proposition I13.6."n d). c) follows immedi- 
ately from a) and b). □ 

13.7. LiAlb(X) and Alb-(X) for X normal. In 113.7.21 we prove 
that these two 1-motives are isomorphic. We begin with a slight im- 
provement of Theorem 113.4.11 in the case of semi-abelian schemes: 

13.7.1. Lemma. Let X be normal, and let X. be a smooth hyperenve- 
lope (of. Lemma 13.4-S\ ). Then we have 



Ax/k = Coker(^Xi Axo) 



^X/k 

and 

{Ax/kf = Coker(^5,^ 

Proof. The first isomorphism follows from Lemma 113.4.21 applied with 
Y running through torsors under semi-abelian varieties. To deduce the 
second isomorphism, consider the short exact sequence of complexes 

^ Ajk ^ ^xjk ^ Z[7ro(X.)] ^ 

and the resulting long exact sequence 
(13.4) 

H,{Z[MX.)]) ^ HoiA'^xjk) ^ HoiAxjk) ^ Ho{Z[no{X .)]) ^ 0. 

For any i > 0, Z[7ro(Xj)] is Z-dual to the Galois module E]^^, where 
Ef''' = Hl^{Xp Xfc A;, Z) is the i?i-term associated to the simplicial 
spectral sequence for X. x^k. Since Hl^{Xp k,Z) = for all p > 0, 
we get 

//,(Z[7ro(X.)]) ^ {Hl,{X. x,k,Z)y for z = 0, 1. 

By Proposition lll.2.2[ these etale cohomology groups may be re- 
placed by eh cohomology groups. By Proposition 111.2.51 we then have 

Hl,{X. Xj,k,Z)^Hl^{Xxkk,Z). 
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Now, by LemmallMHa), H9^{X Xkk, Z) is Z-dual to Z[7ro(X)], and 
by Lemma 113.2.21 c), Hl^{X Xkk,Z) = because X is normal. Hence 
(113. 4p yields a short exact sequence 

^ HoiA'^xjk) -> ^x/k ^ Z[7ro(X)] ^ 

which identifies Ho{Ax jk) with ^^/yf '-' 

13.7.2. Proposition. If X is normal, R^Pic(X) and LiAlb(X) are iso- 
morphic, respectively, to the 1-motives Pic'''(X) and Alb~(X) defined 
in Ch. 4-5] . 

Proof. Let X be a normal compactification of X; choose a smooth 
hyperenvelope X. of X along with X. a smooth compactification with 

normal crossing boundary Y. such that X. — )■ X is an hyperenvelope. 
Now we have, in the notation of [8., 4.2], a commutative diagram with 
exact rows 



> Div^_(X.) > Div^^(Xo) > Div^Y.iXi) 

where Pic^(X) = [Divy (X.) — )■ Pic^^^] since X is normal. Taking 
Cartier duals we get an exact sequence of 1-motives 

[0 ^ A/.] [0 ^ Al^/,] ^ Alb-(X) ^ 0. 

Thus Alb"(X) = [0 ^ A'^x/kl by Lemma [TSZH We conclude by 
Corollary [l3SJ]b) since X is normal and LiAlb(X) = [0 ^ -^x/kl- ^ 

13.7.3. Remarks. 1) Note that, while LoAlb(X) and LiAlb(X) are 
Deligne 1-motives, the same is not true of L2Alb(X) in general, already 
for X smooth projective (see Corollary 110. 2. 3p . 

2) One could make use of Proposition II 1.3. D to compute LjAlb(X) for 
singular X and i > 1. However, Hly^{X,Gm)q can be non-zero also 
for i > 2, therefore a precise computation for X singular and higher 
dimensional appears to be difficult. We did completely the case of 
curves in Sect. [121 

13.8. RPic(X) and if|j^(X, Gm)- By definition of RPic, we have a mor- 
phism in DM!.^^^ 

Tot RPic(X) = a* HomNis(M(X), Z(l)) 



^ Hom,t(M,t(X), Z(l)) = R7T^Gm[-l] 
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This gives homomorphisms 

(13.5) n\Tot RPic(X)) ^ ^^~Vf G„, t > 0. 

13.8.1. Proposition. Fori < 2, fll3.5p is an isomorphism. 

Proof. By blow-up induction, we reduce to the smooth case, where it 
follows from Hilbert's theorem 90. □ 

13.9. H^^{X, Gm) and H^^^X, Gm)- In this subsection, we assume : 
X — )■ Spec k proper. Recall that, then, the etale sheaf associated to the 
presheaf 

U ^ Pic(X X U) 

is representable by a fc-group scheme Picx/fc locally of finite type (Gro- 
thendieck-Murre |66]). Its connected component Pic^/^ is an extension 
of a semi-abelian variety by a unipotent subgroup U. By homotopy 
invar iance of ^n^Gm, we get a map 

(13.6) Picx/fc/W-^^'vrfG™. 

Recall that the right hand side is a 1-motivic sheaf by Proposition 
113.5.11 We have: 

13.9.1. Proposition. This map is injective with lattice cokernel. 

Proof. Consider multiplication by an integer n > 1 on both sides. Using 
the Kummer exact sequence. Proposition 113. l.T] and Lemma [13.3.41 c). 
we find that (113. 6p is an isomorphism on n-torsion and injective on 
n-cotorsion. The conclusion then follows from Proposition 13.6.61 □ 

13.10. RiPic(X) and Pic+(X) for X proper. 
13.10.1. Theorem. For X proper, the composition 

Ficx/k /U ^Vf G„ ^ ^^(Tot RPic(X)) 

where the first map is (113.61) and the second one is the inverse of the 
isomorphism (113. 5p . induces an isomorphism 

Pic+(X) ^ RiPic(X) 

where Pic^(X) is the 1-motive defined in [H Ch. 4]. 

Proof. Proposition 13.10.21 yields an exact sequence 

^ H^(TotRPic(X)) ^ 

where we write R*Pic(X) = [L* — )■ G*]. Propositions 113. 8?T] and [T3.9.1I 
then imply that the map of Theorem 113.10.11 induces an isomorphism 
Pic^x/k The conclusion follows, since on the one hand 

Pic+(X) ~ [0 ^ Pic^/fc /U] by [H Lemma 5.1.2 and Remark 5.1.3], and 
on the other hand the dual of Corollary 1 1 3 . 6 . 61 a) says that = 0. □ 
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13.10.2. Corollary. For X proper there is a canonical isomorphism 
LiAlb(X) ^ Alb"(X). □ 

13.11. The Borel-Moore variant. Let X E Sch be provided with 

a compactification X and closed complement Z A- X. The relative 
Picard functor is then representable by a fc-group scheme locally of 
finite type Pic^^, and we shall informally denote by U its unipotent 
radical. Similarly to (113. 5p and (113. 6p . we have two canonical maps 

(13.7) ?{2^Tot RPic'(X)) -> Picf ^ Ficj^ z 

where Pic^^ is by definition the 1-motivic sheaf associated to the 

presheaf U Hl^{X x f/, {Qm)xxu i*{'^m)zxu) (compare P 2.1]). 
Indeed, the latter group is canonically isomorphic to 

HomDMiff,^(M'=(X X f/),Z(l)[2]) 

via the localisation exact triangle. From Theorem 113.10.11 and Propo- 
sition [TT32] b) , we then deduce: 

13.11.1. Theorem. The maps (113. 7p induce an isomorphism 

RiPic'(X) ~ [0 ^ Pic°(X, Z)/U]. □ 
The following is a sequel of Proposition 111.5.21 

13.11.2. Corollary. Let X G Sch{k) of dimension d. Then: 

a) LiAlb'^(X) = [Li — > Ai], where Ai is an ahelian variety. In partic- 
ular, LiAlb'^(X) is a Deligne 1-motive. 

b) If X is normal connected and not proper, let X be a normal com- 
pactification of X. Then rankLi = ^7Cq{X — X) — 1. 

Proof, a) follows immediately from Theorem I13.ll.ll For b), consider 
the complex of discrete parts associated to the exact sequence (19. ip : 
we get with obvious notation an almost exact sequence 

Li(X) Li{X) ^ Lo(X - X) ^ Lo(X) ^ Lo(X) 

where "almost exact" means that its homology is finite. The last group 
is and Lq(X) = Z; on the other hand, i^i(X) = by Corollary 113.6.61 
b). Hence the claim. □ 

13.11.3. Remarks (on Corollary 111.3. 2p . 

1) In fact, Ai = in a) if X is smooth and quasi-affine of dimension 
> 1: see Corollary 114.6.21 This contrasts sharply with Theorem 112.2.31 
for smooth curves. 

2) As a consequence of the statement of b) we see that in b), the number 
of connected components of X — X only depends on X. Here is an 
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elementary proof of this fact: let x! be another normal compactification 
and X the closure of X in X x X . Then the two maps X — )■ X and 
X —7- X have connected fibres by Zariski's main theorem, thus X — X 
and X —X have the same number of connected components as X —X. 
(The second author is indebted to Marc Hindry for a discussion leading 
to this proof.) 

We shall also need the following computation in the next subsection. 

13.11.4. Theorem. Let X be smooth and proper, Z G X a divisor with 
normal crossings and X = X — Z . Let Zi, . . . , Zr be the irreducible 
components of Z and set 



zip) 



X z/p = 

U Zi,n---nZi^ ifp>o. 



Let NS(^)(X) (resp. Vic^p\X), T^^\x) be the cohomology (resp. the 
connected component of the cohomology) in degree p of the complex 

> NS(Z(P-i)) ^ NS(Z(P)) ^ NS(Z(P+i)) ^ ... 

(resp. 

> Pic°(Z(f"^)) 

Then, for all n > 0, R"Pic"(X) ts of the form [NS^"-^^^) ^ ^i"^], 
where Gc is an extension of Fic^J'-^\X) byT^''\x). 

Proof. A standard argument (compare e.g. [331 3.3]) yields a spectral 
sequence of coho mo logical type in *A^i: 

^PA ^ Rgpic^(z(f)) ^ RP+5Pic'(X). 

By Corollary [10X11 we have E^'^ = [NS^^^X) 0], E^'^ = [0 ^ 
Pic(P)(X)] and Ef = [0 ^ T^^\x)\. By Proposition [sku all ^2 
differentials are 0, hence the theorem. □ 



13.11.5. Corollary. With notation as in Theorem 13.11.4. the complex 
RPic(M^(X)(l)[2]) is q.i. to 

In particular, R0pic(M^(X)(l)[2]) = RiPic(M'=(X)(l)[2]) = and 
R2pic(M'=(X)(l)[2]) = [Z<i^) 0] (see Defimtzon{TMIW- 
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Proof. This follows from Theorem 113.11.41 via the formula M'^{X x 
pi) = M^{X) © M^(X)(1)[2], noting that X x PMs a smooth com- 
pactification of X x with X x P^ — X x P-*^ a divisor with normal 
crossings with components Zi x F^, and 

NS(Z(P) X P^) = NS(Z(P)) © Z"o(^*") 

Pic°(Z(P) X pi) = Pic°(Z(*')) 

7ro(Z(p) X pi) = 7io{Z^P'>). 

□ 

13.11.6. Remark. Let X be arbitrary, and filter it by its successive 
singular loci, i.e. 

X = X(°) D X(i) D . . . 
where X^*+^) = X^2ig. Then we have a spectral sequence of cohomo- 
logical type in *A^i 

^P,<7 = RP+9Pic'(X(^) - X(«+^)) ^ Rf+''Pic'(X) 

in which the £'2-terms involve smooth varieties. This qualitatively re- 
duces the computation of R*Pic'^(X) to the case of smooth varieties, 
but the actual computation may be complicated; we leave this to the 
interested reader. 

13.12. LiAlb* and Alb+. 

13.12.1. Lemma. Let n > and Z G Sch of dimension < n; then 
RTic(M(Z)*(n)[2n]) = for i < 1 

R2pic(M(Z)*(n)[2n]) = [Z"S(^'""'') ^ 0] 

where Z^"^^' is the disjoint union of the irreducible components of Z of 
dimension n — 1. 

Proof. Let 

f y Z 

T > Z 

be an abstract blow-up square, with Z smooth and dim T, dim T < 
dimZ. By LemmainXH M(r)*(n-2)[2n-4] and M(f )*(n-2)[2r2-4] 
are effective, so by Proposition 18.1.2^ the exact triangle 

RPic(M(f )*(n)[2n]) ^ RPic(M(Z)*(n)[2n]) © RPic(M(T)*(n)[2n]) 

^ RFic{M{Zy{n)[2n]) ^ 
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degenerates into an isomorphism 



RPic(M(Z)*(n)[2n]) 



RPic(M(Z)*(n)[2n]). 



The lemma now follows from Corollary 113.11.51 by taking for Z a 
desingularisation of Z'""^! and for T the union of the singular locus 
of Z and its irreducible components of dimension < n — 1 (note that 



13.12.2. Lemma. Let X a proper smooth scheme with a pair Y and 
Z of disjoint closed (reduced) subschemes of pure codimension 1 in X . 
We then have 



(see [U 2.2.1] for the definition of relative Pic'^). 

Proof. The following exact sequence provides the weight filtration 

^ RiPic(X, Y) RiPic(X -Z,Y)^ R'^Ficz(X, Y) 

where R^Pic(X,F) ^ R^Fic(X_-Y) ^ [0 ^ Pic°(X,r)] by Theo- 
rem [TSUII] (here U = since X is smooth). Also R^Fic z(X,Y) = 
R^Ficz(X) = [Divz(X) 0] from ED thus th_^ discrete p_art of 
RiPic(X- Y) is given by a subgroup D of Div_^(X) = Div^fx, Y). 

It remains to identify the map u : D ^ Pic°(X, Y). Using now the 
exact sequence 

R°Pic(y) ^ R^Pic(X -Z,Y)-^ Ripic(X - Z) ^ Ripic(F) 

where R*Pic(y) is of weight < for i < 1 (111.3.21 and I13.6.6"|) . we get 
that u is the canonical lifting of the map of the 1-motive R^Pic(X — Z) 
described in 110.6.11 Thus D = Div^(X,y) and the claimed isomor- 
phism is clear. □ 

This proof also gives: 

13.12.3. Corollary. We have 

[Div|(X,F) ^ 0] = Ker(R2picz(X,F) ^ R2pic(X,y)). 
We shall need: 

13.12.4. Theorem (Relative duality). Let X , Y and Z be as above and 
further assume that X is n- dimensional. Then 



M{Z)*{n)[2n\ ~ M^(Z)(1)[2]). 



□ 



Ripic(X - 



Z,Y) ^Pic+(X-Z,r) 



M{X - Z,YT{n)[2n] = M{X 



Y,Z) 



and therefore 



RPic*(X -Z,Y) = RPic(X 



Y,Z) 



and dually for LAlb. 
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Proof. See |6]. □ 

13.12.5. Corollary. Let Z be a divisor in X such that Z r\Y = ^. 
There exists a ''cycle class" map rj fitting in the following commutative 
diagram 

R2pic(M(Z)*(n)[2n]) R'^Pic(X-Y) 



R2picz(X,F) > R2pic(X,F) 

Writing Z = UZi as union of its irreducible components we have that 
rj on Zi is the 'fundamental class" of Zi in X modulo algebraic equiv- 
alence. 

Proof. We have a map M{Z) — )■ M{X — Y), and the vertical isomor- 
phisms in the following commutative square 

M(X -Yy{n)[2n] > M{Zy{n)[2n] 



M{X,Y) y M^{X,Y) 

are given by relative duality. □ 

13.12.6. Theorem. For X G Sch we have 

RiPic*(X) = Pic~(X). 

Proof. We are left to consider X G Sch purely of dimension n with the 
following associated set of data and conditions. 

For the irreducible components Xi, . . . , X^, of X we let X be a desin- 
gularisation of ]J Xj, S" := X^mg U Ui^j ^ ^'^^ ^ ^^e inverse image 
of S in X. We let X be a smooth proper compactification with normal 
crossing divisor Y. Let S denote the Zariski closure of S in X. Assume 
that Y + S is a reduced normal crossing divisor in X. Finally denote 
by Z the union of all compact components of divisors in S {cf. [8^ 2.2]). 

We have an exact sequence coming from the abstract blow-up square 
associated to the above picture: 

> RiPic*(X) ©RiPic(M(5)*(n)[2n]) -> RiPic*(X) 

^ R2pic(M(5)*(r2)[2n]) ^ R2pic*(X) © R'^Fic{M{S)*{n)[2n]) 
Now: 

• the first map is injective (Lemma ll3.12.1l) . 

• RiPic*(X) = RiPic''(X) = [0 ^ Pic°(X,r)] since X is smooth 
(Theorem I13.ll.ll note that W = by the smoothness of X), 
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• R^Pic(M(£)*(n)[2n]) = (Lemma [T3ll2ll]), 

• R2pic(M(5)*(n)[2n]) = [Z^SC^f-^i) _^ o]:=[Dws(X,Y) ^ 0] 
is given by the free abelian group on compact irreducible com- 
ponents of S (Lemma ll3.12.ip . 

• R2pic*(X) =R2pic'(X) = R2pic(X,F) = [NSf (^) ^ G^c^] 
(Theorem iniLlD, 

• R^Pic( M(g)*(n) [2n]) = [Z-§(^'""") ^ 0] = [Div5(X) ^ 0] 
(Lemma llMil]). 

We may therefore rewrite the above exact sequence as follows: 

^ [0 ^ Pic°(X, Y)] RiPic*(X) ^ [Div^(X, Y) 0] 

4 [NSf (X) ^ ] © [Div5(X) ^ 0]. 

The map Div^(X, Y) Div5(X) induced from M{S) M{S) is 
clearly the proper push-forward of Weil divisors. The map 

[Div^(X,F)^0]^[NS(°)(X)4G(2)] 

is the cycle class map described in Corollary 113.12.51 By Corollary 
113.12.31 we then get 

Kera = [Div|/^(X,r) ^ 0] 

where the lattice Div^^g{X ,Y) is from the definition of Pic~ (see [U 
2.2.1]). In other terms, we have 

Ripic*(x) = [DivJ/^(x,r) A Pic°(x,r)] 

and we are left to check that the mapping u is the one described in 
Just observe that, by Lemma [13. 12. H and Theorem 113.12.4] 

Ripic*(X) ^ RiPic*(X, S) ^ RiPic*(X, S) ^ RiPic*(X, Z) 

= RiPic* (X -Y,Z) = RiPic(X - Z, Y) 

and the latter is isomorphic to Pic''"(X — Z,Y) by 113. 12^21 Since, by 
construction, Pic^(X) is a sub-l-motive of Pic'^(X — Z, Y) the isomor- 
phism of 113. 12.2] restricts to the claimed one. □ 

14. Generalisations of Roitman's theorem 

In this section, we give a unified treatment of Roitman's theorem on 
torsion 0-cycles on a smooth projective variety and its various general- 
isations. 
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14.1. Motivic and classical Albanese. Let X G Sch{k); we assume 
X smooth if p > 1 and X semi- normal (in particular reduced) if p = 1, 
see Lemma [9.4.11 Recall that Suslin's algebraic singular homology is 

if,(X) := HomDM<L«(Z[j],M(X)) = H-/,(fc,a(X)) 

for any scheme p : X k. On the other hand, we may define 

H]\X):= HomDMifi^^(Z[j],M,t(X)) =H7/(A;,a*a(X)). 

We also have versions with coefficients in an abelian group A: 

Hf{X, A) = HomoMcff. M,,{X) ® A). 

— ,ct 

We shall also use the following notation throughout: 

14.1.1. Notation. For any M G DMg^ and any abelian group A, we 
write ijj^''(M, A) for the abelian group 

HomDMcft,^(Z[j], Tot LAlb(M) ® A) ~ e7/(A;, Tot LAlb(M) ® A). 

This is Suslin 1-motivic homology of M with coefficients in A. If M = 
M(X), we write h!:^\x,A) for if]^^(M,v4). We drop A in the case 
where A = Z. 

We also write Hf{M,A) = }lomj^y^cH{Z[j], M ® A) and Hf{M) = 
Hf{M, Z). 

The motivic Albanese map fl5.2l) then gives maps 
(14.1) Hf{M, A) Hf\M, A) 

for any abelian group A. 

14.1.2. Proposition. If X is a smooth curve (or any curve in char- 
acteristic ), the map (114. ip (for M = M{X) ) is an isomorphism for 
any AJ. 

Proof. This follows immediately from Proposition 15.1.41 □ 

Note that if X = A — F is a smooth curve obtained by removing 
a finite set of closed points from a projective smooth curve X then 
Ax/k = PiC(x,y)/fc is the relative Picard scheme (see [8j for its rep- 
resentability) and the Albanese map just sends a point P G X to 
(C^(P),1) where 1 is the tautological section, trivialising Oj^{P) on 
X. We then have the following result (c/. [611 Lect. 7, Th. 7.16]). 

14.1.3. Corollary. If X = X — Y is a smooth curve, 

Hl\X)^Fic(X,Y)[l/p] 

is an isomorphism. 
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Now let Af/f^ be as in Proposition 113.6.11 and Remark 113.6.21 The 
map TotLAlb(X) — )■ A'^x/k induces a homomorphism 

(14.2) hI,'\x) ^ A%,{k)[l/p] 

which is not an isomorphism in general (but see Lemma 114. 4. 2p . Com- 
posing ([Ti2D, < MJ\i (for A = Z) and the obvious map Ho{X)[l/p] 
Hq^{X), we get a map 

(14.3) Ho{X)[l/p]^A%,{k)[l/p]. 

We may further restrict to parts of degree 0, getting a map 

Ho{xr[i/p]^{A%,m[i/p]. 

Recall that ^^/^ = Ax/k if ^ is normal or strictly reduced (Proposition 
113. 6. li d)). In this case, the above map becomes 

(14.4) Ho{Xf[l/p]^iAx/k)'mi/p]. 

If X is smooth, (114.41) is the Z[l/]9]-localisation of the generalised 
Albanese map of SpieB-Szamuely [ST, (2)]. 
Dually to Lemma IC.6.21 the functor 

D\M^[l/p])^I)M%, 

C ^ Tot(C) ® (Q/Z)' 

is exact with respect to the t-Mi t-structure on the left and the homo- 
topy t-structure on the right; here, as usual, (Q/Z)' := 0;-^pQ£/Z^. In 
other words: 

14.1.4. Lemma. For any C G D^{M.i[l/p\), there are canonical iso- 
morphisms of sheaves 

•H,(Tot(C) ® (Q/Z)') ^ Tot(t/f,(C)) ® (Q/Z)' 

(note that the right hand side is a single sheaf!) In particular, for 
C = LAlb(M) and k algebraiclly closed: 

Hf\M, (Q/Z)') ~ r(/c,Tot(L,Alb(M)) ® (Q/Z)'). 

14.2. A variant of the Suslin-Voevodsky theorem. We now as- 
sume that k is algebraically closed until the end of this section. 

Let n be invertible in k. For M G DMg^^^., we have the composition 
pairing 

(14.5) Hom(Z/n, M) x Hom(M, Z/n) Hom(Z/n, Z/n) = Z/n. 

14.2.1. Theorem. For any M G DM^^^^, the pairing (114.51) is a perfect 
duality of finite Z/n-modules. 
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Proof. The statement is stable under exact triangles and direct sum- 
mands, thus it is enough to check it for M = M{X)[—j], X smooth, 
j G Z. Then the statement amounts to the duality between the group 
Hom(M(X), and algebraic singular homology Z/ra) = 

Hom(Z/n[j], M(X)), which is the contents of [61, Th. 10.9]. □ 

14.3. Change of topology and motivic Albanese map. We have 
the change of topology functor 

Recall the functor d<i of (15. ip and the motivic Albanese map qm of 
(15. 2p . Note that az/n(i) : a*Z/n(l) — )■ ci<iZ/n(l) is an isomorphism by 
Proposition 15.1.41 This gives a meaning to: 

14.3.1. Proposition. Let M G DMg^,,^. Then: 
a) The diagram 

HomoMoff {M, Z/n(l)) —i^ HomoM-ff , {d<iM, a*Z/n{l)) 



gm gm,ct 

(aM)* 



Homoi^cff ,^(a*M,a*Z/n(l)) 



commutes. 

b) In this diagram, d<i is an isomorphism. 

Proof. Let G DMg^^^^.. By the naturality of the motivic Albanese 
map, the diagram 

HomNis(M,A^) Rom^tid<iM,d<iN) 

(flA/)* 

commutes. Taking = Z/n(l), we get a). 

For b), we write d^i as a composition Z)<^ o a* o D^'^. We shall 
show that each of these three functors induces an isomorphism on the 
corresponding Hom groups. 

For -D<'{', this is because the map 

Df^ : HomNis(M,Z/n(l)) ^ Iiom^i,{Z / n, Df^{M)) 

coincides with the adjunction isomorphism for Hom j^j-,. For a*, this is 
because k is algebraically closed, so that etale cohomology of Spec k 
coincides with Nisnevich cohomology. Finally, for -D<^, this is because 
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Z/n and a*Df^{M) are in rf<i DM^^ (Lemma [5X2]), and D% re- 
stricts to a perfect duality on this subcategory (Prop. I4.5.1I) . □ 

14.4. A proof of Roitman's and Spiefi-Szamuely's theorems. In 

this subsection, we only deal with smooth schemes and the character- 
istic is arbitrary: we shall show how the results of Section [10] allow 
us to recover the classical theorem of Roitman on torsion 0-cycles up 
to p-torsion, as well as its generalisation to smooth varieties by SpieB- 
Szamuely [81j. The reader should compare our argument with theirs 
{loc. cit. , §5). 

Since k is algebraically closed, Corollary ID. 1 .61 implies 

14.4.1. Lemma. For any j G Z, Hp{X) = Hj{X)[l/p]; similarly with 
finite or divisible coefficients. □ 

Moreover, it is easy to evaluate H!j^\x) = Hj{TotLA\h{X)){k) out 
of Theorem llU.2.2t if L„Alb(X) = [L„ — i- we have a long exact 
sequence coming from Proposition 13.10.21 

(14.6) L,+i(fc)[l/p] ^ G,^,{k)[l/p] ^ h!^\x) 

^L^(k)[l/p]^G,{k)[l/p]-^... 

Thus: 

14.4.2. Lemma. For X smooth, (114. 2p is an isomorphism and we have 

(14.7) Hi'\x)c^m*^/,m/p] 

Hf\x) = Qtf3^Q,l. 
Here is now the main lemma: 

14.4.3. Lemma. Let M = M{X) with X smooth, and let A = Z/n 
with {n,p) = 1. Then the map (114.11) is an isomorphism for j = 0,1 
and surjective for j = 2. 

Proof. By theorem 114.2. H the statement is equivalent to the following: 
the motivic Albanese map 

{axT : Hom,t(rf<iM(X),«*Z/n(l)[j]) ^ Hom,t(a*M(X), «*Z/n(l)[j]) 

induced by (18. 3p is bijective for j = 0, 1 and injective for j = 2. (Here 
we also use the fact that a*Z/n(l) = and that k is algebraically 
closed.) 
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By Proposition 114.3.11 we may replace the above map by the change 
of topology map 

a* : if^i,(X,Z/n(l)) = HomNis(M(X), Z/n(l)[j]) 

^ Hom(a*M(X),a*Z/n(l)[j]) = H^X,Z/n{l)). 

Then the result follows from Hilbert's theorem 90 (aka Beilinson- 
Lichtenbaum in weight 1). □ 

From this and Lemma [14. 1.41 we deduce: 

14.4.4. Corollary. The homomorphism (114.11) 

H,{X, (Q/Z)') ^ H^'\X, (Q/Z)') 

(see Lemma \14-4-l\ ) is bijective for j = 0,1 and surjective for j = 2. 

The followin g t heorem extends in particular [81, Th. 1.1] to all 
smooth varietieo. 

14.4.5. Theorem, a) The maps (114.31) and (114.41) are isomorphisms 
on torsion. 

b) H^{X) ® (Q/Z)' = 0. 

c) The map (114.11) for A = Z yields a surjection 

H^ix){p'}^m*^/,{k){p'} 

where M{p'} denotes the torsion prime to p in an abelian group M. 

Proof. Lemmas 114.4.11 and 114.4.21 reduce us to show that (114.11) is an 
isomorphism on torsion for A = Z, j = 0. We have commutative 
diagrams with exact rows: 

0^ H,{X) ® (Q/Z)' ^ H,{X, (Q/Z)') ->if^._i(X){j9'}^0 

(14.8) 

Q^H^'\X) ® iQ/Zy^H^'\x, iQ/Zy)^H^'\iX){p'}^0 

For j = 1, the middle vertical map is an isomorphism by Lemma 
114.4.31 or Corollary [11331 and h[^\x) ® Q/Z = by f[T47D . which 
gives a) and b). For j = 2, the middle map is surjective by the same 
lemma and corollary, which gives c). The proof is complete. □ 



^■^In loc. cit. , X is supposed to admit an open embedding into a smooth 
projective variety. 
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14.4.6. Remark. If X is smooth projective of dimension n, Hj{X) is 
isomorphic to the higher Chow group CH"'{X,j). In fll4.8l) for j = 2, 
the lower left term is by Lemma [14. 4. 2[ The composite map 

H,{X, (Q/Z)') ^ H,{X){p'} Hi'\x){p'} = m*^/,{k){p'} 

is "dual" to the map 

NS(X) ® (Q/Z)' ^ HliX, Q/Z{1)) 

whose cokernel is Br{X){p'}. Let 

Br{Xf= Hom(„5r(X),/i„) : 

(n,p)=l 

a diagram chase in (114. 8p for j = 2 then yields an exact sequence 

-> CH'^iX, 2) ® (Q/Z)' ^ Br{X)^ 

C/7"(X, l){p'} ^ NS^/,(A;){p'} ^ 0. 

Together with CH''^{X, 1) O (Q/Z)' = 0, this should be considered as 
a natural complement to Roitman's theorem. 

14.5. Generalisation to singular schemes. We now assume charfc 
= 0, and show how the results of Section [11] allow us to extend the 
results of the previous subsection to singular schemes. By blow-up 
induction and the 5 lemma, we get: 

14.5.1. Proposition. The isomorphisms and surjection of Lemma 
14-4-!^ o-nd Corollary \14-4-4\ extend to all X G Sch. □ 

Let LiAlb(X) = [Li — t- Gi]. Proposition 114.5.1] the exact sequence 
(114. 6p and the snake chase in the proof of Theorem 114.4.51 give: 

14.5.2. Corollary. For X G Sch, we have exact sequences 

^ Hi{X) ® Q/Z ^ Ker(ni) ® Q/Z ^ i/o(^)tors ^ Coker(?ii)tors ^ 

^ iJi(X) ® Q/Z ^ h['\x, Q/Z) ^ i/o(X)tors ^ 0. 

The second exact sequence is more intrinsic than the first, but note 
that it does not give information on Hi{X) (g) Q/Z. 

14.5.3. Corollary. If X is normal, Hi{X) (g) Q/Z = and there is an 
isomorphism 

Ax/k{k)tors ^ Ho{X) 

tors' 

Proof. This follows from the previous corollary and Corollary 113.6.61 
c). □ 
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14.5.4. Remark. Theorem 113.10. ll shows that the second isomorphism 
of Proposition 114. 5.T] coincides with the one of Geisser in [371 Th. 6.2] 
when X is proper. When X is further normal, the isomorphism of 
Corollary 114.5.31 also coincides with the one of his Theorem 6.1. 

14.5.5. Remarks. Note that the reformulation of "Roitman's theorem" 
involving Kerwi is the best possible! 

1) Let X be a proper scheme such that Pic°(X)/W = GJ„ is a torus 
(more likely such that Alb(Xo) = where Xq — )■ X is a resolution, 
according with the description in [SI p. 68]). Then R^Pic(X)* = 
LiAlb(X) = [Z'' 0] is the character group (c/. P, 5.1.4]). For 
example, take a nodal projective curve X with resolution Xq = P^. In 
this case the map (114.11) for A = Z is an isomorphism for all j and thus 
Ker(Mi) ® Q/Z = Hi{X) ® Q/Z = {Q/Zy. 

2) For Borel-Moore and LiAlb''(X) = LiAlb*(X) for X smooth open is 
Cartier dual of Pic°(X, Y) then (c/. [HI p. 47]) Kerw^ can be non-zero: 
take X = and Y = a finite number of points. 

14.6. Borel-Moore Roitman. We are still in characteristic 0. Recall 
that the Borel-Moore motivic homology group 

H^{X, Z) := Hom(Z[j], M'iX)) 

is canonically isomorphic to Bloch's higher Chow group CHq^XjJ). 
Similarly to the previous sections, we have maps 

i/;(X,Z) ^ i/f (M^(X)) =: Hf'\x) 

H]{X,Q/Z) ^ iff )(M^(X),Q/Z) =: Hf'\x,Q/Z) 

and 

14.6.1. Proposition. The second map is an isomorphism for j = 0,1 
and surjective for j = 2. 

Proof. By localisation induction, reduce to X proper and use Proposi- 
tion [MXI □ 

14.6.2. Corollary. For X G Sch, we have exact sequences 

^ CHo{X, 1) ® Q/Z Ker«) O Q/Z 

-> C/Jo(X)tors Coker(Mi)tors 

^ CHoiX, 1) ® Q/Z ^ Hf'\x, Q/Z) ^ CHo{X),,,, -> 

where we write LiAlb'^(X) = [Ll Gl]. In particular, if X is smooth 
quasi- affine of dimension > 1, = 0. 
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Proof. Only the last assertion needs a proof: if X is smooth affine 
of dimension > 1 then CiJo(-^)tors = [231 Th. 4.1 (iii)], hence 
Coker(M5')tors = 0; this forces the semi-abelian variety Gl to be 0. We 
may then pass from affine to quasi-affine by using the localisation exact 
sequence and the description of LpAlb'^ in Proposition lll.5!2] b). □ 

14.7. "Cohomological" Roitman. We are still in characteristic 0. 

14.7.1. Lemma. Let < r < n. Then for any Z G Sch of dimension 
< n — r and any i > 2(n — r), we have H^^y^{Z, Q/Z(n)) = 0. 

Proof. By blow-up induction we reduce to the case where Z is smooth 
of pure dimension n - r; then Hi^^{Z,Q/Z{n)) = Hi^^^{Z,Q/Z{n)). 
Since k is algebraically closed, and n > dimZ, H^^^{Z,Q/Z{n)) ~ 
Hl^[Z, Q/Z(n)) by Suslin's theorem [82] and the vanishing follows from 
the known bound for etale cohomological dimension. □ 

Now consider the 1-motive LiAlb*(X) for X of dimension n. This 
time, we have maps 

^cdV(^,ZH) -> H^'\M{Xnn)[2n]) =: H'^-^ {X,Z{n)) 

(14.9) 

^cdV(^,Q/^H) ^ H^'\M{Xnn)[2n],Q/Z) =: H^;'f\X,Q/Z{n)). 

14.7.2. Lemma. Let Z G Sch be of dimension < n. Then the map 

Hl2^\Z,Q/Z{n)) ^ /7«(M(Z)*H[2n],Q/Z) 
is an isomorphism. 

Proof. For notational simplicity, write H*(Y,n) for H*^^{Y,Q/Z{n)) 
and Fj(Y) for H^^\M(Y)*{n)[2n],Q/Z)), where y is a scheme of di- 
mension < n. Let Z,T,T be as in the proof of Lemma 113.12.11 Then 
Lemma 114.7.11 and proposition 18.1.21 yield a commutative diagram 

H^''-^{Z,n) > H^''-^{Z,n) 

F2{Z) y F2{Z) 

in which both horizontal maps are isomorphisms. Therefore, it suffices 
to prove the lemma when Z is smooth quasiprojective of dimension 
n — 1. 

The motive R2pic(M(Z)*(n)[2n]) ~ R2pic(M'=(Z)(l)[2]) was com- 
puted in Corollary 1 1 3 . 1 1 . 51 it is [E^o^^^ — > 0]. Therefore, we get 

F2(Z)^Q/Z(1)K(Z)]. 
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On the other hand, the trace map defines an isomorphism 

H^--\Z,n)^^/'L{l)['Kl{Z)] 

and the issue is to prove that the vertical map in the diagram is this iso- 
morphism. For this, we first may reduce to Z projective and connected. 
Now we propose the following argument: take a chain of smooth closed 
subvarieties Z D Z2 D ■ ■ ■ D with Zi of dimension n — i and con- 
nected (take multiple hyperplane sections up to Zn^i and then a single 
point of Zn~i for Z„. The Gysin exact triangles give commutative 
diagrams 

H^n-2i^2^2i+^^n-i) > H^''-^'{Zi,n-i + l) 

F2(Z,+i) > F2{Z,) 

in which both horizontal maps are isomorphisms: thus we are reduced 
to the case dimZ = 0, where it follows from Proposition 114.1. ^ applied 

to X = F\ □ 

14.7.3. Theorem. The map (114.91) is an isomorphism for j = 0,1. 

Proof. This is easy and left to the reader for j = 0. For j = 1, we argue 
as usual by blowup induction. In the situation of 18.1. el we then have 
a commutative diagram of exact sequences 



F2{X)®F2{Z) F2{Z) Fi{X) Fi{X)(BFi{Z). 

In this diagram, we have Fi{Z) = by Lemma ri3.12.1l and H^^^^{Z, n) 
= by Lemma 114.7.11 and the same lemmas imply that both right- 
most horizontal maps are surjective. The rightmost vertical map is 
now an isomorphism by Proposition 114.6.11 which also gives the sur- 
jectivity of H'^'^-^{X,n) -> F2{X). Finally, Lemma [14721 implies that 
H^''-^{Z,n) F2{Z) and H'^''-^{Z,n) F2{Z) are isomorphisms, 
and the conclusion follows from the 5 lemma. □ 

14.7 A. Corollary. For X G Sch of dimension n, we have exact se- 
quences 

-> H^''~\X, Z(n)) Q/Z ^ Ker(M*) ® Q/Z 

-> /72"(X,Z(r2))tors ^ Coker(?zt)tors ^ 
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^ H^^-\X, Z(n)) ® Q/Z ^ Hl^-\X, Q/Z(n)) 

^/J^"(X,Z(r2))tors^0 

where u\ is the map involved in the 1-motive LiAlb*(X) (which is iso- 
morphic to Alb^(X) by the dual of Theorem \13. 12. 

14.7.5. Corollary. If X is a proper scheme of dimension n we then 
get H'^"'~^{X, 7j{n)) ® Q/Z = and an isomorphism 

Alb+(X)(A;)tors ^ //'"(X,Z(n))tors. 

Proof. If X is proper then LiAlb*(X) = Alb^(X) is semiabelian and 
the claim follows from the previous corollary. □ 

14.7.6. Remark. Marc Levine outlined us how to construct a "cycle 
map" ct'^^ from CHl^{X) to i/2n^(X, Z(n)), where CHl^{X) is the 
Levine- Weibel cohomological Chow group of zero cycles. This gives a 
map 

which most likely fits in a commutative diagram (for X projective) 
CH2y^^{X)tors — H^'^^^{X,Z{n))tors 

"tors ' 

Alb+(X)(A;)tors LiAlb*(X)(A;)tors 

where: the horizontal bottom isomorphism is that induced by Theorem 
113.12.61 and the right vertical one comes from the previous Corollary 
114. 7. 4( the left vertical map is the one induced, on torsion, by the 
universal regular homomorphism a"*" : Cif£^ (X)dego Alb'^(X)(A;) 
constructed in [H 6.4.1]. This would imply that 

cf^o^g is an isomorphism <^=^ 

^tors QjH isomorphism. 

If X is normal and k = k or for any X projective if = C then a^j,g 
is known to be an isomorphism, see [53]. For X projective over any 
algebraically closed field, see Mallick [57] . 

We expect that Levine's "cycle map" c^^^*^ is surjective with uniquely 
divisible kernel (probably representable by a unipotent group). 

Part 4. Realisations 

15. An AXIOMATIC VERSION OF DELIGNE'S CONJECTURE 

Let be a perfect field. We shall drop the reference to k from the 
notation for categories of motives associated to k. 



116 



LUCA BARBIERI-VIALE AND BRUNO KAHN 



15.1. A review of base change. Suppose given a diagram of cate- 
gories and functors 

(15.1) Ti 

Ri 

where A is left adjoint to T and B is left adjoint to S, plus a natural 
transformation ip : RS =^ TRi. Then we get a natural transformation 

: AR^ RiB 

as the adjoint of the composition 

R RSB TRiB 

where the first natural transformation is given by the unit Idj) =^ SB 
and the second one is induced by (p. 

Suppose now that all categories and functors are triangulated. To 
prove that ip is an isomorphism of functors, it suffices to check it on 
generators of V. 

15.2. A weight filtration on Mi Q. In this subsection, we prove 
that the weight ffitration on 1-motives defines a weight ffitration on 
M 1 (><? Q in the sense of Definition IE.7.2[ 

For w E Z, let (A^i ® Q)<w be the full subcategory consisting of 
1-motives of weight < w {cf. [23 (10.1.4)] and ^UJT\\ . Then {Mi ® 
Q)<^ = for w < -2 and (A^i ® Q)<^ = A^i (g) Q for w > 0. 

15.2.1. Proposition. The inclusion functors 
define a weight filtration on Mi ® Q. 

Proof. By Remark IE. 7. 81 it suffices to check that the weight ffitration 
on 1-motives verifies the conditions in [121 p. 83, Def. 6.3 a)]. The 
only point is its exactness, which is clear. □ 

15.3. A left adjoint in the category of realisations. Let K he a 

field and T be a i^-linear triangulated category. We assume that T 
is provided with a i^-linear t-structure, with heart B with a weight 
filtration i3<„ (in the sense of Definition IE. 7. 20 For convenience, we 
assume that B<o = B. 

Let us consider a thick i^-sub category of B_2 whose objects are 
called the Lefschetz objects. We assume semi-simple. 

15.3.1. Definition. An object H E B is of level < 1 if 
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(i) The weights of H belong to {—2, —1, 0}; 

(ii) H_2 is a Lefschetz object. 

We write E{i) for the full subcategory of B consisting of objects of level 
< 1. 

15.3.2. Proposition. 

(1) B(i) is a thick abelian subcategory ofB. 

(2) // B-2 is semi-simple, the inclusion functor B(^i) B has an 
exact left adjoint H t-^ A\h^{H). 

Proof. (1) By semi-simplicity of the assertion is clear. 

(2) We shall construct Alb^ as the composition of two exact functors: 

• The first functor sends an object H to -ff>-3. 

• Suppose that -ff<_3 = 0, and consider H_2. By semi-simplicity, 
we may write H_2 = H' ® H" with H' a Lefschetz object and 
with Hom0(L,if") = B.omQ{H" , L) = for any Lefschetz ob- 
ject L. Then the second functor sends H to H/H". 

The fact that this indeed defines a left adjoint is readily checked. □ 

15.3.3. Remark. Let B'_2 = {B e B_2 I B{B, Bi} = 0}. If B_2 is semi- 
simple, every object H G i3_2 has a unique decomposition H = Hi^®H" 
with i^L G Bi^ and H" G B'_2. Let now 

K-2 = {He i3<_2 I (if-2)L = 0}. 

Then Proposition I15.3."2l yields a split exact sequence 

(15.2) ^ B'^_2 ^B^ ^ 

in which the right adjoint of Alb^ is the natural inclusion. 

15.3.4. Proposition. Let T(i) he the full subcategory ofT consisting of 
objects T such that W{T) G for all i G Z. Then: 

(1) 7(1) is a thick subcategory ofT, and the t-structure ofT induces 
a t-structure on T(i). 

(2) // the t-structure is bounded and B-2 is semi-simple, the inclu- 
sion functor 7(1) T has a t-exact left adjoint LAlb^. 

Proof. (1) follows from Proposition 1 1 5 . 3 . 2] ( 1 ) and (2), since B{i) is thick 
in B by Proposition 115.3.2] (1). For (2), the exact sequence f ll5.2p of 
Remark 115.3.31 yields an exact sequence of triangulated categories 

where 7^_2 = {C G T | H*{C) G i3<_2}. The claim now follows from 
Proposition IE.20TT] (3). More precisely, this proposition shows that vr 



118 



LUCA BARBIERI-VIALE AND BRUNO KAHN 



has a right adjoint j such that j(T/T^2) = then vr gets identified 
with the desired functor LAlb^. □ 

15.4. Realisation functor. Let K, T, B be as in ll5.3[ For T G T, we 

denote by Hj{T) the homology objects of T (with values in B) with 
respect to the t-structure of T. 

We give ourselves a (covariant) triangulated functor R : DMg^ (8)Q 
— )■ T. (Note: this implies that K is of characteristic zero.) 

Let X E Sm: for i e Z, we write f^f (X) := Hl{R{M{X)). We 
assume: 

15.4. L Hypothesis. If X is smooth projective of dimension d < 1, we 
have 

(1) RM{X) e 7[_2d,o] (m particular, H^{X) = for i ^ [-2d,0]). 

(2) Ifd = 1 and E is the field of constants of X , the map Hq[X) — )■ 
//(f (Spec E) is an isomorphism. 

(3) If d = 1, E is the field of constants of X and f : X ^ F\j is a 
nonconstant rational function, the map /* : if|*^(X) — > iJ|^(P]j) 
is an isomorphism. 



15.4.2. Proposition. Under Hypothesis 15. 4.1, the composition 



Ml ® Q ^ D\Mi) ® Q ^ DM^^ ®Q A T 
has image in the heart B of T . The corresponding functor 

Ri:Mi(g)Q^B 

is exact. If moreover 

(W) i/f (X) e B-i for allieN 

forX smooth projective with dimX < 1, then Ri respects the splittings 
of Ail Q and B in the sense of Definition \E. 9l\ (2). 

Proof. By definition of a t-structure, the first assertion will hold pro- 
vided R o Tot(iV) e B for any 1-motive N of pure weight. We are 
then left with lattices ([L — )• 0]), tori ([0 — )■ T]) and abelian varieties 
([0 —7- A\). Moreover, since we work with rational coefficients, we may 
assume that L = R^jk^ and T = REjk'^m for a finite separable exten- 
sion Ejk. 

WehaveTot([L ^ 0]) = M(SpecE) andTot([0 ^ T]) = M(SpecE)(l); 
hence i? Tot([L ^ 0]) = RM{SpecE) = H^{SpecE)[0] e B hj Hy- 
pothesis 115.4.11 (1). On the other hand, since the only idempotents 
in End(M(P)j)) are the Kiinneth idempotents, yielding the decomposi- 
tion M(P]5) = M(SpecE)©M(SpecE)(l)[2], we get i?Tot([0 ^ T]) = 
H^iFl;) e B, and also H^{F]^) = 0, by Hypothesis [lEH] (2). 



ON THE DERIVED CATEGORY OF 1-MOTIVES 



119 



For abelian varieties, we may reduce to the case of Jacobians of 
curves. Recall Voevodsky's functor [88, 2.1.4] 

(15.3) $ : Chow^'^ MQ -» DM^^ MQ 

such that ^{h{X)) = M{X) for any smooth projective X: this is a full 
embedding by the cancellation theorem of |87j . 

Let C be a smooth projective geometrically connected fc-curve: the 
choice of a closed point c G C determines a Chow-Kiinneth decompo- 
sition. Also, Tot([0 ^ J(C)]) ~ $(/ii(C))[-l] as a Chow-Kiinneth 
direct summand of M(C)[— 1] (see 2. 6. a). This already shows that 
i?Tot([0 ^ J(C)]) G 7[„i,i], by Hypothesis [lEO (1). 

Choose a nonconstant rational fonction / : C — > P^, and let x = 
f{c) G P^. If tt'^ and vrf are the corresponding Chow-Kiinneth projec- 
tors, we clearly have /^.ttq = ttq/*. Hence the matrix of /* on the decom- 
positions h{C) = ho{C) © hi{C) © /i2(C) and h(F^) = ho(F^) © /i2(P^) 
is of the form 

A A 

\0 l) 

if we identify ho{C),ho{F^) with 1 and /12(C), /i2(P^) with L. (One 
can compute that * equals ± (/~^(/(c)) — deg/ ■ c), as an element of 
J{C){k) © Q.) Thus we have an exact triangle in DMg^ ©Q: 

Tot([0 J{C)][1] M{C) A M(P^) ±i 
hence a long exact sequence in B: 

• ■ ■ ^ if«,(pi) ^ ifr(Tot([0 ^ J{C)])) ^ //f (C) A /Jf (Pi) ^ . . . 

Using now the computation of H^{¥^) and Hypothesis ll5.4.I] (3). we 
find: 

This shows that i?Tot([0 — )■ t/(C)]) G i3, hence the functor i?i : 
A^i © Q — -B. By Lemma [E. 19. 11 the composition 

D\Mi) © Q ^ DM^g^ ©Q ^ r 

is t-exact relatively the canonical t-structure on D^{Aii) ©Q (the mo- 
tivic one, with heart Aii © Q), and its restriction Ri to the hearts is 
exact. 

If Condition (W) is verified, the proof shows that -Ri respects the 
sphttings of A^i © Q and B in the sense of Definition IE. 9. II (2). □ 
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15.5. The base change theorem. Let K, B, T, R be as in ll5.4[ If X 

is a smooth projective fc- variety, we set as before 

iff (X) := HUR{M{X)) 

where Hj denotes the homology functors with values in B defined by 
the t-structure on T. 

15.5.1. Remark. Let X be smooth projective and x e X be a closed 
point. Let E = k{x) be the residue field of X. We have an Albanese 
map ttx : Xe i-^^/klE-, hence a map in 

„^ M(X) '!^' Mix,) M({A%,),) ^"3" M(A\„) 

where d = [E : k], p : Xe — )■ X and q : (^x/A;)-^ ~^ -^x/fc P'^O" 
jections and ^M{p) is the transpose of the graph of (the finite surjective 
morphism) p. This map depends on the choice of x, but two choices 
differ by a translation on J^x/k- 
Thus we get maps 

If the (duals of the) Hf^ define a "classical" Weil cohomology theory 
in the sense of [H 3.4], then {ax)* does not depend on the choice of x 
for i > 0. We won't need this fact, but merely the fact that for two 
choices of x, the corresponding (a^)* differ by an isomorphism. 

15.5.2. Hypothesis. We assume Hypothesis \15.4-i\ and moreover: 

(1) The t-structure on T is hounded. 

(2) The restriction of Ri to (A^i ® Q)_2 induces an equivalence of 
categories {Aii ® -ft') -2 — > Bi^. 

(3) For any X smooth projective: 

(i) i/f (X) := Hi{R{M{X)) = fori<0. 

(ii) Hf{X)eB-ifori>Q. 

(iii) H§{X)^H^{MX)). 

(iv) The choice of a closed point of X induces an isomorphism 
{ax)* : H^{X) H^{Ax/f,)- (This does not depend on 
the choice of x: see Remark \15.5.1\ ) 

Let -Ri := i?Tot. Using Proposition 115.3.^ and Section [15. H we get 
from this equality a base change morphism 

(15.4) V : LAlb'^ R ^ R^ LAlb^ . 
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15.5.3. Lemma. Under WS. 5.2. we have a commutative diagram 
HomDM|ff«Q(^(^),^(l)[2]) Homr(i?(X),i?(Z(l))[2]) 



Hom6(i?iL2Alb^(X),A) BomB{A\h'^ H^{X), A) 

for any smooth projective variety X, where A :=i?i([0 — t- Gm]). 

Proof. Playing with the adjunctions and t-structures, we have chains 
of maps 

(15.5) 

(DM^^®Q)(M(X),Z(1)[2]) ^ (D^(>li)®Q)(LAlb^(X), [0 ^ GJ[2]) 
^ {Ml ® Q)(L2Alb^(X), [0 ^ G„]) A i3(i?iL2Alb^(X), A) 

and 

(15.6) r(i?(X),i?(Z(l))[2]) r(i?(X), A[2]) 

^ S(if2''(X), A) ^ i3(Alb^if2''W, A). 

This defines respectively a and /3. By following the various adjunc- 
tion isomorphisms, the diagram is commutative as claimed. □ 

15.5.4. Remark. Note that HomB(i?iL2Alb^(X), A) = m{X)^^ ®K 
by Corollary 10.2.3 and Hypothesis 115.5.21 (2). Also, we have an in- 
jection HomB(Alb'^/72^(A:),A) ^ }loms{H^{X), A) by (the proof of) 
Proposition 115.37^ (2). If B sits in a larger "non-effective" category 
B' which carries a duality, the latter group may be interpreted as 
Hom0(frg/, iJ|,(X)(l)), with Kq := i?i(Z). Finally, the composition 
PR in the diagram of Lemma 115. 5. 3[ followed by the latter inclusion, 
is easily checked to be the cycle class map in the classical cases. So 
the bottom row of this diagram contains an abstract argument that 
algebraic equivalence is weaker than homological equivalence in codi- 
mension 1. 

On the other hand, it is known that algebraic and numerical equiv- 
alences coincide rationally in codimension 1. Thus, if defines an 
adequate equivalence relation on algebraic cycles, we automatically get 
that V* is injective in the diagram of Lemma 115.5.31 This will be the 
case if if^ defines a Weil cohomology theory, which will follow if B 
and T can be extended to categories satisfying natural extra axioms 
(tensor structure, duality), cf. Cisinski-Deglise [22] . 

15.5.5. Theorem. Under lTS. 5.^ 
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(1) The base change morphism v is an isomorphism in weights 
and —1. 

(2) Let (DMg^)' be the thick subcategory o/DMg^KQ generated by 
the M{X) where X is a smooth projective variety such that, 
for any finite extension E/k, the map v* of Lemma \15. 5.31 is 



injective for Xe (see Remark \15. 5.4\j and the ''geometric cycle 
class map" 



(15.7) Vic{Xe) ®K = HomoMcff «q(M(Xs), Z(1)[2]) ® K 

A Homr(i?(Xs),i?(Z(l))[2]) ^ RomsiH^{XE),Rmm 

is surjective. Then the restriction of v to (DMg^)' is an iso- 
morphism. 

Proof. (1) By de Jong's theorem, it suffices to prove the statement for 
M = M{X), X smooth projective. Thus we have to prove that, for all 
i E li, the map 

Alb'^iff (X) ~ iff (LAlb^i?(X)) ^ RiUAlh^iX) 

defined by Vm{x) is an isomorphism in weights and —1. Here we used 
the t-exactness of LAlb''^, cf. Proposition 115.3!^ (2). 

For i < (resp. i > 2), both sides are by Corollary 10.2.3 and 
115.5.21 (3) (i) {resp. (ii)). For i = 0, 1, (iii) and (iv) imply that the map 
is an isomorphism. Finally, 115.5.21 (3) (ii) implies that if|^(X) is pure 
of weight —2 and so is L2Alb'^(X), hence the statement is still true in 
this case. 

(2) It is sufficient to show that, for any smooth projective X verifying 
the condition of (2), the morphism k\h^ H^{X) i?iL2Alb^(A:) is 
an isomorphism. Note that both sides are Lefschetz objects: hence, by 
Yoneda's lemma, it suffices to show that for any Lefschetz object G, 
the map 

(15.8) Hom(i?iL2Alb^(X), 6) -> Hom(Alb^if2^(X), 6) 

is an isomorphism. 

Without loss of generality, we may assume that 9 = -Ri([0 — )■ T]) 
with T = RE/k^m = M{SpecE) (g) Z(l)[l]. In the commutative dia- 
gram of Lemma ri5.5.3l for Xe, the composition of /3 and R is surjective 
by the surjectivity of fll5.7p . Therefore fll5.8p is surjective. By assump- 
tion, (115. 8p is also injective. This concludes the proof. □ 

16. Comparing realisations 
Let K, T, B be as in 115.31 and R be as in ll5.4[ We now give ourselves 
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• a t-exact functor D^(B) T which is the identity on B 

• an exact functor T : A^i (g) Q — > i3. 

We suppose that T respects the sphttings of A^i ® Q and B in the 
sense of Definition IE. 9. 1 1 (see Proposition II 5. 2.T] for the weight filtration 
on A^i (g) Q). We still write T for its trivial extension 

D\Mi)®Q^ D\B) ^r. 

We would like to compare T with Ri = R Tot. The aim of this section 
is to discuss the existence and uniqueness of a natural isomorphism 
between these two functors. 

16.1. A full embedding. Let Chow be the category of Chow motives 
over k, Chow KIQ the category of Chow motives with rational coeffi- 
cients and Chow°^ MQ the full subcategory of effective Chow motives. 
We take the covariant convention for composition of correspondences: 
the functor 

X ^ h{X) 

from smooth projective varieties to Chow*'''^ MQ is covariant. 

16.1.1. Lemma. Let d<i Chow''^ KIQ be the thick subcategory o/Chow°^ 
KIQ generated by motives of curves. Then 

(1) d<i Chow*^^ MQ consists of those objects that may be written as 
a direct sum of Chow motives of the following type: 

• an Artin motive; 

• a motive of the form hi{A) for A an abelian variety; 

• a motive of the form M ® L, where M is an Artin motive 
and L is the Lefschetz motive. 

(2) The composition 

d<i Chow"*^ A Chow"^ 4 DM^^ D\Mi ® Q) 

is fully faithful, where $ is as in (115.31) . It yields a naturally 
commutative diagram of full embeddings: 

d<i Chow"^ D\Mi® Q) 

Chow*^^ DM^^ 

with $(1) = LAlb^ o$ o i. 

Proof. (1) is clear by the Chow-Kiinneth decomposition for motives of 
curves and the fact that any abelian variety is a direct summand of the 
Jacobian of a curve, up to isogeny. 
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(2) We have a naturally commutative diagram 



where the vertical functors are full embeddings. The lemma now boils 
down to the fact that the restriction of LAlb^ to d<i DMg^ MQ is quasi- 
inverse to Tot (Corollary I6.2.2p . □ 

16.1.2. Remark. Of course, we can now define the full embedding 

of Lemma 116.1.11 without reference to DMg^ or LAlb"^: this functor 

sends 

(1) An Artin motive M to the 1-motive [L — )• 0], where L is the 
permutation Galois-module associated to M. 

(2) If A is an abelian variety, hi{A) to [0 — )■ A][l]. 

(3) A Lefschetz motive M ® L to [0 — t- L ® Gm][2], where L is as 
in (1). 

16.2. Extending a natural isomorphism. 

16.2.1. Hypothesis. We assume given, for every smooth projective 
curve C, an isomorphism vc '■ R{M{C)) — )■ Ti^ {i)h{C)) with the 
following two properties: 

(i) // C is another such curve, then for any Chow correspondence 
a G CH\C X C) (g) Q, the diagram 



(16.i; 



R{M{C)) R{M{C')) 

vc Vc' 

commutes. 

Let E/k be a finite extension, and let h{E) := h{Spec E) , 
:=M(SpecE) = <^>h{E), [Ze 0] := [Z[Gk/GE] ^ 0] = LAlb(ZE) 
For C = with M{F]^) = Ze ® Zi?(l)[2], and the com- 
mutation of fll6.ip for Chow correspondences from ¥\ to iteslf 
yield two isomorphisms Vh{E) '■ R{'^e) 1.{[Ze 0]) and 
vj^^hiE) : R{Ze{1)[2]) T([0 ^ ® GJ[1]). The second 
property we require is: 
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(ii) For any E/k, E'/k and any {3 G HomDM(^£;, = {E®k 

E'Y ® Q, the diagram 



R{Ze) i?(ZE'(l)[l]) 



(16.2) ^MB) 



T{[Ze ^ 0])) T([0 ^ Ze> ® Gm]) 

commutes. 

The aim of this subsection is to prove the following 



16.2.2. Theorem. Let as before Ri = RTot. Under Hypotheses 15.4-1 
and 1 1 6. 2l\ there exists at most one natural isomorphism -u : i?i ^ T 
such that, for every smooth projective curve C, vc = u^^-^-^hic)- This 
isomorphism exists if and only if a certain obstruction (see (5) in the 
proof below) vanishes. 

Proof Recall first that, under Hypothesis 115.4. Ij Ri{Mi ^ Q) C B 
(Proposition 115. 4^^ . If m : i?i ^ T is a natural transformation, then 
it is determined by its restriction ui to A^i ® Q by Lemma IE. 22.1} 
moreover, u is an isomorphism if and only if Ui is {ibid. ). Therefore, 
we only need to discuss the existence and uniqueness of Mi. 

The commutativity of the diagrams (116. ip means that v defines a 
natural transformation on the category of smooth projective curves 
provided with Chow correspondences. We proceed in several steps: 

(1) Extend v to d<i Chow*'''^ KIQ, yielding natural isomorphisms 

Vh : R^{h) ^ T(<l>(i)(/i)), h G d<i Chow'^ 

and diagrams like (116.21) with Ze {resp. Ze'{1)[1]) replaced by 
$(/i) {resp. by ^{h' ^ L)[— 1] for any Artin motives h, h'. Here 
L is the Lefschetz motive. 

(2) Define u on 1-motives of pure weight. 

(3) Extend u to 1-motives of weights G {—2, —1} and G {—1,0}. 

(4) Extend u to 1-motives of weights G {—2,0}. 

(5) Get the obstruction to extend u to all 1-motives. 

(1) is formal. 

(2) Let be of pure weight -w. Then = LA\h^{h))[-w] for 
a unique h G d<i Chow^*^ MQ of weight —w. Conversely, we have 
$(/i) = TotA^[w7]. Define un = Vh[w]: this indeed defines a natural 
transformation thanks to Lemma [16.1.11 (2). 

(3) Start with the case of weights G {—2, —1}. By Theorem IE. 10. 21 
(2), we have to show that given a 1-motive [0 — )■ G], with G extension 
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of A by T, the diagram 

r([o -> A]) ^'""^^'^ r([o ^ T])[i] 



«[0-^T] [1] 



T{[O^A]) '-"°^^"') T([0^T])[1] 

commutes. 

We may write [0 ^ A] = $(i)(A)[-l] and [0 ^ T] = $(i)(T)[-2], 
where A = hi{A) and T = L Hom(Gm, T) (L the Lefschetz motive). 
Then the map 

[0^A]^[0^ T][l] 

corresponding to the extension [0 — )■ G] comes from a map A — t- T by 
Lemma [16.1.11 By (1), the diagram 

i?($A) > i?($T) 



T($(i)A) > T(<|.(i)T) 

commutes. This is equivalent to the fact we request. 

In the case of weights G {—1, 0}, given a 1-motive [L — A] we have 
similarly to check that the diagram 



1)) 



'''<S>{L01) 



1J<S>A 



T($(i)(L®l)) T(<l>(i)A) 

commutes, which also follows from (1). 

(4) We have to prove that, given a 1-motive iV = [L — )■ T] with T a 
torus, the diagram 

T'([0 ^ T]) T'([L ^ 0])[1] 



^[0-»T] 



«[L^0][1] 



T([0 ^T]) 



[T(iV)] 



> T([L^0])[1] 



commutes. As in (5), this is a translation of (1). 

(5) By Theorem IE. 12. II (3), we now get an obstruction to glueing of 
the following form: for any 1-motive [L — )• G], a bilinear map 

Ext^^^Q([L ^ 0], [0 ^ A]) X Ext^^^Q([0 ^ A], [0 ^ T]) 

^Ext^(T'([L^O]),T'([O^T])). 



ON THE DERIVED CATEGORY OF 1-MOTIVES 



127 



In case L = TL and T = Gm, we may rewrite this as 

A{k) (g) Q X A'{k) ® Q ^ Ext^(i?Z, RZ{1)). 

□ 

16.2.3. Remark. If we assume that the natural map 
DM^^®Q(Z,Z(1)[1]) ® is: T{RZ,RZ{1)[1]) = Ext^(i?Z, i?Z(l)) 

is bijective, then the pairing in part (5) of the proof of Theorem 116.2.21 
may be reformulated /^-pairing 

(16.3) A{k)^ K X A'{k)^ K ^ k* ^ K. 

Suppose that we have the above picture functorially over a base 5", 
where S runs through smooth fc-schemes essentially of finite type. By 
Proposition IC.12."3l the category of smooth 1-motives J^i{Og\) Q 
[25t 10.1.10] is of cohomological dimension < 1 for any point s G S*. 
Hence the pairing (116. 3p extends to a pairing of etale heaves 

A (g) K X A' (g) K -i- Grn (S) K. 

by Theorem IE. 12. II (3). So we get in particular a homomorphism 

ifis ■■ A{S) ®K ^ Hom(A'(A;) ® K, V{S, Gm) ® K) 

natural in S. 

For S = A, the right hand side is reduced to }loTa[A'{k)®K, k*®K), 
hence Yoneda's lemma implies that (^5 is constant, and therefore 0. 

17. The Hodge realisation 

Let MHS denote the abelian category of (graded polarizable, Q- 
linear) mixed Hodge structures. We take for B the full subcategory 
MHS''*^ of MHS consisting of objects whose Hodge numbers are of type 
{i-ij) with i < and j < 0. For T we take D^{E). The weight filtration 
provides B with a weight filtration in the sense of Definition IE. 7. 21 We 
take for the Hodge structures purely of type (—1,-1). With the 
notation of 31531 -6(1) = MHS(i) is the full subcategory of MHS^^ given 
by mixed Hodge structures with possibly non zero Hodge numbers in 
the set {(0, 0), (0, -1), (-1, 0), (-1, -1)}. 

17.1. LAlb^ for mixed Hodge structures. Note that MHS_2 is 
semi-simple since pure polarizable Hodge structures are. As a special 
case of Proposition 115. 3. 4| we therefore have: 

17.1.1. Proposition. The full embeddings l : MHS(i) MHS'^^ and 
I : D''(MHS(i)) D''(MHS"*^) have left adj oznts Alh^^^ and LAlb^^^ 

□ 
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17.1.2. Notation. For H e MRS''^ we shall write H<i for A\h^^^{H). 
If H has Hodge numbers > then the dual Rom{H, Q) e MHS'^'^ is 
effective and we denote 

H^' := Hom(Hom(if, Q)<i, Q(l)) 

Denoting Pic^"^ the Cartier dual of Alb^"^ the latter iJ^^ translates 
in Pic^"^(Hom(g, Q)). 

17.1.3. Remark. In Deligne's notation [251 10.4.1], for H e MHS we 
have: 

• II„(//)q = H{n)<i if the Hodge numbers of H are < n 

• 1{H)q = H-^ if the Hodge numbers of H are > 0. 

Note that H i— )■ H-^ is actually right adjoint to the (fulll embedding) 
functor H h-)- H{—1) from MHS(i) to the full subcategory MHSefr of 
MHS consisting of objects whose Hodge numbers are > 0. 

17.2. Ruber's Hodge realisation functor. We have A. Huber's re- 
alisation functor [12] 

i?Hodge : DM^^(C) ® Q ^ Z}^(MHS). 

This functor is contravariant. To get a covariant functor we com- 
pose it with the (exact) duality of L'^(MHS) sending H to Hom(if, Q). 
For X a smooth variety, we have S'Hodge(Af (X)) = RT{X,Q), and in 
particular its Hodge numbers are > 0. Thus we get a functor 
^Hodge . DM^^(C) ® Q ^ D^(MHS"'^). 

Since -Rnodge'^' : Chow''^ (8)Q £)^(MHS) is by construction iso- 
morphic to the fonctor X i— )• i?r(X, Q), the conditions of Hypothesis 
115. 4. H are verified, as well as Condition (W) of Proposition [T5.4.2[ This 
proposition then shows that i^^odge rj^^ defines an exact functor 

^Hodge .^^^Q^Q^ MHS(i). 

Although this is irrelevant for our purpose, it is nice to know: 

17.2.1. Theorem. The functor 1^°'^^'^ is an equivalence of categories. 

Proof. Note that /^f"'^^'' respects the splittings of A^i ® Q and MHS(i), 
by Proposition 115.4.^ Therefore we are in a position to apply Theorem 
IE.14.li 

Let WiMi{C) ® Q and Vri(MHS(i)) denote the full subcategories of 
objects pure of weight i (z = 0, —1, —2). We first check that Ri induces 
equivalences of categories WiMi{C) ® Q iyi(MHS(i)). Note that 
these three categories are semi-simple. The cases i = and i = —2 
are obvious. For i = —1, it is known {e.g. from Deligne's equivalence 
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of categories [25, 10.1.3]) that any H G H^_i(MHS(i)) is a direct sum- 
mand of some HiiC): this proves essential surjectivity. For the full 
faithfulness, we reduce to proving that, given two connected smooth 
projective curves, the map 

Hom( J(C), J(C")) ^ Hom(i7i(C), Hi{C')) 

given by i?f ""^^"^ is the usual action of divisorial correspondences, which 
follows from the construction of 

(Note that these arguments provide natural isomorphisms of the re- 
strictions of E^"^^'^ to PViA^i(C)(8)Q with Deligne's realisation functor.) 

We are left to check the conditions of Theorem IE.14.11 on isomor- 
phisms of Hom and Ext groups. Note that the condition on Hom 
groups in (2) is empty because they are identically 0. For the Ext 
groups, since Ext^jjg is identically 0, we reduce by (4) to prove that, 
for Nm, A^n G A^i ® Q of pure weights m < n, the map 

Ext^^^Q(iV„,iV„) ^ Exti,Hs(^r''(A^n),i?r''(iV™)) 
is bijective. 

Since Tot : D\Mi ^ Q) ^ DM^^ is fully faithful, it suffices to 
prove that the map 

HomDM|ff KQ(Tot(iV„), Tot{N^)[l]) 

^ Hom^.(MHS)(^''°^*'' Tot(iVO, i?H°dge Tot(iV^)[l]) 
is bijective. We distinguish 3 cases: 

(i) {m,n) = (—1,0). Without loss of generality, we may assume 
A^o = — > 0], A^_i = [0 — )■ Jc] for a smooth projective curve 
C. Then Tot(iV_i) = <l>hi{C)[-l], R^""^^' Tot{N_i) = Hi{C) 
and we are looking at the map 

HomDMKQ(Z,$/ii(C)) Homo6(MHS)(^,^i(C)[l])- 
By Poincare duality, this map is equivalent to the map 

Jc(C) ® Q = HomDM^Q($/i'(C), Z(l)[2]) 

^ Hom^.(MHS)(^'(C),Z(l)[l]) = Exti,Hs(^'(^)>^(l)) 

which coincides with the Abel-Jacobi map0, hence is bijective. 

(ii) {m,n) = (—2,-1). Without loss of generality, we may assume 
N_2 = [0 — 7- Gm], N_i = [0 — 7- Jc] for a smooth projective 



because, by construction, the restriction of Huber's functor to pure motives is 
the "usual" Hodge realisation functor. 



130 LUCA BARBIERI-VIALE AND BRUNO KAHN 

curve C. Then Tot(A^_i) = ^h^{C)[-l], i?Tot(A^_i) = H\C) 
and we are looking at the map 

YLom^MmQm\C)Z{l)[2]) ^ Hom^.(MHS)(^'(C^), Z(l)[l]) 

which is the Abel-Jacobi map as in (ii). 
(iii) {rn,n) = (—2,0). Without loss of generality, we may assume 
N_2 = [0 ^ G^], No = [Z 0]. We are now looking at the 
map 

C*®Q = HomDMKQ(Z,Z(l)[l]) 

(Z,Z(l)[l]) = Exti,Hs(Z,Z(l)) 

which is again the usual isomorphism, by definition of Ruber's 
realisation functor. 

□ 

17.3. Deligne's conjecture. From Theorem [T7.2. II and (115. 4p we get, 
for any M G DMg^(C) (g) Q, a natural map 

(17.1) i?^°'is"(M)<i ^ /?f°^*^" LAlb(M). 
Taking homology of both sides, we get comparison maps 

(17.2) Hi{R^'"^^%M))<i i?f°^*5"LiAlb(M) 

for all i G Z. From Theorem 115.5.51 and the Lefschetz 1-1 theorem, we 
now get: 

17.3.1. Theorem. The maps (117.11) and (117. 2p are isomorphisms for 
all motives M. □ 

This theorem recovers the results stated in [7J with rational coeffi- 
cients. 

The isomorphisms (117.21) may be applied to geometric motives like 
M{X), X any C-scheme of finite type (yielding LAlb(X)), but also 
M(X)*(n)[2n] and M'^(X) yielding LAlb*(X) and LAlb'^Jx) respec- 
tively. We thus get the following corollary, overlapping Deligne's con- 
jecture (see 117. lT2] and [T7.1.3I for the notation): 

17.3.2. Corollary. Let X be an n-dimensional complex algebraic vari- 
ety. The mixed Hodge structures H'^{X,Q)--^ , if^"~'(X, Q(n))<i and 
H^{X, Q)<i induced by the Betti cohomology mixed Hodge structure and 
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the Borel-Moore homology mixed Hodge structure admit a purely alge- 
braic construction provided by the previously explained isomorphisms 

i?f°'^s'(RTic(X)) ^ H\X,Q)^^ 
of mixed Hodge structures. 

17.3.3. Remark. Deligne's conjecture [251 (10.4.1)] concerns three types 
of Hodge structures of level < 1 for X of dimension < N: I{H"'{X, Z)), 
//„(if"(X,Z)) (n < N) and //7v(iy"(X, Z)) {n > N). Corollary [17X1 
covers the first and last (compare Remark 117. 1.3p . but not the second 
in general. The issue for //„ and 11^ is that the motive M{X)*{n)[2n] 
is effective for n > dim X by Lemma 19.2.11 but not for n < dim X in 
general. Indeed, if M{X)*{n)[2n] is effective, then it is isomorphic in 
DMf ®Q to Hom„ fffMfX), Z(n)[2n]) for formal reasons, and therefore 
the latter is a geometric motive. But this is false e.g. for n = 2 and X 
a suitable smooth projective 3-fold, see |2j. 

Suppose that the motivic t-structure exists on DM^^ ®Q. By a re- 
cent result of Beilinson, this implies Grothendieck's standard conjec- 
ture B. For any X, let us then write Mi{X) for the i-th t-homology of 
M(X). If X is smooth projective, by Poincare duality and Conjecture 
B we find that 

Honi,g(M„(X),Z(n))^M„(X) 

is geometric. By blow-up induction, this then implies that the motive 
Homgfj(M„(X), Z(n)) is geometric for any X of finite type, and we 
obtain the remaining part of Deligne's conjecture. 

A less expensive approach could be to use the extension of LAlb"^ 
to DM''''^ (8>Q constructed in [4j, provided one can similarly extend the 
Hodge realisation functor to DM'^''^ (8)Q. 

17.4. Deligne's Hodge realisation functor. In Deligne's construc- 
tion, the integrally defined Hodge realization 

T«°'^s^(M):=(Tz(M),iy„F*) 

of a 1-motive (with torsion) M over k = C (see ^ §1] and [25, 10.1.3]) 
is obtained as follows. The finitely generated abelian group Tz{M) is 
given by the pull-back of m : L — ?■ G along exp : Lie{G) — )■ G, is the 
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weight filtration 

{Tz(M) ® Q i>0 
H,{G,Q) ^ = -l 
ifi(r,Q) I = -2 
i<-3 

and F* is defined by F^{Tz{M) ® C) := Ker(Tz(M) ® C ^ Lie(G')). 
We have that Ti{M), and F° are independent of the representative 
of M. Thus T^°'^^^[M) is a mixed Z- Hodge structure such that gr^ 
is polarizable. We have gr^ T"°'^g^(M) = L ® Q, gr^^ T"°'ig^(M) = 
Hi{A, Q) and gr^2 T^°'^g^(M) ^ i7i(T, Q) as pure polarizable Q- Hodge 
structures. 

Let MHSf be the category of mixed Z- Hodge structure with possibly 
non zero Hodge numbers in the set {(0,0), (0, —1), (—1,0), (—1, — 1)} 
such that grf is polarizable. We have MHS^ ® Q = MHS(i). 

The functor T^°'^se jg ^]-^g covariant Deligne's Hodge realization 

yHodgc . t_/^^(c) ^ MHS? 

which is an equivalence of abelian categories by [7, Prop. 1.5]. It 
induces an equivalence 

T^""^' : D\Mi{C) ® Q) ^ D^(MHS(i)). 

17.4.1. Remark. We don't prove here that the functor R^°'^^'^ of The- 
orem [T72]T] is isomorphic to Tq° By Theorem 116. 2. 2[ there exists 
at most one such natural isomorphism. Its existence would follow from 
a validation of Remark 116.2.31 in the Hodge context; V. Vologodsky 
actually gives a construction of it in a recent preprint |89]. This would 
reprove Theorem 117.2.11 (using [25| 10.1.3]) and yield a naturally com- 
mutative diagram 

D^(MHS(i)) , ' ^ D'iMRS"'') 
A (-)<i A 

D\MiiC) ® Q) ^ DM^« (C) ® Q. 

LAlb« 



18. The mixed realisation 
We consider here the other part of Deligne's conjecture: 
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Les morphismes 

T^(/(i/"(X,Z))) ^ (i7"(X,Z^)/torszon)(l) 
T,(/J„(iJ"(X, Z))) ^ if"(X, Z,)(n) fi^onr n < iVj 
T^(/J^(if"(X,Z))) ^ if"(X,Z^)(A^) C^ooiirn > A^j 

/etxrs analogues en cohomologie de De Rham devraient 
aussi admettre une definition purement algehrique. 
Ruber's Hodge realisation is only a part of her construction of a 
functor from DMgjn(A;,Q) {k a finitely generated field over Q) to her 
category of mixed realisations. We exploit this much richer structure 
to give a proof of the above conjecture, rationally and excluding the 
second case (see Remark 117.3.31 for the latter). 

18.1. LAlb^ for mixed realisations. Let /c be a finitely generated 
extension of Q. Recall from [40, Def. 11.1.1] Ruber's category AiTZ of 
mixed realisations. An object A G AiTZ is a collection 

where V is the set of prime numbers, S is the set of embeddings /c C 
and 

• Adr is a [finite dimensional] bifiltered fc-vector space. 

• is a filtered Q^-adic representation of := Gal{k/k); it is 
assumed to be constructible {i. e. unramified over some model of 
finite type of fc/Z) and that the filtration is a weight filtration. 

• A(j^e is a filtered Q^- vector space. 

• A„ is a filtered Q- vector space. 

• Ag- c is a filtered C- vector space. 

• -^DR.CT : ^DR ®cr C — )■ A(j^c is a filtered isomorphism. 

• Ia,c '■ -^a ®Q C — )■ A„(z is a filtered isomorphism. 

• l-s^t '■ -^a ®Q — ^ ^cr/ is a filtered isomorphism. 

• li^c! '■ An — )■ Afj^i is a filtered isomorphism. 

Additionally, it is required that the systems {A„, Adr, A^^,^, ^dr.o-, -^cr,c) 
define mixed Hodge structures. 

Morphisms in M-TZ are defined in the obvious way. 

This is a refinement of the category defined by Jannsen [16| Ch. 1] 
and Deligne [28] : the refinement is that on the £-adic components of an 
object, the filtration is required to be a weight filtration. Huber also 
defined a triangulated t-category D^-ji, with heart A471 {loc. ait. Def. 
11.1.3); it comes with a canonical functor {loc. ait. p. 94) 

D\Mn) ^ Dmtz 

which is the identity on the hearts. 
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These categories are not sufficient for our purposes: instead, whe 
shall use the categories AiTZ^ and Dj^^p of [40, Def. 21.1.1 and 21.1.3], 
which restrict the Hodge components to polarizable mixed Hodge struc- 
tures: by definition, AiTZ^ is a full subcategory of AiTZ. There is the 
same formalism as above {loc. cit. Prop. 21.1.4), which maps to the 
previous one. 

We need an "effective" full subcategory MTZ^'"^ C MTZ^, and a 
corresponding effective triangulated category D'^.j^p C Dj^i^p: 

18.1.1. Definition, a) An object X e MTl^ is in MIZ^'""^ if 

(1) The de Rham component Xdr verifies F°'°Xdr = -^^dr (non- 
positive Hodge numbers). 

(2) The eigenvalues of (arithmetic) Frobenius acting on the £-adic 
components Xi are algebraic integers. 

b) An object C e Dj^t^p is in Df^^p if Hl{C) G MTZ^'''^ for all i G Z, 
where Hi is the homology respective to the canonical t-structure of 

In this way, the above functor refines to 

By Remark [Mil] and HQl Prop. 11.1.5] (adapted to MU^), MTZ^ 
and Dj^-j^p enjoy weights ffitrations in the sense of Definitions IE. 7.21 
and IE.17.H which are compatible in the sense of Proposition IE. 21. 21 
Moreover, the categories of pure weights AiTZ^ are semi-simple |KH 
Prop. 21.1.2], which is the main point of passing from AiTZ to AiTZ^. 
These weight filtrations induce compatible weight filtrations on = 
Ain^'''^ and r = D'j^T^p. We take for Bj^ the full subcategory of 
AiTZ^ consisting of objects of the form Rj^^p{A ® T), where A is 
a (pure) Artin motive and T is the Tate motive. Here Rj^-j^p is the 
functor defined in |10l Th. 20.2.3] on Chow motives: in loc. cit. it 
takes values in A^T^ but its essential image actually lands into AilZ^. 

With the notation of §15. 3| = A^T^.^^-, is the full subcategory of 
^-^p,eff q£ objects X such that the possibly non zero Hodge numbers 
of Xdr are in the set {(0, 0), (0, -1), (-1, 0), (-1, -1)}. (Indeed, this 
condition forces the relevant conditions on the £-adic components.) 

We have seen that the full subcategory A^7?.^2 of pure objects of 
weight —2 is semi-simple. As a special case of Proposition 115. 3. 4| we 
therefore have: 

18.1.2. Proposition. The full embeddings l : MTZ^^^ AiTZ^'"^ and 
L ■ (^f;7jp)(i) ^ ^fj^jp have left adjomts Alb^^"" and LAlb^^"". □ 
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18.1.3. Notation. For simplicity we shall write (— )<i for Alb'^''^ . 
We shall need the following lemma: 

18.1.4. Lemma. Let X be smooth projective over k. Then the map 

Pic(X) ® Q ^ Hom^^p(Q, ifJ,^p(X)(l)) 

given by the realisation functor Rj^t^p induces an isomorphism 

NS(X) ® Q ^ Hom^^p(Q,iJj,^p(X)(l)). 

Proof. Clearly the given map factors through NS(X) ® Q, since all its 
components do, and the resulting map is injective because its Betti 
components are. To prove surjectivity, choose an embedding a : k ^ 
C For any finite extension E/k we have a commutative diagram 

NS(X^)®Q > Hom^^P(^)(Q,ifJ^^,(^^(X^)(l)) 

NS(X)®Q > i72^,g,(Xc,Q(l))(i'^) 

in which all maps are injective (X = X k). The bottom row is an 
isomorphism by the (1,1) theorem and the isomorphism NS(X)®Q — -> 
NS(Xc) ® Q. Passing to the limit, we get a commutative diagram 

NS(X)®Q > lii^^Hom^^P(^)(Q,/7j^^,^^^(X^)(l)) 



NS(X) ® Q i^Ldge(^c, Q(l))(^'^) 

of injections, which forces the top horizontal map to be bijective. To 
conclude, we use the commutative diagram 

NS(X)®Q > Hom^^p(Q,i7j^^p(X)(l)) 

(NS(X)®Q)G'= > lii^^Hom^^P(^)(Q,i7j^^,(^^(X^)(l))«'= 

where the vertical maps are isomorphisms by the usual transfer argu- 
ment. □ 



18.2. Ruber's mixed realisation functor. In ^\ Th. 2.3.3 and 

following remark], Annette Huber defines a (contravariant) realisation 
functor: 

i?^^P :DMg^(/c,Qr^Z}^^P. 
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The cateETories MTl^ and Dj^^^p carry a duality. As in the previous 
section, we define a covariant reahsation functor 



as the composite of R^tip with this duahty. This induces a functor 

Since Rj^-j^p^ : Chow*^^ (8)Q — t- Dj^^p is by construction isomor- 
phic to the mixed reahsation fonctor X Rj^-j^pIX) collecting all 
individual realisations of X with their comparison isomorphisms [101 
Th. 20.2.3], the conditions of Hypothesis 115. 4. T] are verified, as well as 
Condition (W) of Proposition 115.4.^ This proposition then shows that 
jl-MTi fjiQ^ defines an exact functor 

i?f ■.Miik)®Q^ MTZf^y 

18.3. Deligne's conjecture. From Theorem [T7.2.1l and (115. 4p we get, 
for any M G DMg^(A;) (g) Q, a natural map 

(18.1) i?^^''(M)<i ^ LAlb(M). 
Taking homology of both sides, we get comparison maps 

(18.2) Hi{R^^\M))<i ^ i?f ^''LiAlb(M) 

for all z G Z. From Theorem 115.5.51 and Lemma [18.1.4[ we now get: 

18.3.1. Theorem. The maps (118.11) and (118. 2p are isomorphisms for 
all motives M . □ 

Let us develop this theorem in view of the definition of AiTZ^ . For 
this, we shall write i?^, RP^, R" for the £-adic, de Rham and (relative 
to a) Betti components of i?-^^ , and similarly HJ" = Hi o R^" 
(% G {DR,£,a}. 

18.3.2. Corollary. Let M G DM^^(A;,Q). Then: 
a) One has isomorphisms 

Hl{M)<i ^ i?{LiAlb(M) 

Hf\M)<^ ^ i?f^LiAlb(M) 

H^{M)<i ^ i?^LiAlb(M). 

The last two isomorphisms yield the isomorphism of Hodge structures 
from Theorem 17.3.1, and the first one is an isomorphism of con- 
structible Galois representations with weight filtrations. 
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b) The diagrams 

H^{M)<i ®Q Qe i?^L,Alb(M) ®q 
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i/f(M)<i 



R{UA\h{M) 
^ R^LiAlh{M) ®^ 



commute. 



TCff /(p , 



On the one hand, 



Corollary I18.:i2l partly extends to DM^ 
one has 

2 - In^ DM^^(fc, Q) ^ DM^g^(C, Q) 
fef.g. 

by |44[ Prop. 4.16]. On the other hand, de Rham cohomology com- 
mutes with base change and £-adic cohomology is invariant under al- 
gebraically closed extensions. This yields: 

18.3.3. Corollary. Let M e DM^^(C,Q). Then: 

a) The comparison isomorphisms extend to comparison isomorphisms 
of realisations: 

R^'iM) ®QC^i?°^(M). 

b ) There exist vector spaces 

fff(M)<i,i/f^(M)<i,i7f(M)<i 

quotients of the i-adic, de Rham and Betti realisations of M, and func- 
torially attached to M. 

c) One has isomorphisms 

iff(M)<i - 
(M)<i - 



R{UA\h{M) 

R^^LiAlh{M) 

i?^LiAlb(M). 



The last two isomorphisms yield the isomorphism of Hodge structures 



from Theorem 17.3.1 
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d) The diagrams 

Hf{M)<^ ®Q Q, i?f LiAlb(M) ®Q ( 



Hf{M) 



R{LiAlh{M) 



Hf{M)<i ®Q C i?f LiAlb(M) ®Q C 

i7f^(M)<i RY^UAlh{M) 



commute. 



Applied to geometric motives like M{X) or M{X)*{n)[2n], this gives 
a reasonable interpretation of the second part of Deligne's conjecture. 

19. The £-adic realisation in positive characteristic 

In this section, is a finitely generated field and £ is a prime number 
different from charfc. From §19.31 onwards, we shall assume charfc > 0. 

19.1. The tame derived category of £-adic sheaves. We shall use 
an analogue of the categories considered by Huber [H]. Namely, 



19.1.1. Definition. Let 

D{k,Ze):=2 -\u^D{S, Ze) 

where S runs through the regular models of k, of finite type over Spec Z, 
and for such S, D{S, Z^) is the category defined by Ekedahl in [32], for 
the etale topos of S. Let 

Dl{k,Ze):=2-\u^Dl{S, Z,) 

where D'^{S, Z^) is the thick subcategory of D{S, Z^) consisting of those 
complexes whose cohomology sheaves are constructible. Finally, 

Dlik,Qe):=2-\\^DliS,Qe) 

where D^^{S,Qe) is the thick subcategory of Dl{S,Qe) consisting of 
those complexes whose cohomology sheaves are mixed in the sense of 

m (1-2.2)]. 

Recall (321 Thm. 4.7] where the following pairings are constructed 

L 



(19.1) 



w : D-{S, Ze) X D{S, Ze) D{S, Ze) 
RHom : D{S, Z^)°p x D+{S, Ze) D{S, Zi) 
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From these we get similar pairings 

(19.2) I) : D-{k, Ze) x D{k, Ze) D{k, Ze) 

RHom : D{k, Z^y^ x D+{k, Ze) D{k, Ze) 

19.1.2. Remark. By Deligne's finiteness theorems in etale cohomology 



SGA4 1/2 Th. finitude], the categories Dl{S,Ze) and Dl^S^Ze) are 



equivalent to those considered in [TO] . 

The category D\Jyk,'^i) enjoys a t-structure which is the 2-colimit 
of the natural t-structures of /^^(S, Q^), with hearts the categories 
Mix(S', Q^) of mixed Q^-sheaves on S. 

19.1.3. Definition. We write Mix(fc, Q^) for the 2-colimit of the Mix(S', C 
this is the heart of Q^). 

19.1.4. Remarks. 1) For any mixed sheaf T on S", the restriction of T 
to a suitable open set is lisse, and if T and Q are hsse over 5", the map 

is bijective for any open subset [/ C S", as one sees by interpreting T 
and Q as £-adic representations of vri(S') |SGA5l VI]. Hence the functor 

2 - lii^Mix(5, Q^) ^ Mix(fc, Q^) 

is fully faithful, and objects of Mix(A;, Q^) may be identified with "gener- 
ically unramified" £-adic representations of Gyt, the absolute Galois 
group of k. 

2) Let Perv(S', Q^) be the category of perverse sheaves over S", for the 
middle perversity. By definition of perverse shaves, we also have an 
equivalence 

2 - lim Perv(S, Q^) ^ Mix(A;, Q^) [dim S\ 
inside 5^(fc,Q£). 

3) The definition of D~{S,Ze) yields canonical t-exact functors 

D\Mix{S,Qe)) ^ DliS,Qe) 
hence a canonical t-exact functor 

D\Mix{k,Qe)) ^ D'mik,Qi) 
which is the identity on the hearts. 
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19.2. £-adic realisations for DM. Let EST{S,R) be the category 
of etale sheaves of i?-modules with transfers over S (using the cate- 
gory Cors of [6T| App. lA]). If i? = Z we drop it from the notation. 
Since EST(S') has enough fiat objects, namely the objects Ztr(X) for 
X smooth over S, we get natural functors 

Iz/r : D(EST(5)) ^ D{EST{S,Z/r)). 

These functors are clearly compatible. Let R^''^ : EST(^, Z/t) 
Shv{Set,Z/i'^)) be the functor that forgets transfers followed by the 
restriction to the small etale site of 5*. Then R^'^^ induces two functors: 

R^"'' : D{EST{S,Z/r)) D{S,Z/t) 

: D(EST(S,Z/r))°P ^ D(S,Z/r) 

where i?(^)(-):= RHom(i?('')(-), Z/r). For K G EST(5) we thus 
have an inverse system of pairings 

i?^'^) {K i z/r) i {K ® z/r) ^ z/r 

which induce a pair of dual triangulated functors (relying on ( 119. ip ) 

R^ : D{EST{S)) D{S,Ze) 
Re : D(EST(5))°P ^ D{S,Ze). 
For f : X ^ S smooth, we have that 
(19.3) RiiZtriX)) ^ Rf.Ze 

by [HIl Porism 6.240. 

Recall that over the base S the category DM°'^(S') has the same 
descriptions as done in [86| or [611 Lect. 14] over a field: see [88] . 
Namely, it may be defined as the localisation of the derived category 
of Nisnevich sheaves with transfers with respect to A^-equivalences. 
Moreover, this localisation functor has a right adjoint so that it may 
be regarded as the full subcategory of A^-local objects, cf. [4, 2.2.6]. 

The same picture works for etale sheaves with transfers, at least if 
cdi{S) < oo: let 

Lai : D(EST(5)) ^ DMf (5) 

be the localisation of i5(EST(S')) with respect to A^-equivalences. Then 
L^i has a fully faithful right adjoint i, identifying DM?f (S") with the 
full subcategory of A^-local objects in D(EST(S')). 

Since £-adic cohomology is homotopy invariant for smooth schemes 
and the Ztr{X) are dense in D(EST(5')). 119.31 implies that the functor 



'The proof of loc. cit. is for S* = a field, but it works in general. 
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Ri factors through DM™ (5) via L^i. On the other hand, we can 
restrict to DM^f (S). By adjunction, we end up with a pair of dual 
triangulated functors 

R^ : DMf (^) ^ D{S,Zi) 
Rr.BMl^{Sr^D{S,Z,). 

Recall the category DMg|^(S'), constructed over a base exactly as 
over a field except that the Mayer- Vietoris relations for the Zariski 
topology are replaced by Nisnevich excision relations [SI Def. 1.14]. 
In his thesis, Ivorra also constructed a functor DMg^(S') — )■ DM^g(5') 
extending Voevodsky's functor for base fields (see [45] ). Using it and 
the change-of-topology functor DM^'^,(^) DMf (5), we can restrict 
R^ and Ri to DM^^(^). 

Ivorra also constructs a realisation functor DMg^(5')°P — t- D^{S, Z^) 
in [m Th. 4.3 (b)]. Using ffT^ . we can show: 

19.2.1. Lemma. R^ coincides with Ivorra's functor. □ 
Proof. Write Rj for Ivorra's functor. We construct a pairing 

(19.4) Rl{M)®R\M) 

natural in M e DMg^(^). Since i?f is constructed by descent through 
the natural functor C''(Cor5) — )■ DMg^(S'), where Cor^ is as in [nH 
App. lA], it suffices to construct (119. 4p after composition with this 
functor. 

If C = (X„, dn) is a bounded complex of finite correspondences, by 
ga p. 656], Ri{C) is the image in D+{S,Z/l*) of the total complex 
associated to the double complex 

where, for vr : X ^ 5 smooth, Ri{X) G C+{S,Z/l*) is the direct 
image under tt of the Godement resolution of Z/l* over X^t, which is 
canonically provided with transfers by [HI §3.2]. 

On the other hand, R\C) is by definition the image of the complex 

(Ztr(x„)®z/r,Ztr(rf„)®z/r). 

We start with the case where C is concentrated in degree 0, i.e. 
C = X[0]. Let 7r : X — 7- S* be the structural morphism. Let J-" be an 
etale sheaf with transfers. The canonical isomorphism [611 Cor. 6.3] 

J-(X)=HomEST(5)(Ztr(X),^) 
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provides, by adjunction and varying the base S, a canonical pairing of 
sheaves 

Since this is natural in J-", it naturally extends to a pairing of Gode- 
ment resolutions 

TT^Gd{n*T) (g) Ztr{X) Gd{T). 

Applying this to J-" = Z//*, we get a pairing 

Ri{X) ® (Z//*)te(X) ^ Z/l* 

in C^{S, Z//*). By construction, this pairing is natural in X for the ac- 
tion of finite correspondences; therefore it extends to the general pairing 
f ll9.4p restricted to C^(Cor5), hence finally a morphism of functors 

Rj =^ Ri 

on DM^^(^). 

This morphism is an isomorphism for M = M{X), X smooth, as 
seen before; therefore it is an isomorphism for all M. □ 

19. 2. a. Functoriality . The construction of R^ is contravariant in S. 
More precisely, for any morphism f : T ^ S, we have a tautologi- 
cal natural isomorphism 

R'^or^roR'^. 

From it, one gets a natural transformation, for M G DM^f (5): 



(19.5) rRf{M) = f* }lom jRiM, Ze) Hom ^f f*i?iM, Z 



^ Homy (i?^/*M, Ze) = Rjf*M. 

19.2.2. Proposition (c/. [HI Rem. 4.9]). // / is smooth, (fT93D is a 
natural isomorphism. 

Proof. It suffices to test this on generators M = M{X), with it : X ^ S 
smooth. By (119.31) . (119. 5p is then the base change map 

rRn^Ze ^ RKf'*Ze 

with f : X X s T ^ X , tt' : X X s T ^ T: it is an isomorphism by the 
smooth base change theorem |SGA4t Exp. XVI, Cor. 1.2]. □ 



By [m Prop. 4.16], if S runs through the smooth models of k over 
tor 

2-lii^DM°^(^) ^DM^^(A;) 



Fp, the natural functor 
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is an equivalence of categories; hence, by Proposition 119.2.21 the Rg 
and Rf induce a pair of dual triangulated functors (relying on f ll9.2p ) 

R' ■'DMf^{k)^D{k,'L,) 

Rr.'DMf^^kf^ ^D{kM. 

19.3. Weights and niveaux. By definition of a mixed sheaf, we can 
define a filtration (Mix(A;, Qi)<„)„gz on Mix(fc, Q;) in the sense of Def- 
inition [E]7[T] as follows: J-" G Mix(fc,Q;) is in Mix(/c,Q;)<„ if and only 
if its punctual weights (on a suitable model of k) are all < n. This 
filtration is clearly exhaustive and separated. 

This is not a weight filtration if char = 0: this fact was pointed out 
by J. Wildeshaus. More precisely, the inclusions 

Lr, : Mix(A;,QO<„ Mix(fc,QO<„+i 

do not have right adjoints: see [l6l, p. 90, Remark 6.8.4 i)]. Fortu- 
nately, weights are taken care of directly in Section [TS] using the mixed 
realisations; for this reason, we now assume char A; > 0. 

By Remarks 119.1.21 and 119.1.41 and by [27, (3.4.1)], the category 
Mix(fc, Q^) of Definition 119.1.31 then enjoys a good theory of weights. 
Namely: 

19.3.1. Proposition. Suppose charfc > 0. 

a) The filtration Mix(A;, Qi)<„, provides Mix(A;, Q^) with a weight filtra- 



tion in the sense of Definition E.7.2 



h) The categories Mix(/c,Q/)„ of objects of pure weight n are semi- 
simple. 

Proof, a) Consider the filtration Wn defined on mixed sheaves by [23 
(3.4.1) (ii)]. By Remark IE. 7. 81 it suffices to know that the Wn are 
exact, exhaustive and separated. The last two facts are clear, and the 
first follows from the strict compatibility with morphisms. b) follows 
from [27, (3.4.1) (in)]. □ 

The weight filtration we shall need on D'^{k, Qi) is not the one con- 
sidered in [To] and [H] , but rather the one in Definition IE. 21. 11 which 
coincides with the one introduced by S. Morel in [Ml §3.1]: 

19.3.2. Definition. An object C G 5^(fc,Q^) is of weight < w if the 
weights of H^{C) are < w for alH G Z (compare Remark 119. 1.41 2) ) . 

We also need a notion of effectivity: 

19.3.3. Definition, a) An object J-" G Mix(/c, Q^) is effective if the 
eigenvalues of arithmetic Frobenius elements acting on the stalk(s) of 
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(a finite level representative of) T are algebraic integers. We denote 
by Mix(fc, Q^)*^^ their full subcategory. 

b) We denote by 5^(A;,Q^)^*^ the full subcategory of 5^(fc,Q^) con- 
sisting of objects with cohomology in Mix(fc, Q^)''''^. 

Clearly, the abelian category Mix(fc, Q^)'^^ is thick in Mix(/c,Q^), 
hence D\^{k,'^if^ is a thick triangulated subcategory of D\Jyk,'^(), 
with heart Mix(fc, Q^)*^^. 



19.3.4. Proposition. verifies Hypotheses\15.4-'l\ andlTS . 5 . 2. 



Proof. We first prove that maps DW^ik) ® Q into D^^{k, Qi) (this 
much does not need characteristic p). It suffices to prove that for any 
smooth model S of k, R^ maps DM^^(^) ® Q into D^^{S,Qi). Since 
this category is stable under duality, it suffices to prove it for By 
Lemma [inill this follows from [4^, Th^4.3 (b)]. 

The fact that /?^(DM^^(A;) ® Q) C &^{k,QiY^ now follows from 
[SGA7t Exp. XXI, (5.2.2)] which says that the eigenvalues of the geo- 
metric Frobenius acting on £-adic cohomology with compact supports 
are algebraic integers. 

The rest of the properties follow from the standard properties of 
£-adic cohomology, plus the Riemann hypothesis [26]. □ 

19.4. Sheaves of level < 1. 

19.4.1. Definition. Let J" G Mix(A;, Q^). We say that J" is of level < 1 
if 

• J-" is effective (Def. 119. 3. Sp and its weights are in {0, —1, —2} 
(Def. I19.3.2P : 

• Vr_2J^(-l) is effective. 

We write Mix(/c, Qe){i) for the full subcategory of Mix(A;, Q^)^''^ consist- 
ing of objects of level < 1, and Z)^(/c, Qf)(i) the full subcategory of 
D'}^{k,Qi) consisting of objects with cohomology in Mix{k,Qi)(^iy 



Note that this coincides with the definitions in §15. 3[ with Mix(A;, Qe)h 
{J-'(l) I J-" effective of weight 0}. In particular, D^{k, Qe)(i) is a 



thick triangulated t-subcategory of D^{k, QiY^ with heart Mix(/c 



Moreover, as a special case of Proposition 115. 3. 4[ we have: 

19.4.2. Proposition. The full embeddings t : Mix(A;, Q^)(i) ^ Mix(A;, 
and i : /^^(A;, Q^)(i) D\k,Q^Y^ have left adjoints Alb^ and LAlb^ 

□ 



\cfr 
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19.5. Derived realisation for 1-motives. To get the correct derived 
realisation for 1-motives, we start from Deligne's Z-adic realisation for 
smooth 1-motives over a base S [251 (10.1.10)]: 

Te{S):MiiS)(S)Q^Mix{S,Qe)- 

For S running through smooth models of k over Fp, the Ti{S) induce 
an exact functor 

Deligne's description of Ti{S) shows that, in fact, Ti takes its values 
in Mix(A;, Q^)(i). From the definition of Tg, we get immediately: 

19.5.1. Theorem. Let Ti still denote the trivial extension of Ti to a 
t-exact functor D^{Mi{k) ® Q) ^ Qi) (via Remark \T9T^\ 3)). 

Then there is a canonical isomorphism u : — ^ o Tot. □ 

19.6. An £-adic version of Deligne's conjecture. From the above 
we get, for any M G DMg^(A;, Q), the base change morphism (115. 4p : 

(19.6) Rt{M)<i -> Tg LAlb(M). 

Taking homology of both sides, we get comparison maps 

(19.7) H,{RfXM))<i ^ T,L,Alb(M) 
for all i G Z. 

Applying Theorem 115.5.51 and the Tate-Zarhin theorem for endomor- 
phisms of abelian varieties, we get: 

19.6.1. Theorem. 

(i) // X is smooth and projective, then ( 119. 7p is an isomorphism 
for all i ^ 2; for i = 2, it is an isomorphism if and only if the 
Tate conjecture holds in codimension 1 for X . 

(ii) The map (119.61) is an isomorphism for motives M of abelian 
type. 

(iii) For a general M , (119.61) induces an isomorphism after applying 
the functor Q i— j- coYie{W-2Q Q)- □ 

Modulo resolution of singularities and the Tate conjecture in codi- 
mension 1, we get the same corollaries as in Cor. 117.3. 2[ 

Appendices 

Appendix A. Homological algebra 

A.l. Some comparison lemmas. The following lemma is probably 
well-known: 
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A. 1.1. Lemma. Let T : T ^ T' he a full triangulated functor between 
two triangulated categories. Then T is conservative if and only if it is 
faithful. 

Proof. "If is obvious. For "only if, let / : X — > X' be a morphism 
of T such that T(/) = 0. Let g : X' X" denote a cone of /. Then 
T{g) has a retraction p. Applying fullness, we get an equality p = T{r). 
Applying conservativity, u = rg is an isomorphism. Then r' = u~^r is 
a retraction of g, which implies that / = 0. □ 

A. 1.2. Proposition, a) Let i : E ^ A be an exact full sub-category of 
an abelian category A, closed under kernels. Assume further that for 

each A E C^{A) there exists E G C^(E) and a quasi-isomorphism 
i{E ) A in K^(A). Then i : D^(E) — )■ -D^(A) is an equivalence of 
categories. 

b) The hypothesis of a) is granted when every object in A has a finite 
left resolution by objects in E. 

Proof, a) Clearly, the functor -D^(E) — )■ -D^(A) is conservative. The 
assumption implies that i is essentially surjective: thanks to Lemma 
lA.l.lt in order to conclude it remains to see that i is full. 

Let / G D\PC}{i{D'),i{E')). Since D\PC} has left calculus of frac- 
tions there exists a quasi-isomorphism s such that / = f's~^ where 

f : A —)■?(£') is a map in ii"^(A), which then lifts to a map in C^(A). 

By hypothesis there exists F G C^(E) and a quasi-isomorphism s' : 

i(F') ^ A' . Set f":=f's' : i{F') i{E'). Then / = f"{ss')-^ 

where ss' : i{F ) — )■ i{D ) is a quasi-isomorphism. By conservativity 
of i, we are reduced to check fullness for effective maps, i.e. arising 
from true maps in C''(A): this easily follows from the fullness of the 
functor C\E) ^ C\A). 

b) This follows by adapting the argument in [391 I) Lemma 4.6]. □ 

A. 1.3. Proposition. Let E "-^ A be an exact category. Let D be a 
triangulated category and let T : D^(E) —^Dbea triangulated functor 
such that 

Romo.^^){E',E[i]) ^ l{omD{T{E'),T{Em 
for all E', E eE and i G Z. Then T is fully faithful. 
Proof. Let C, C G C''{E): we want to show that the map 

Hom^.(E)(C,C') ^ Homz5(T(C),T(C')) 
is bijective. We argue by induction on the lengths of C and C. □ 
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Finally, we have the following very useful criterion for a full embed- 
ding of derived categories, that we learned from Pierre Schapira. 

A.1.4. Proposition ([SH p. 329, Th. 13.2.8]). Let A ^ B be an 

exact full embedding of abelian categories. Assume that, given any mo- 
nomorphism X' "-^ X in B, with X' G A, there exists a morphism 
X —7- X" , with X" G A, such that the composite morphism X — )■ X" is 
a monomorphism. Then the functor 

D*{A) D*{B) 

is fully faithful for * = +,b. 

A. 2. The Tot construction. 

A. 2.1. Lemma. Let A be an abelian category and let A^^'^^ be the 
(abelian) category of complexes of length 1 of objects of A. Then the 
"total complex" functor induces a triangulated functor 

/)*(^[0,l]) ^ 

for any decoration *. 

Proof. We may consider a complex of objects of A^^'^^ as a double com- 
plex of objects of A and take the associated total complex. This yields 
a functor 

Tot : ^ D*{A). 

(Note that if we consider a complex of objects of ^^"'^1 

m" = [L' ^ G'] 

as a map W : L G of complexes of A, then Tot(M ) coincides 
with the cone of W .) 

This functor factors through a triangulated functor from D*(A^^'^^): 
indeed it is easily checked that a) Tot preserves homotopies, b) the 
induced functor on K*{A^'^'^^) is triangulated; c) Tot of an acyclic com- 
plex is (which follows from a spectral sequence argument). □ 

A. 2. 2. Lemma. With notation as in Lemma \A.2.1\ the set of q.i. of 

^[0,1] Qfijoys a calculus of left and right fractions within the homotopy 
category ii'(^[°'^l) (same objects, morphisms modulo the homotopy re- 
lation). 

Proof. It is enough to show the calculus of right fractions (for left frac- 
tions, replace A by ^°p). 
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a) Let 

C 



D C 

be a diagram in ^l*^'^!, with u a q.i. . Consider the mapping fibre (= 
shifted mapping cone) F of the map C (B D ^ C. The complex F is 
in general concentrated in degrees [0, 1, 2]; however, since F — >■ D is a 
q.i. , the truncation t<2F is q.i. to F; then D — r<2F fills in the square 
in 

b) Let 

be a chain of maps of such that ■u is a q.i. and uf is homotopic 

to 0. Let s : — > be a corresponding homotopy. Define as the 
fibre product of and over D° (via s and s : ^ the 
corresponding map and (7° the fibre product of C° and (7^ over C^. 
One then checks that v : [C^ ^ C^] [C° ^ C^] is a q.i. and that s 
defines a homotopy from fvtoO. □ 

A. 2. 3. Remark. One can probably extend these two lemmas to com- 
plexes of a fixed length n by the same arguments: we leave this to the 
interested reader. 

Appendix B. Torsion objects in additive categories 

B. l. Additive categories. 

B.1.1. Definition. Let A be an additive category, and let ^4 be a 
subring of Q. 

a) We write A<Si A ior the category with the same objects as A but 
morphisms 

{A ® A) (X, Y) ■= AiX, Y) ® A. 

b) We denote by v4{A} the full subcategory of A: 

{X e ^ I 3n > invertible in A, nix = 0}. 

For A = Q, we write A{A} = Aors- We say that X e A{A} is an 
A-torsion object (a torsion object if A = Q). 

c) A morphism / : X — >■ y in ^ is an A-isogeny (an isogeny if A = Q) 
if there exists a morphism g -.Y ^ X and an integer n invertible in A 
such that fg = nly and gf = nix- We denote by T^a{A) the collection 
of 74-isogenies of A. 

d) We say that two objects X,Y e A are A-isogenous if they can be 
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linked by a chain of A-isogenies (not necessarily pointing in the same 
direction). 

B.1.2. Proposition, a) The subcategory ^{^4} is additive and closed 
under direct summands. 

b) The A-isogenies T,a{A) form a multiplicative system of morphisms 
in A, enjoying calculi of left and right fractions. The corresponding 
localisation of A is isomorphic to A^ A. 

Proof, a) is clear. For b), consider the obvious functor P : A ^ A® A. 
We claim that 

S^(^) = {/ I P{f) is invertible.} 

One inclusion is clear. Conversely, let / : X — )■ F be such that P{f) 
is invertible. This means that there exists 7 G {A^ A){Y, X) such that 
P{.f)l = ly and 'yP{f) = Ix- Choose an integer m E A — {0} such 
that mj = P{gi) for some gi. Then there is another integer n G A— {0} 
such that 

nifgi - mly) = and n{gif - mix) = 0. 
Taking g = ngi shows that / G Tja{A). 

It is also clear that homotheties by nonzero integers of A form a 
cofinal system in S^(^). This shows immediately that we have calculi 
of left and right fractions. 

It remains to show that the induced functor 

T.A{Ay^A^ A® A 

is an isomorphism of categories; but this is immediate from the well- 
known formula, in the presence of calculus of fractions: 

^a{A)-^A{XX)= lii^ A{X,Y)= lin^ A{X,Y). 

x'^xeT. x4x,neA-{o} 

□ 

The following lemma is clear. 

B.1.3. Lemma. Let B be a full additive subcategory of A, and suppose 
that every object ofB is A-isogenous to an object of A. Then B^A — ^ 
A® A. □ 

B.2. Triangulated categories. (See [73^ A. 2.1] for a different treat- 
ment.) 

B.2.1. Proposition. Let T be a triangulated category. Then 

a) The subcategory T{A} is triangulated and thick. 

b) Let X G T and n G A — {0}. Then "the" cone X/n of multiplication 
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by n on X belongs to T{A}. 

c) The localised category T/T{A} is canonically isomorphic to T®^. 

In particular, T (E) A is triangulated. 

d) A morphism f ofT belongs to S^(T) if and only ifcone{f) e T{A}. 

Proof, a) It is clear that T{A} is stable under direct summands; it 
remains to see that it is triangulated. Let X,Y E T{A}, f : X ^ Y 
a morphism and Z a cone of /. We may assume that nix = nly = 0. 
The commutative diagram 

Y > Z > X[l] 



n=0 




n 




n=0 













Y > Z > X[l] 

show that multiplication by n on Z factors through Y; this implies that 
nHz = 0. 

b) Exactly the same argument as in a) shows that multiplication by 

n on X/n factors through X, hence that n'^lx/n = 0. 

c) Let / G T be such that C := cone{f) G T{A}, and let n > 
be such that nlc = 0. The same trick as in a) and b) shows that 
there exist factorisations n — f f — f'f, hence that / G E^(T). In 
particular, / becomes invertible under the canonical (additive) functor 
T ^ T ® A. Hence an induced (additive) functor 

T/T{A}^T®A 

which is evidently bijective on objects; b) shows immediately that it is 
fully faithful. 

d) One implication has been seen in the proof of c). For the other, if 
/ G E^(7^, then / becomes invertible in A® A, hence cone{f) G T{A} 
bye). □ 

B.2.2. Remark. As is well-known, the stable homotopy category gives 
a counterexample to the expectation that in fact nlx/n = in b) 
{X = S\n = 2). 

We now show that ®A is a "flat" operation on triangulated cate- 
gories. 

B.2.3. Lemma. Let —i- T' ^ T —?■ T" ^ be a short exact sequence 
of triangulated categories (by definition, this means that T' is strictly 
full in T , stable under cones and shifts, and that T" is equivalent to 
T/T')- Then the sequence 

O^T'<»A^T<»A^T"<^A^O 

is exact. 
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Proof. By Proposition IB.2.l] b). all categories remain triangulated after 
and the induced functors are clearly triangulated functors. Since 
T' — i- T is strictly full, so is T' A — > T (S) A. If / is a morphism in 
T' ® A, then / is the composition of an isomorphism with a morphism 
coming from T', whose cone in T lies in T', thus the cone of / in A 
hes inV (S) A. 

We now show that the functor 

a : — ^T"®A 

T ®A 

is an equivalence of categories. Since the left hand side is y4-linear, the 
natural functor 

T/r ^T®A/T' ®A 
canonically extends to a functor 

h : (T/r') ® A ^T®A/T' ® A. 

It is clear that a and h are inverse to each other. □ 

B.2.4. Proposition, a) Let T : S ^ T be a triangulated functor be- 
tween triangulated categories. Then T is fully faithful if and only if the 
induced functors T{A} : S{A} T{A} and T(S)A: S(g)A-^T A 
are fully faithful. 

b) Assuming a) holds, T is an equivalence of categories if and only if 
T{A} and T ® A are. 

Proof, a) "Only if is obvious; let us prove "if. Let X, F G iS: we have 
to prove that T : S{X,Y) T{T{X),T{Y)) is bijective. We do it in 
two steps: 

1) Y is torsion, say nly = 0. The claim follows from the commutative 
diagram with exact rows 



S(X/n[l],Y) 



— )■ 



S{X,Y) 
T 



n=0 



S{X,Y) 
T 



S(X/n,Y) 



T{T{X)/n[l],T{Y))-^TiT{X),T{Y)) 



n=0 



r{T{X),T{Y))—)-T{T{X)/n,T{Y)) 



and the assumption (see Proposition IB. 2. Ti b)). 

2) The general case. Let n > 0. We have a commutative diagram 
with exact rows 

0— )■ S{X,Y)/n — )■ S{X,Y/n) — )■ „5(X,y[l]) — )-0 



T 



O^T{T{X),T(Y))/n^T{T{X),T{Y)/n)^„T{T{X),T{Y)[l])^0 
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where the middle isomorphism follows from 1). The snake lemma yields 
an exact sequence 

^ Six, Y)/n ^ T{T{X),T{Y))/n 

„5(T(X),T(F)[1]) ^ „r(T(X),T(r)[l]) ^ 0. 
Passing to the limit over ra, we get another exact sequence 

(B.l) ^ Y) ® A/Z ^ r{T{X),T{Y)) ® A/Z 

^ S{T{X),T{Y)[1]){A} ^ T{T{X),T{Y)mA} ^ 0. 
Consider now the commutative diagram with exact rows 

0—)- S{X,Y){A} — > S{X,Y) — S{X,Y)(»A — )■ 5(X,y)®A/Z — J-O 



0-^TiT{X),T{Y)){A}^T(T{X),T{Y))^T{T{X),T{Y))(^A-^TiT(X),T{Y))(^A/Z-^0 

where the isomorphism is by assumption. By this diagram and (IB.ip . 4 
is an isomorphism. Using this fact in (IB. II) applied with y[— 1], we get 
that 1 is an isomorphism; then 2 is an isomorphism by the 5 lemma, 
as desired. 

b) If T is essentially surjective, so is T (g) A, as well as T{A} as long 
as T is faithful, which is implied by a). Conversely, let X G T. Using 
only the essential surjectivity of T (g) A, we find an A-isogeny 

cp-.X^ T{Y) 

with y G iS. A cone of is a torsion object, hence, if T{A} is essentially 
surjective, it is isomorphic to T{C) for C G 5{y4}. Thus X sits in an 
exact triangle 

X 4 T{Y) A T{C) 4 . 

If T is full, then = T{^') and X ~ T(X'), where X' is a fibre of 
ip'. □ 

B.3. Torsion objects in an abelian category. The proof of the 
following proposition is similar to that of Proposition IB. 2. II and is left 
to the reader. 

B.3.1. Proposition. Let A be an abelian category. Then 

a) The full subcategory A{A} is thick (a Serre subcategory, in another 
terminology) . 

b) Let X & A and n > invertible in A. Then the kernel and cokernel 
of multiplication by n on X belong to A{A}. 

c) The localised category A/A{A} is canonically isomorphic to A® A. 
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In particular, A® A is abelian. 

d) A morphism f E A is in T,a{A) if and only if Kei f G v4{v4} and 
Cokei f e A{A}. □ 

The following corollary is a direct consequence of Proposition IB.3.11 
and Lemma [B. 1.31 

B.3.2. Corollary. Let A be an abelian category. Let B be a full additive 
subcategory of A, and suppose that every object of B is A-isogenous to 
an object of A (see Definition \B.l.l\) . Then B ® A is abelian, and in 



particular idempotent- complete. □ 
B.4. Abelian and derived categories. 

B.4.1. Proposition. Let A be an abelian category. Then the natural 
functor D^{A) — > D^{A ® A) induces an equivalence of categories 

D\A)®A^D\A®A). 

In particular, D^{A) ® A is idempotent- complete. 

Proof. In 3 steps: 

1) The natural functor C^{A) (S)A^C^{A®A) is an equivalence of 
categories. Full faithfulness is clear. For essential surjectivity, take a 
bounded complex C of objects oi A® A. Find a common denominator 
to all differentials involved in C. Then the corresponding morphisms 
of A have torsion composition; since they are finitely many, we may 
multiply by a common bigger integer so that they compose to 0. The 
resulting complex of C^{A) then becomes isomorphic to C in C^{A®A). 

2) The functor of 1) induces an equivalence of categories K^{A) ® 
A — > K^[A® A). Fullness is clear, and faithfulness is obtained by the 
same technique as in 1). 

3) The functor of 2) induces the desired equivalence of categories. 
First, the functor 

D\A)/D\^A^{A) ^ D\A/A{A}) 

is obviously conservative. But clearly = D^{A){A}. Hence, 

by Propositions IB. 2. II and IB.3.11 this functor translates as 

D\A)®A^D\A®A). 



Let A^{A) denote the thick subcategory of K'^i^A) consiting of acyclic 
complexes. By Lemma IB. 2. 31 we have a commutative diagram of exact 
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sequences of triangulated categories 

> A''{A)(^A > K\A)0A > D''{A)®A > 

> A^A^A) > K\A(g)A) > D\A(g)A) > 0. 

We have just seen that the right vertical functor is conservative, and 
by 2), the middle one is an equivalence. Hence the left one is essentially 
surjective. By the same argument as in the proof of Proposition IB. 2.41 
b), we get that the right functor is full, and the result follows from 
Lemma lA.l.ll □ 



Appendix C. 1-motives with torsion 

Effective 1-motives which admit torsion are introduced in [3 §1] (in 
characteristic 0). We investigate some properties (over a perfect field 
of exponential characteristic p > 1) which are not included in op. cit. 
as a supplement to our Sect. 1. 



C.l. Effective 1-motives. An effective 1-motive with torsion over k is 
a complex of group schemes M = [L A G] where L is finitely generated 
locally constant for the etale topology i.e. a discrete sheaf of Def. ll.l.H 
and G is a semi-abelian fc-scheme. Therefore L can be represented by 
an extension 

-)■ Ltor L -> Lfr -> 

where Ltor is a finite etale /c-group scheme and Lfr is free, i.e. a lattice. 
Also G can be represented by an extension of an abelian fc-scheme A 
by a /c-torus T. 



C.1.1. Definition. An effective map from M 
[V ^ G'] is a commutative square 

L G 



[L A G] to M' 



f 9 

V G' 

in the category of group schemes. Denote by (/, g) : M ^ M' such 
a map. The natural composition of squares makes up a category, de- 
noted by ^AA'f . We will denote by Homeff(M, M') the abelian group 
of effective morphisms. 
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For a given 1-motive M = [L A G] we have (in the abehan category 
of commutative group schemes) a commutative diagram 





> Ker(M) n Ltor > Uor > u{Ltor) 



(C.l) > Ker(M) > L G 



-> 



Lfr ^ G/u{Ltor) 





with exact rows and columns. We set 

. Mf,:=[Lfi. ^^/^(Ltor)] 

• Mtor := [Ker(M) n L,,, 0] 

• Mtf:=[L/Ker(M)nLtor AG] 

considered as effective 1-motives. From Diagram ( IC.lj) there are canon- 
ical effective maps M — )• Mtf, Mtor — ^ M and Mtf — )• Mfr. 

C.l. 2. Definition. A 1-motive M = [L A G] is free if L is free, i.e. if 
M = Mfi-. M is torsion if L is torsion and G = 0, i.e. if M = Mtor, 
and torsion-free if Ker(M) fl Ltor = 0, i.e. if M = Mtf. 

Denote by 'Mf' , and *7Wf the full sub-cate gories of 

^Ai'f given by free, torsion and torsion-free 1-motives respectively. 

The category ^Aif^'^^ is nothing else than the category Aii of Deligne 
1-motives and we shall henceforth use this notation. It is clear that 
is equivalent to the category of finite etale group schemes. 
If M is torsion-free then Diagram fIC.ip is a pull-back, i.e. L is the 
pull-back of Lfr along the isogeny G — )■ G/Ltor- 

C.l. 3. Proposition. The categories^ Aif^ and Aii have all finite limits 
and colimits. 

Proof. Since these are additive categories (with biproducts), it is enough 
to show that they have kernels, dually cokernels. Now let ip = (/, g) : 
M — )■ M' be an effective map. We claim that 

Kerip= [Ker°(/) A Ker°(^)] 
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is the pull-back of KeT^{g) along u, where Ker^^g) is the (reduced) 
connected component of the identity of the kernel of (7 : G — ?■ G" and 
Ker°(/) C Ker(/). We have to show that the following diagram of 
effective 1-motives 



Ker°(/) KeT%g) 



L G 



V 



G' 



satisfies the universal property for kernels. Suppose that M" = \L" 
G"\ is mapping to M in such a way that the composition M" — )■ M — 
M' is the zero map. Then L" maps to Ker(/) and G" maps to Ker((yf). 
Since G" is connected, it actually maps to Ker°(5f) and, by the universal 
property of pull-backs in the category of group schemes, V then maps 
to Ker°(/). Finally note that if L is free then also Ker*'(/) is free. 
For cokernels, we see that 



[Coker(/) 4 Coker(^)] 



is an effective 1-motive which is clearly a cokernel of 

For A^i, it is enough to take the free part of the cokernel, i.e. given 
(/, (7) : M — )■ M' then [Coker(/) — Coker(5f)]fj. meets the universal 
property for coker of free 1-motives. □ 



C.2. Quasi-isomorphisms. (c/. [TJ §1]). 



C.2.1. Definition. An effective morphism of 1-motives M — )■ M', here 
M = [L A G] and M' = [L' A G'], is a quasi-isomorphism (q.i. for 
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F F 



(C.2) L G 

L' G' 





where F is a finite etale group. 

C.2. 2. Remarks. 1) Note that kernel and cokernel of a quasi-isomor- 
phism of 1-motives are but, in general, a quasi-isomorphism is not an 
isomorphism in ^M.'f^ . Hence the category is not abelian. 

2) A q.i. of 1-motives M — )■ M' is actually a q.i. of complexes of group 
schemes. In fact, an effective map of 1-motives M — )■ M' is a q.i. of 
complexes if and only if we have the following diagram 



O^Ker(n) > L G > Coker(M)^0 

O^Ker(M') > L' G' > Coker(u')->0. 

Therefore Ker and Coker of L — )■ L' and G ^ G' are equal. Then 
Coker(G' — )■ G') = 0, since it is connected and discrete, and Ker(G' — > 
G') is a finite group. Conversely, Diagram (1C.2|) clearly yields a q.i. of 
complexes. In particular, it easily follows that the class of q.i. of 1- 
motives is closed under composition of effective morphisms. 

C.2. 3. Proposition. Quasi-isomorphisms are simplifiable on the left 
and on the right. 

Proof. The assertion "on the right" is obvious since the two components 
of a q.i. are epimorphisms. For the left, let (p = {f,g) : M ^ M' and 
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a = {s,t) : M' — )■ M a q.i. such that a^p = 0. In the diagram 

L G 



f 



9 

G' 



G 



we have L = L'/F, G = G'/F, for some finite group F, Im(/) C F and 
iTa(g) C F. Now u' restricts to the identity on F thus Im(/) C lm{g) 
and lm.{g) = 0, since lm{g) is connected, hence if = 0. □ 

C.2.4. Proposition. The class of q.i. admits a calculus of right frac- 
tions in the sense of (the dual of) [35l Ch. I, §2.3]. 

Proof. By [H Lemma 1.2], the first condition of calculus of right frac- 
tions is verified, and Proposition IC.2.31 shows that the second one is 
verified as well. (Note that we only consider isogenics with etale kernel 
here.) □ 

C.2.5. Remark. The example of the diagram 

[L^G] [L'^G'] 

(1,0) 

[L^O] 

where a is a nontrivial q.i. shows that calculus of left fractions fails in 
general. 

C.2.6. Lemma. Let s,t,u be three maps in ^Mf, with su = t. If s 
and t are q.i. , then so is u. □ 

Proof. Consider the exact sequence of complexes of sheaves 

— Ker u — )■ Ker t — )■ Ker s — )■ Coker u — )■ Coker t — t- Coker s — )■ 0. 

Since s and t are q.i. , the last two terms are 0. Hence Coker(M) = 
[L — )■ G] is a quotient of Ker(s); since G is connected, we must have 
G = 0. On the other hand, as a cokernel of a map of acyclic complexes 
of length 1, Coker(M) is acyclic, hence L = 0. Similarly, Ker(u) is 
acyclic. □ 
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C.3. 1-motives. We now define the category of 1-motives witli torsion 
from ^Aif^ by formally inverting quasi- isomorpfiisms. 

C.3.1. Definition. Tlie category *A^i of 1-motives with torsion is the 
localisation of ^Jvi'f with respect to the multiphcative class {q.i. } of 
quasi-isomorphisms. 

C.3.2. Remark. Note that there are no nontrivial q.i. between free (or 
torsion) 1-motives. However, the canonical map Mtf — )■ Mfr is a quasi- 
isomorphism (it is an effective isomorphism when u(Ltor) = 0). 

It follows from Proposition IC.2.4] and [35| Ch. I, Prop. 2-4] that the 
Hom sets in *A^i are given by the formula 

Hom(M, M') = limHomeff(M, M') 

q.i. 

where the limit is taken over the filtering set of all quasi-isomorphisms 
M — >■ M. A morphism of 1-motives M — )■ M' can be represented as a 
diagram 

M M' 

q.i. \ _ /cff 
M 

and the composition is given by the existence of a M making the fol- 
lowing diagram 

M M' 

M 

q.i. \ _ 

M 

commutative. (This M is in fact unique, see [3 Lemma 1.2].) 

C.4. Strict morphisms. The notion of strict morphism is essential in 
order to show that the Z,[l/p]-linear category of 1-motives with torsion 
is abehan (c/. [T, §1]). 

C.4.1. Definition. We say that an effective morphism (/, (?) : M — )■ M' 

is strict if we have 

Ker(/,(?) = [Ker(/)^Ker((?)] 
i.e. if Ker(5f) is (connected) semiabelian. 

To get a feeling on the notion of strict morphism, note: 



M" 

/■ eff 

M' 

eff 
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C.4.2. Lemma. Let ip = {f, g) : M ^ N be a strict morphism, with g 
onto. Suppose that (p = a(p, where a is a q.i. Then a is an isomorphism. 

Conversely, we obtain: 

C.4.3. Proposition ((TJ Prop. 1-3]). Any effective morphism ip G 
Homefr(M, M') can he factored as follows 

M ^M' 

(C.3) ^V/' 

M 

where ip is a strict morphism and M — )■ M' is a q.i. or a p-power 
isogeny. 

Proof. (Sketch) Note that if (p = {f,g) we always have the following 
natural factorisation of the map g between semi-abelian schemes 

G ^G' 
G/Ker°((7) 

If (yf is a surjection we get the claimed factorisation by taking M = 
[L — )■ G/KeT^{g)] where L is the pull-back of L', the lifting of / is 
granted by the universal property of pull-backs. In general, we can 
extend the so obtained isogeny on the image of g to an isogeny of G' 
(see the proof of Prop. 1.3 in [7] for details). □ 

C.4.4. Lemma. Let 

M' — ^ M 

u t 

N' 

be a commutative diagram in '^Aif^, where f is strict and u,t are 
q.i. Then the induced map v : CokeT{h) — )■ Coker(/) is a q.i. 

Proof. In all this proof, the term "kernel" is taken in the sense of kernel 
of complexes of sheaves. Let K and K' be the kernels of / and h 
respectively: 

> K > M' M > Coker(/) 















Ul 




u 




t 


V 



> K' > N' — ^ > Coker(/i) 
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By a diagram chase, we see that v and Kert — )■ Keiv are onto. To 
conclude, it will be sufficient to show that the sequence of complexes 

(C.4) Ker(u) Ker(t) ^ KeT{v) 

is exact termwise. For this, note that the second component of w is 
onto because / is strict and by dimension reasons. This implies by a 
diagram chase that the second component of (]C.4p is exact. But then 



the ffist component has to be exact too. □ 



C.5. Exact sequences of 1-motives. We have the following basic 
properties of 1-motives. 

C.5.1. Proposition. The canonical functor 

'Mf ^ 'Ml 

is left exact and faithful. 

Proof. Faithfulness immediately follows from Proposition IC.2.3t while 
left exactness follows from Proposition IC.2.4] and (the dual of) [35| Ch. 
I, Prop. 3.1]. □ 

C.5.2. Lemma. Let f : M' M he an effective map. 

(1) The canonical projection it : M ^ Coker(/) remains an epi- 
morphism in ^Aii[l/p]. 

(2) /// is strict then it remains a cokernel in ^Aii[l/p]. 

(3) Cokernels exist in *A^i[l/p]. 

Proof. To show Part 1 let vr : M — )■ be an effective map. One sees 
immediately that vr is epi in *A^i[l /p] if and only if for any commutative 
diagram 

M N 



Q' Q 

with s, s' q.i. , the map vr' is an epi in the effective category. Now 
specialise to the case N = Coker(/) and remark that (up to modding 
out by Ker/) we may assume / to be a monomorphism as a map of 
complexes, thus strict. Take vr', s, s' as above. We have a commutative 
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diagram of effective maps 







M' 



M 



Coker(/) 



Coker(/') 



u \ 



Q" 



f 



^ Q' 



Q. 



Here s" is a q.i. and Q", /', s" are obtained by calculus of right 
fractions (Proposition IC.2.4p . By Lemma IC.4.4[ the induced map 
t : Coker(/') ^ Coker(/) is a q.i. . By Pr oposition [CTTaj n'f = 0, 
hence the existence of u. By Lemma IC.2.61 u is a q.i. . Hence tt' is a 
composition of two epimorphisms and Part 1 is proven. 

To show Part 2, let gt~^ : M — )• M" be such that the composition 
M' — )■ M" is zero. By calculus of right fractions we have a commutative 
diagram 

/ 



M' 



N" 



M 



N" 



9\ 



Coker(/) 



-> Coker(/i) 



M" 

where all maps are effective and u is a q.i. . As above we have gh = 0, 
hence the factorisation of g through Coker(/i). Moreover Coker(/i) 
maps canonically to Coker(/) via a map v (say), which is a q.i. by 
Lemma rC.4.4[ This shows that gt~^ factors through Coker(/) in *A^i[l/]9]. 
Uniqueness of the factorisation is then granted by Part 1. 

In a category, the existence of cokernels is invariant by left or right 
composition by isomorphisms, hence Part 3 is a consequence of Parts 
1 and 2 via Proposition IC.4.31 □ 

Now we can show the following key result (c/. [7, Prop. 1.3]). 

C.5.3. Theorem. The category *A^i[l/p] is abelian. 

Proof. Existence and description of kernels follows from Propositions 
[CT31 [OTil [CXn and (the dual of) [351 Ch. I, Cor . 3.2], while 
existence of cokernels has been proven in Lemma IC.5.21 We are then 
left to show that, for any (effective) strict map (p : M ^ M', the 
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canonical effective morphism from tlie coimage of to tlie image of 
is a q.i. of 1-motives, i.e. tfie canonical morphism 

(C.5) Coker(Ker ^ M) ^ Ker(M' ^ Coker (^) 

is a quasi-isomorphism. Since we can split ip in two short exact se- 
quences of complexes in which each term is an effective 1-motive we 
see that (IC.Sp is even a isomorphism in *A^^''^[l/]9]. □ 

C.5. 4. Remark. Note that (even in characteristic zero) for a given 
non-strict effective map (/, (7) : M — )■ M' the effective morphism (IC.SP 
is not a q.i. of 1-motives. In fact, the following diagram 



Ker(/)/Ker°(/) C Ker(^?)/ Ker°(^) 

L/Ker°(/) > G/Kei\g) 

Im(/) > lva.{g) 



is not a pull-back, in general. For example, lei g : G ^ G' be with 
finite kernel and a proper sub-group F C Ker(5f), and consider 

(0,(7):[F^G]^[0^G']. 

C.5. 5. Corollary. A short exact sequence of 1-motives in *A^i[l/p] 

(C.6) ^ M' -> M ^ M" ^ 

can he represented up to isomorphisms by a strict effective epimorphism 
{f,g) : M — )■ M" with kernel M' , i.e. by an exact sequence of com- 
plexes. 

C.5. 6. Example. Let M be a 1-motive with torsion. We then always 
have a canonical exact sequence in * 1 [1 /p] 

(C.7) ^ Mtor ^ M ^ Mfr ^ 
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induced by ( IC.ll) , according to Definition IC.1.21 Note that in the fol- 
lowing canonical factorisation 

M — > Mfr 

the effective map M — )■ Mtf is a strict epimorphism with kernel Mtor 
and Mtf — Mfr is a q.i. (providing an example of Proposition IC.4.3|) . 

C.6. £-adic realisation. Let : M — )■ M be the (effective) multipli- 
cation by n on a 1-motive M = [L A G] over a field k where n is prime 
to the characteristic of k. It is then easy to see, e.g. by the description 
of kernels in Proposition IC.1.31 that 

„M := Ker(M -A M) = [Ker(u) n „L ^ 0]. 

Thus nM = (all n in characteristic zero) if and only if M is torsion- 
free, i.e. Mtor = 0. Moreover, by Proposition IC.4.3] and Lemma [C.5.2t 
we can see that 

M/n:= Coker(M ^ M) 

is always a torsion 1-motive. If L = 0, let simply G denote, as usual, 
the 1-motive [0 — )■ G]. Then we get an extension in A^i[l/p] 

(C.8) O^G^G^ „G[1] ^ 

where nG[l] is the torsion 1-motive [„G — i- 0]. If L 7^ then M/n can 
be regarded as an extension of L/n by Coker(„L — )■ „G), e.g. also by 
applying the snake lemma to the multiplication by n on the following 
canonical short exact sequence (here L[l] = [L — )• 0] as usual) 

(C.9) O^G^M ^ L[l] 

of effective 1-motives (which is also exact in A^i[l/p] by Corollary lC.5.51) . 
Summarizing up from flC.8|) . flC.9|) we then get a long exact sequence 
in ^M\°'[l/p] 

(C.IO) ^ „M -> „L[1] ^ „G[1] ^ M/n -> L/n[l] -> 0. 

Let now be n = where i 7^ char(A;). Set: 
C.6.1. Definition. The i-adic realisation of a 1-motive M is 

T(,{M):= "lim"L^ 

V 

in the category of /-adic sheaves, where M/^"^ = \Ly — ?■ 0]. 
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Since the inverse system "^im^"/yL is Mittag-Leffler trivial, we ob- 
tain a short exact sequence 

^ Te{G) Tg{M) ^ L ® ^ 

where Ti{G) is the Tate module of the semiabelian variety G. More 
generally, using Corollary IC.5.51 we have: 

C.6.2. Lemma. The functor Ti is exact on *A^i[l/p], and extends 
canonically to *A^i (g) Z^. □ 

C.7. Deligne 1-motives. Let *A^f ^M\°'[l/p] and ^Mf[l/p] de- 
note the corresponding full sub-categories of *A^i[l/]9] given by free, 
torsion and torsion-free effective 1-motives respectively. The follow- 
ing M I-)- Mfj. (resp. M i-)- Mtor) define functors from *A^i[l/p] to 
*A^f[l/p] (resp. from ^Mi[l/p] to ^M\°'[l/p]). We have (c/. [3 
(LL3)]): 

C.7.1. Proposition. The natural functor 

Mi[l/p]^'Mi[l/p] 

from Deligne 1-motives to 1-motives with torsion has a left adjoint/left 
inverse given hy M ^ M^. In particular, it is fully faithful and makes 
M.i[l/p\ an exact sub-category o/*A^i[l/p]. The above left adjoint 
defines equivalences 

Mi[l/p] = 'M^l[l/p] = 'M'l[l/p\. 

Proof. Consider an effective map (/,(?) : M — )■ M', to a free 1-motive 
M', and a q.i. M M, i.e. M = [L/F G/F] for a finite group 
F. Since M' is free then F is contained in the kernel of / and the 
same holds for g. Thus {f,g) induces an effective map M — )■ M'. Let 
M = [L A G]. Then Ltor ^ Ker(/) and also ^(Ltor) ^ Ker(5f) yielding 
an effective map {f,g) '■ Mfj. — )■ M'. This proves the first assertion. 

Since ^Ail ' *A^^ ' , the claimed equivalence is obtained from 
the canonical q.i. M for M e ^Mf'^\ see flOTD . Finally, con- 

sider the exact sequence (1C.6P of 1-motives with torsion such that 



M/qj. = M/qj. = 0. Since Mtor is mapped to zero in M", it injects in 
M'. Thus also M is torsion-free, i.e. M = M^f, and quasi-isomorphic 
to Mfr. □ 

C.7.2. Remark. We also clearly have that the functor M i— Mtor is a 
right-adjoint to the embedding *A^^°''[l/p] ^ ^Mi[l/p] , i.e. 

Homeff(M, Mt^J = Hom(M, M') 

for M G *A^f [1/p] and M' G *A^i[l/j9]. 
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C.7.3. Corollary. We have ^M\°'' ® Q = and the full embedding 
Aii[l/p] —7- *A^i[l/p] induces an equivalence 

C.8. Non-connected 1-motives. We consider a larger category al- 
lowing non-connected (reduced) group schemes as a supplement of 
Proposition II. 1.51 

C.8.1. Definition. Let Ai'^ denote the following category. The objects 
are N = [L ^ G] complexes of etale sheaves over the field k where L 
is discrete and G is a reduced group scheme locally of finite type over 
k such that 

(i) the connected component of the identity G° is semiabelian, and 

(ii) 7ro(G) is finitely generated. 

The morphisms are just maps of complexes. We call A^^f category 
of effective non-connected 1-motives. 

We denote A^anc ^^e full subcategory of Ai'^ whose objects are = 
[L — )■ G] as above such that G is of finite type over k (then condition 
(ii) is automatically granted and ttq^G) is a finite group scheme). We 
call A^anc ^he category of algebraic effective non-connected 1-motives. 

Note that a representable presheaf on the category of schemes over 
k can be characterised by axiomatic methods, including Condition (i) 
above, cf. the Appendix in [S]. 

Associated to N = [L ^ G] we have the following diagram 





L > G 

L/L^ 7ro(G) 



here L° denote the pull-back of G° along L ^ G. Let 

:= [L° ^ G°] 
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denote the effective 1-motive associated to and denote 

7ro(iV):=[L/L°-^7ro(G')]. 

We say that D = [L --^ L'\ is discrete if L' is a discrete sheaf and L 
injects into L' . 

Denote M!^^ ^^e full subcategory of A^nf given by discrete objects. 
Note that iV is discrete if and only if 7ro(A^) = (if and only if = 0). 

C.8.2. Proposition. The operation N t— i- defines a functor 

which is right adjoint to the embedding ii : ^Ai'f ^ A^nc andc^^ii = 1. 
Moreover, we have a functor 

IT, : Mf, ^ Mf! 

which is left adjoint to i^is '■ Alnc ^ ^J^'f and vroidis = 1- 

Proof. Straightforward. □ 

C.8.3. Remarks. 1) The same results as in Proposition IC.8.2] above 
refine to A^^nc Alfnc- 

2) Note that A^^f has kernels. Let = {f, g) : N ^ N' he a. map in 
Alf . Let ^0 : GO ^ and Tro{g) : 7ro(G) ^ 7ro(G') be the induced 
maps. Then Ker(99) = [Ker(/) — )• Ker(5f)] as a complex of sheaves; 
in fact Ker(5f) is representable, Ker°((yf°) = {Ker{g))^ and 7ro(Ker(5f)) 
maps to Ker(7ro(5')) with finite kernel. However, it is easy to see that 
Al^^ is not abelian. 

C.8.4. Proposition. The category A4'^^^[l/p] is abelian. 

Proof. Regard Alanc[l/p] a full subcategory of C^~^'°^ {Shv{k^t))[l /p] 
of the abelian category of complexes of sheaves concentrated in degree 
-1 and 0. For a map ip = {f,g) : N N', Ker(v9) = [Ker(/) 
Ker(^)] e Alf, and Coker(y;) = [Coker(/) -> Coker(^)] G A^^^^. For 
an extension iV' ^ A^" ^ in C[-i'°](Shv(A;^t)) such that A^ 

and A^" belongs to Ml^^ then also A^" e M"^^. □ 

C.9. Homs and Extensions. We will provide a characterisation of 
the Yoneda Ext in the abelian category *Ali[l/p]. 

C.9.1. Proposition. We have 

(a) Hom*^,(L[l],L'[l]) = Homfc(L,L'), 

(b) Hom*^,(L[l],G') = 0, 

(c) Homt;vii(G,G') C Romk{A,A') x Hom^ (T,T') if G (resp. G' ) 
is an extension of an abelian variety A by a torus T (resp. of 
A' by T), 
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(d) Hom.^,(G,L'[l]) = Homfc(„G,L[„J nL[^, = 0. 

In particular, the group Homt_A4i (M, M') is finitely generated for all 
l-motives M,M' e ^Mi[l/p]. 

Proof. Since there are no q.i. to ^^[1], we have Homt^^(L[l], = 
Homefr(-L[l], and the latter is clearly isomorphic to Homfc(L,L'). 

By Proposition [UTIl we have Homt^^ (L[l], G") = Homes (L [1], G") 
and Homt_v(i(G', G') = Homefj(G, G'). The former is clearly while 
Homeff(G,G') = Homfc(G,G') C Homfc(A,A') x Homfc(T,T') since 
Homfc(T,A') = RomkiA,T') = 0. For (d), let [F ^ G] ^ [0 ^ G] 
be a q.i. and [F — t- G] — ?> [L' — > 0] be an effective map providing 
an element of Hom(G, If L' is free then it yields the zero 

map, as F is torsion. Thus Homt^Hj (G, L'[l]) = Homt_A/(^(G, L[qj.[1]). 
For G N consider the short exact sequence fIC.Sp in *A^i. If n 
is such that nL[^j. = taking B.omtj^-^[—, L[^j.[l]) we further obtain 
Hom*^,(G,L'[l]) = Hom,(„G,L[„,). 

The last statement follows from these computations and an easy 
devissage from (]C.9p . □ 

C.9.2. Remark. If we want to get rid of the integer n in (d), we may 
equally write 

Hom*^,(G,L'[l]) = Homeont(T(G),L;„J = Hom,ont(r(G), L') 
where T(G) = H^^^l^) complete Tate module of G. 

C.9.3. Proposition. We have isomorphisms (for Ext in '^Aii[l/p]): 

(a) Extl{L,L') ^Ext}j^^{L[l],L'[l]), 

(b) Homfc(L,G') ^Ext.i^^(L[l],G'), 

(c) Ext^(G,G') ^Ext,^^^ (G,G') and 

(d) limExt^(riG, L') — > Exti^_^^ (G, these two groups are 

n 

if L' is torsion and k algebraically closed. 

Proof. By Corollary lU.5.5[ any short exact sequence of l-motives can be 
represented up to isomorphism by a short exact sequence of complexes 
in which each term is an effective 1-motive. 

For (a), just observe that there are no nontrivial q.i. of l-motives 
with zero semiabelian part. For (b), note that an extension of L[l] by 
G' is given by a diagram 

> F' > L" > L > 

(C.ll) 

y G' y G" y y 
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where M' = [F' — )■ G'] is q.i. to [0 — )■ G']. When F' = 0, this diagram is 
equivalent to the datum of v. this provides a hnear map Homfc(L, G') — )■ 
Ext,^^^(L[l],G'). This map is surjective since we may always mod 
out by F' in ( IC.llI) and get an quasi- isomorphic exact sequence with 
F' = 0. It is also injective: if (fClTT]) (with F' = 0) splits in ^Mi[l/p], 
it already splits in *A^5^''^[l/p] and then v = 0. 

For (c) we see that an extension of G by G' in *A^i[l/p] can be 
represented by a diagram 

> F' V L" > F > 

Y G' V G" V G > 

with M' as in (b) and M = [F G] q.i. to [0 G]. Since the 
top line is exact, L" is finite. For F = F' = we just get a group 
scheme extension of G by G", hence a homomorphism Ext^(G', G") — ?■ 
'Eyii] j^^{G , G') . This homomorphism is surjective: dividing by F' we 
get a quasi-isomorphic exact sequence 

> > L" IF' — ^ F > 

> a > G"/F' > G Y 

and further dividing by F we then obtain 

> > > > 



> G' V G"/L" > G > 0. 

Injectivity is seen as in (b). 

For (d) we first construct a map : Ext^(„(ji', L') — )• Ext*^^ (G, L'[l]) 
for all n. Let [L"] G Extfc(„G,L') and consider the following diagram 

> L' > L" > nG > 

(C.12) I I 

> > G G V 0. 

Since [„G — )■ G] is q.i. to [0 — )■ G], this provides an extension of G 
by L'[l\ in ^Mi[l/p\. For n variable {Ext^(„G, L')}n is a direct system 
and one checks easily that the maps are compatible (by pull-back), 
yielding a well-defined linear map 

$ : lii^Exti(„G,L') ^ Ext.^^^(G,L'[l]). 
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This map is surjective since any extension of G by ^^'[1] can be repre- 
sented by a diagram flC.12p for some n (as muhiphcation by n is cofinal 
in the direct sytem of isogenics). We now show that $ is also injective. 

Let n I m, e.g. rn = m, so that the following sequence is exact 

O^rG^rnG^ nG ^ 

and yields a long exact sequence 

RomkUG,L') ^ Homfc(,G,L') ^ Exti(„G,L') ^ ExtlUG,L'). 

If L' is torsion, we have rL' = for some r, hence lirn Ext L') = 
if is algebraically closed. This shows in particular that Extt^ {G, L'[l]) 
in this case. 

Suppose now that L' is free. Then we have Homfc(,,G, L') = 0, hence 
the transition maps are injective. Therefore, to check that $ is injective 
it suffices to check that is injective for all n. 

Let or : G -> [L" -> G] be a section of (laT2|) in *Mi[l/p]. Then a 
can be represented by a diagram of effective maps 



.G 



\ 



-y L' 



-y L" 



nG 



G 



\ 







-> 



-> G 



G 



for some r, where the southwest map is a q.i. To say that cr is a section 
is to say that this diagram commutes. Hence the image of rnG in 
L" surjects onto „G, and it also injects since V is torsion-free. This 
means that the projection L" — )■ „G has a section, hence [L"] = in 
Ext^ („G,L"). 

For a general L', we reduce to these two special cases through an 
easy diagram chase. □ 



CIO. Projective objects in *A^i[l/p]. We show that there are not 
enough projective objects in *A^i[l/p], at least when k is algebraically 
closed: 

C.10.1. Proposition. Suppose that k = k. Then the only projective 
object of^Mi[l/p] is 0. 
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Proof. Suppose that M = [L ^ G] E *Mi[l/p] is such that Ext(M, A^) 
= for any G *A^i[l/p]. From (IC.9p we then get a long exact 
sequence 

Hom(G',G™) ^ Ext(L[l],G^) ^ Ext(A-f,G„) 

-> Ext(G', G„) ^ Ext^(L[l], G„) 

where Ext(M, G^) = 0, thus i) Ext(G, Gm) is finite, and ii) Hom(L, G^ 
is finitely generated. We also have an exact sequence 

Hom(r, G„) -> Ext(A, Gm) ^ Ext(G', G^) 

where Hom(T, G.^) is the character group of the torus T and Ext (A, G^) 
is the group of fc-points of the dual abelian variety A, the abelian quo- 
tient of G. From i) we get A = 0. Since Hom(L, Gm) is an extension 
of a finite group by a divisible group, from ii) we get that L is a finite 
group. Now consider the exact sequence, for / 7^ p 

^ Hom(L[l],Z//[l]) ^ Hom(M,Z//[l]) 

^ Hom(T,Z//[l]) ^ Ext(L[l],Z//[l]) ^ 

where the right-end vanishing is Ext(M, Z//[l]) = by assumption. 
Now Hom(T, Z//[l]) = Ext(T, Z//) and any extension of the torus 
T is lifted to an extension of M by Z/Z, therefore to an element of 
Hom(M,Z//[l]) = Ext(M,Z//). This yields Ext(L,Z/0 = for any 
prime / 7^ p, thus we see that L = 0. 

Finally, [0 — ?■ Gm] is not projective since, for n > 1, the epimorphism 

[0 ^ Gm] A [0 ^ Gm] 

is not split. □ 

C.ll. Weights. If M = [L A G] G ^Mi[l/p] is free then Deligne [25] 
equipped M = Mfr with an increasing filtration by sub-l-motives as 
follows: 

W^2{M) := [0 ^ T] C W^i{M) := [0 ^ G] C Wo{M) := M 

If M is torsion-free we then pull-back the weight filtration along the 
effective map M — )■ Mfj. as follows: 



Wi{M) : = 
Note that Wi{M) is q.i. to Wi{Mt). 



M i>0 

[Ltor G] i = -1 

[LtorH T-^T] t = -2 

i< -3 
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If M has torsion we then further pull-back the weight filtration along 
the effective map M — )■ Mtf. 

C.11.1. Definition. Let M = [L A G] be an effective 1-motive. Let 
ua '■ L ^ A denote the induced map where A = G/T. Define 



Wi{M) 



M i>0 

[Ltor ^G] i = -1 

[Ltor n Ker(MA) -> T] t = -2 

Mtor = i^tornKer(M)[l] i = -3 

i< -A 



C.11.2. Remark. It is easy to see that M i— )■ Wi{M) yields a functor 
from *A^i[l/]9] to *A^i[l/p]. However, this does not define a weight 
filtration on *A^i[l/]9] in the sense of Definition IE. 7. 21 or Remark IE. 7. 81 

C.12. 1-motives over a base. Let be a scheme. According to 
[25| (10.1.10)], a smooth 1-motive over S" is a complex [L — )• G] of S- 
group schemes where L is a lattice (corresponding to a locally constant 
Z-constructible free etale sheaf) and G is an extension of an abelian 
scheme A by a torus T. By [351 Cor. 2.11], it is sufficient to have this 
condition fibre by fibre as long as the rank of Tg is locally constant. 
Smooth 1-motives form an additive category denoted (here) by A^i(S'). 
A smooth 1-motive is provided with a weight filtration as over a field. 

By [Ml loc. cit.] and [2T], the same arguments as in the proofs of 
Propositions 11.1.51 and 115.2.11 yield 

C.12.1. Proposition. Suppose S regular connected and essentially of 
finite type over afield k. Then the category A4i{S)^Q is abelian and is 



provided with a 3 step weight filtration in the sense of Definition E.7.2 



such that the full subcategories of objects of pure weight are semi-simple. 



C.12. 2. Lemma. In Proposition lGl 2. 1\ we have a canonical monomor- 
phism 



Proof. Let 



Ext^([0 G„], [Z ^ 0]) Ext^(Z, 



-> Li > 1/2 



-> Gi 



Gi 



^ 



be a 2-extension E' of [Z — > 0] by [0 — )■ 
exact sequence of sheaves 



Taking Tot, we get a short 



^ Li © L2 © Gi ^ Z © ^ 0. 
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We define the image of E in Extgi^Z, Gm) as tlie image of tliis exten- 
sion E' under tlie composition 

Ext^(Z © G2, Li © Gm)^ Ext^(Z © G2, Gm)^ Ext^(Z, G^). 

It remains to see the injectivity. If the image of is 0, a diagram 
chase shows that E' is in the image of 

Ext^(Z © G2, Li) © Ext^(G'2, Li © G^) ^ Ext^(Z © G2, U © G„). 

Since S is regular, both groups are rationally: for the vanishing 
of Ext;^(G'2, Li), observe that Proposition 13. 1.51 works over 5, with the 
same proof. Thus E' is rationally split. Since IIom(G2, -Z^i) = 0, this 
amounts to Q-splittings of Gi — )■ G2 and L2 — )■ Z plus a Q-morphism 
Z — 7- Gi with a compatibility condition. After trivialising the splittings, 
we get a diagram 

> Li >Li©Z >Z 

f 

G„ > G„ © G2 > G2 > 

and the compatibility condition amounts to g\L-^ = rationally. Then 
/ factors rationally through Gm. Thus E is (rationally) the direct sum 
of a 2-extension of by [0 — )■ Gm] and a 2-extension of [Z — 0] by 0, 
hence is 0. □ 

C.12.3. Proposition. In Proposition \ C.12Ai assume S semi-local. 
Then Aii{S) ® Q is of cohomological dimension < 1. 

Proof. By Proposition IC.12.11 and Lemma IE.7.5t we are left to show 
that Ext^(M, A^) = for M pure of weight and N pure of weight 
—2. Since we work with rational coefficients, we may by a transfer 
argument reduce to M = [Z ^ 0], iV = [0 ^ G^]. Then 

Ext2(M, N) ^ Ext^(Z, G„) © Q = Hl{S, G„) © Q 

by Lemma [C. 12. 2t and the latter group is because S is semi-local and 
regular. □ 

Appendix D. Homotopy invariance for etale sheaves with 

transfers 

One of the main results of Voevodsky concerning presheaves with 
transfers is that, over a perfect field k, a Nisnevich sheaf with trans- 
fers F is homotopy invariant (that is, F[X) — ^ F{X x A^) for any 
smooth X) if and only if it is strongly homotopy invariant, that is, 
H^-^{X,F) ^ Hi^isi^ X A\F) for any smooth X and any i > 0. 
This allows him to define the homotopy t-structure on DM'^. 
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These results remain "as true as can be" in the etale topology, at 
least if k has finite etale cohomological dimension. According to an 
established tradition, this result is probably well-known to experts but 
we haven't been able to find it in the literature: it could have been 
formulated and proven for example in [61]. The aim of this appendix 
is to provide proofs, for which our main source of results will be [61]. 

D.l. Homotopy invariance and strict homotopy invariance. 

D.1.1. Definition. We denote as in [SB Def. 2.1] by PST(A;) = PST 
the category of presheaves with transfers on smooth A;-varieties. We 
also denote by EST(/c), or simply EST, the category of etale sheaves 
with transfers over k. 

According to [6ll Def. 2.15 and 9.22]: 

D.1.2. Definition, a) An object F of PST or EST is homotopy invari- 
ant if F{X) — y F{X X A"*^) for any smooth A;- variety X. 
b) Let F G EST. Then F is strictly homotopy invariant if Hl^{X, F) 
Hl^{X X A^,F) for any smooth /c- variety X and any i > 0. 
We denote by Hl^t(fc) = Hl^t the full subcategory of EST consisting of 
homotopy invariant sheaves, and by HI^^(A;) = HI|^ the full subcategory 
of Hl^t consisting of strictly homotopy invariant sheaves. 

(Strict homotopy invariance for F simply means that F is A^-local 
in D-(EST), see [HIl Lemma 9.24].) 

Note that Hl^t is a thick abelian subcategory of EST: if — )■ F' — )■ 
F — )■ F" — )■ is an exact sequence in EST, then F G Hl^t if and only 
if F', F" G Hl^t. We shall see below that the same is true for HI|^. 

The main example of a sheaf F which is in Hl^t but not in HI|^ 
is F = 7j/p in characteristic p: because of the Artin-Schreier exact 
sequence we have 

k[t]/V{k[t]) Hl{AlZ/p) 

where V{x) = — x. 

We are going to show that this captures entirely the obstruction for 
a sheaf in Hl^t not to be in HI|^. 

The following is an etale analogue of |61j, Th. 13.8]: 

D.1.3. Lemma. Let F he a homotopy invariant presheaf with transfers. 
Suppose moreover that F is a presheaf of Z[l/p]-modules, where p is 
the exponential characteristic of k. Then the associated etale sheaf with 
transfers [61, Th. 6.17] F^t is strictly homotopy invariant. 
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Proof. The following method is classical: let — )■ F' — > F — )■ F" — )■ 
be an exact sequence of homotopy invariant presheaves with transfers, 
and consider the corresponding exact sequence — )■ — )■ F^t — ^ 
Fl[ — )• 0. If, among F4,F^t and F^'[, two are in HI|^, then clearly so is 
the third. Using the exact sequence 

^ Ftors ^F^F(8)Q^F(g) Q/Z 

for the sheaf F of Lemma ID.1.3t this reduces us to the following cases: 

• F is a presheaf of Q- vector spaces. Then the result is true by [ET| 
Lemma 14.25] (reduction to \61\ Th. 13.8] by the comparison 
theorem ^ Prop. 14.23]). 

• F is a presheaf of torsion abelian groups. Since, by assumption, 
this torsion is prime to p, F^t is locally constant by Suslin- 
Voevodsky rigidity [611 Th. 7.20]. Then the result follows from 
|SGA4[ XV 2.2] (compare ^ Lemma 9.23]). 

□ 

D.1.4. Proposition. The inclusion HI|^ — )■ Hli^t has an exact left ad- 
joint given hy F \^ F ®i Z[l/p]. In particular, HI|^ = HI^t[l/p]- 

Proof. The fact that HI?^ is Z[l/p]-linear follows from the Artin-Schreier 
exact sequence plus the contractibility of Ga (compare [86l Prop. 3.3.3 
2)]). Conversely, Lemma [D.1.31 implies that any Z[l/p]-linear sheaf of 
Hl^t belongs to HI|^. The rest of the proposition follows. □ 

As a complement, let us mention the following proposition, which 
extends Proposition ID. 1.41 

D.1.5. Proposition. Let F e Hl^f Then the complex C^{F) is canon- 
ically isomorphic to F[l/p] in DM!^^^^.. 

Proof. The map F — )■ F[l/p] induces a map C*(F) — > C*(F[l/p]). The 
latter complex is tautologically equal to C*(F)[l/p]. Since DM!^^^ is 
Z[l/p]-linear, the map C*(F) — )• C*(F)[l/p] is a quasi-isomorphism. 
Finally, since F[l/p] G HI|^ (Prop. ID.1.4p . the augmentation F[l/p] — )■ 
C^{F[l/p\) is a quasi-isomorphism by [611 Lemma 9.15]. □ 

D.1.6. Corollary. Let F he a homotopy invariant Nisnevich sheaf with 
transfers. Then, the natural functor a* : DM^*^ — t- DM!^''^j. sends F to 

Fet[l/P]- 

Proof. According to [STl Remark 14.3], a* may be described as the 
composition 

DM!!^ ^ D-(ShvNis(^m(A;))) A {S\w^tiSm{k))) ^ BM"^^^, 
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where the middle functor is induced by the inverse image functor 
(change of topology) on sheaves and RC is induced hy K C^{K). 
The result then follows from Proposition ID.1.51 □ 

D.2. Friendly complexes. 

D.2.1. Definition. A object C G i5^(EST) is friendly if there exists an 
integer = N{C) such that, for any prime number / 7^ p, Hg{C/l) = 
for g > (in other terms, C /lis uniformly bounded below). We denote 
by -Dj^(EST) the full subcategory of friendly objects and by DMjf^^ the 
intersection (EST) n DM!.^^^ . 

D.2.2. Tiieorem. DM^J^^^ C DM^J^. 

Proof. If is clear that /^^^(EST) is a thick triangulated subcategory of 
/^^(EST); hence it suffices to prove that C^:{L^^{X)) is friendly for any 
smooth scheme X. By [61] Lemmas 6.23 and 9.15], we have for any 
smooth f/, any prime / 7^ p and any g G Z 

Hom(C,(L,t(X X U)),Z/l[q]) ^ H^^X x f/, Z//) 

hence 

£xt'^{C,{U,{X)),Z/l) Rln^Z/l 

where vr : X — )■ Spec k is the structural morphism. By the cohomo- 
logical dimension results of |SGA4t Exp. X] and the finiteness results 



of |SGA4 l/2[ Th. finitude], this shows that B.omJ CjLM.(X)),Z/l) 
is a bounded complex of constructible Z//-sheaves. It follows that the 
biduality morphism 

C,iL,t{X))/l ^ Hom.,(Hom.,(a(L,jX)), Z/Z), Z/Z) 

is an isomorphism of bounded complexes of constructible Z//-sheaves. 
Moreover, the lower bound is at most 2dimX, hence is independent of 
I. □ 

D.3. The etale homotopy t-structure. The following is an etale 
analogue of [SH Prop. 14.8]: 

D.3.1. Proposition. Let K G i5^(EST) be a bounded above complex of 
etale sheaves with transfers. Suppose either that the etale cohomological 
dimension of k is finite, or that K is friendly. Then K is A} -local if 
and only if all its cohomology sheaves are strictly homotopy invariant. 

Proof. In the finite cohomological dimension case, "if is trivial (c/. 
[6T| Prop. 9.30]). For "only if, same proof as that of f61, Prop. 14.8], 
by replacing the reference to [611 Th. 13.8] in loc. cit. by a reference 
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to Lemma [p. 1.31 (note that if K is A^-local, then it is Z[l/]9]-hnear by 
Prop. 3.3.3 2)] and thus so are its cohomology sheaves). 
In the friendly case, note that the two conditions 

• A^-local 

• having strictly homotopy invariant cohomology sheaves 

are stable under triangles: for the first it is obvious and for the second 
it is because HI|t is thick in EST by Proposition ID. 1.41 Considering 
the exact triangle 

K ^ K K ® (Q/Z)' ^ 

we are reduced to show the statement separately for K ® 'Q_ and for 
K ® (Q/Z)'. In the first case this works by reduction to Nisnevich 
cohomology, while in the second case the spectral sequence of [HH Prop. 
9.30] also converges, this time because K ® (Q/Z)' is bounded below. 

□ 

D.3.2. Remark. The finite cohomological dimension hypothesis ap- 
pears in the spectral sequence arguments of the proofs of [611 Prop. 
9.30 and 14.8]. We don't know if it is really necessary^ Nevertheless, 
Joel Riou pointed out that this argument trivially extends to fields of 
virtually finite cohomological dimension: the only issue is for the "if 
part, but if we know that an object K is A^-local etale-locally, then 
it is clearly A^-local. (For example, this covers all fields of arithmetic 
origin.) Therefore: 

D.3.3. Corollary. // the virtual etale cohomological dimension of k 
is finite, then DM'^^t has a homotopy t-structure, with heart HI|^., and 
the functor a* : DM!^'^ DM^^-^ ist-exact. Without any cohomological 
dimension assumption, DMfr ,5t has a homotopy t-structure. □ 

Appendix E. Weight filtrations 

In this appendix, we propose a theory of weight filtrations adapted 
to our needs. This is closely related to U. Jannsen's and A. Ruber's 
setting in [16] and [iQl 1.2], and fits perfectly with S. Morel's viewpoint 
in [6l]. We relate it precisely to Jannsen's approach in Remark IE. 7. 81 
The interested reader is encouraged to check that this theory behaves 
well with respect to the weight structure on DMg^ constructed by 
Bondarko in [19], via the realisation functors considered in Sect. [T5l 



'It is not: see [SOI C.5], which was devised after the present approach. 
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I. FiLTRATIONS OF ABELIAN CATEGORIES 

E.l. A glueing lemma. Let A be an abelian category. Consider two 
exact sequences 

> A' > A > A" > 

> B' > B V B" > 

and two morphisms f : A' ^ B', f" : A" -)■ B" . We say tliat f : A ^ 
B is a glueing of /' and /" if it yields a commutative diagram of exact 
sequences. 

E.1.1. Lemma. Let [A] e Ext\{A",A') and [B] e Ext\{B",B') be the 
extension classes of A and B. 

(1) For a glueing to exist, it is necessary and sufficient that fl[A\ — 
r[B]eExi\{A\B'). 

(2) For a glueing to he unique, it is necessary and sufficient that 
Hom^(A",5') = 0. 

(3) Suppose that A is the heart of a triangulated category T pro- 
vided with a t-structure. Then Condition (1) is equivalent to 
the following: the diagram 

A" A'[l] 



f" 



f 



B" B'[l] 



commutes in T. 



Proof (1). The condition is clearly necessary, and it is sufficient since 
by definition, two extension classes are equal if there exists an isomor- 
phism between the corresponding extensions. 

(2) is obvious since a difference of two glueings is given by a map 
from A" to B'. 

(3) is clear by Axiom TR3 of triangulated categories. □ 



E.2. Extensions panachees. Let A still be an abelian category, and 
consider now a filtered object 

C A_2 C A<_i C A. 
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We write A_i = A<_i/A_2, Aq = A/A<^i, yl>„2 = A/A_2, so that 
we have a commutative diagram of exact sequences 





^ A. 







(E.l) 



> A_ 



A 



A 



>-2 



-> 



An 



Aa 



0. 

From the viewpoint of |SGA7l Exp. IX, §9.3], this displays A as an 
extension panache^ of v4>_2 by A<_i. We shall call the datum of this 
diagram minus A a panachage datum (donnee de panachage). There is 
an obvious notion of morphism of panachage data. 

The following is a variant of [14, §1]. 

E.2.1. Lemma. Given a panachage datum as above, 

(1) An extension panachee exists if and only if the Yoneda product 
of the extensions A<_i and A>_2 is 0. 

(2) An extension panachee o/ A>_2 by ^<-i corresponds up to iso- 
morphism to: 

(i) an extension class a E Ext\(Ao, A<^i) ; 

(ii) an extension class a G Ext^(A>_2, A_2); 
such that 

(iii) TT^a = [A>_2], i*a = [^<-i]- 

(3) Let A, A' be two extensions panachees, with classes (a, a), (a', a') 
as in (1). Then a — a' and a — a' come from classes 7, 5 G 
'Ejyii\{AQ^ ^-2); well-defined modulo the images o/Hom^(y4o, A-i) 
anc? Hom^(A_i, A_2) respectively. Moreover, 

7 = 5 G Coker (Hom^(v4o, A_i) © Hom^(A_i, A^2) ^ Ext^(Ao, A_2)) ■ 

Proof. (1) is |SGA7l Exp. IX, 9.3.8 c)]. (2) is obvious as well as the 
existence of 7 and 5 in (3). The equality can be proven as in lemme 



^'''L. Breen suggested blended extension for an English translation; we learned 
this from D. Bertrand. 
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2]. Another way to prove it is to consider the diagram 

Hom^(A_i,A_2) 

Hom^(Ao,A_i) > Ext\{Ao,A_2) Ext^(Ao, A<_i) 



Exti^(/l>_2, A_2) Exti^(A>_2,A<-i) 
and to apply a variant of [151 Lemma 2.8]. □ 

E.3. The case of 3-step filtrations. Let A still be an abelian cate- 
gory, and consider now two filtered objects 

C A_2 C A<_i C A 

C 5_2 C 5<_i C B. 

E.3.1. Definition. Suppose given morphisms fi'.Ai^ Bi. A glueing 
of the fi is a filtered morphism f : A ^ B inducing the fi on the 
associated graded. A partial glueing is a morphism of panachage data 
inducing the fi. 

We want to find a condition for the fi to glue. We shall make the 
following simplifying hypothesis: 

E.3.2. Hypothesis. Hom^(74i, Bj) = for i > j . 

E.3.3. Proposition. 

(1) // a glueing exists, it is unique. 

(2) A necessary condition is that Condition (1) or (2) of Lemma 
\E.1.1\ is satisfied for the pairs (/-2, f-i) and (/-i, /o), relative 
to the extensions y4<_i,i?<_i and yl>_2,-B>_2- 

(3) Suppose the conditions of (2) are satisfied. Then we get a 
(unique) partial glueing. 

(4) Given a morphism of panachage data {f-2, f-i, fo: f<-i, f>~2) , 
we have two obstructions in Ext\{AQ, B^2) to the existence of a 
glueing, given respectively (with obvious notation) by {f<-i)*[A] — 
f^[B] and{f^2)M]-r>-2[B]. 

(5) The glueing exists if and only if either of the two obstructions 
of (4) vanishes. 

(6) // all fn are isomorphisms, so is f . 

Proof. (1) is easy, (2) is clear and (3) follows from Lemma [E. 1.11 

For (4), we have to check that these extension classes, which are a 
priori respectively in Ext\{Ao, B<_i) and in Ext^(A>_2, -8-2), define 
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unique elements of Ext^(Ao, -B_2)- For the existence, it suffices to 
see that their images in are 0, which follows from the 

conditions of (2), while the uniqueness follows from IE.3~2l 

(5) follows from Lemma [E. 1.11 (6) is clear. □ 

E.3.4. Remark. It is likely that the two obstructions of Proposition 
IE.3.31 (4) are opposite, but we don't have a good proof. 

E.4. Right adjoints. We let A be an abelian category. Consider the 
situation 

(E.2) O^A'Aa^A"^0 

where C ^ is a thick subcategory and vr is the corresponding local- 
isation functor. Thus A" is the Serre quotient of A by A'. Note that i 
and TT are exact. 

Let A ^ A. Recall that, by definition, the right adjoint p of i is 
defined at A if the functor 

A' 3 B Rom j^{iB, A) 

is represent able. A representative object is then unique up to unique 
isomorphism: we write it pA and call it the value of p at A. We then 
have a canonical "counit" map 

ipA -> A 

given by the universal property of pA. 

Define the following full subcategories of A: 

Ai = {A e A\p is defined at A} 

B = {B e Ai\pB = 0} 

(E.3) A2 = {Ae A\3 exact sequence ^ iA' ^ A ^ A" ^ 

with A' e A', A" e B} 

B' = {BeB\ Hom^(5,U') = 0} 

A^ = {AeA2\ A" e B'}. 

E.4.L Proposition. 

(1) For A E Ai, the counit map f : ipA A is a monomorphism. 

(2) Hom^(ii^', B) = 0. In particular, iA'nB = 0. 

(3) A2 C Ai, with A' = ipA for A e A2- In particular, A' is unique 
and functorial. 

(4) ^3 is closed under subobjects and quotients (with induced filtra- 
tions); in particular, it is abelian, the inclusion functor A3 ^ A 
is exact and morphisms in A3 are strictly compatible with the 
filtrations in the sense of [211 (1.L5)]. 
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(5) The restriction of p to A3 is exact. 

Proof. (1) Since A' is thick in A, Ker/ = i{K) for some K G A'. Thus 
we have an exact sequence 

^ iK ^ ipA ^ A. 

By adjunction, we get a complex (0-sequence) in A' 

K ^ pA ^ pA 

which shows that K — )■ pA is the map. Hence iK — )• ipA is the 
map, which means that iK = 0. Hence / is a monomorphism. 

(2) is obvious by adjunction. For "in particular", if C G iA' fl B, 
then Ic G Hom^(C, C) = 0. 

(3) Let Ai G A'. Then we have a short exact sequence 

RomA{iA[,iA') Hom^(zA;, A) Hom^(zA;, A") 

in which the last term is by (2). 

(4) easily follows from the condition B.omj{{B' ,iA') = 0. 

(5) follows from (4). □ 

E.4.2. Corollary. In the situation of flE.2p . suppose that i has an ev- 
erywhere defined right adjoint p. Then the following conditions are 
equivalent: 

(i) p is exact. 

(ii) The full subcategory Keip = {A \ pA = 0} is stable under 
quotients and contains A/ipA for any A E A. 

(iii) In dES]), ^3 = A. 

Proof, (i) =^ (ii): Applying p to the exact sequence 

O^ipA^ A-^ A/ipA 

we get an exact sequence 

-^pA^pA-^ p{A/ipA) 

which shows that p{A/ipA) = 0. Moreover, Kerp is clearly stable 
under quotients. 

(ii) =^ (iii): by hypothesis we have A2 = A, so we are left to show 
that Hom^(Kerp,i^') = 0. Let B G Kerp, A' e A', f : B ^ A' and 
C = Imf. By (ii), C G Kerp; since i is thick, we also have C G A'; 
hence C = thanks to Proposition IE. 4.1] (2). 

(iii) =^ (i): this follows from Proposition IE. 4. 11 (5). □ 
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E.5. Split exact sequences. We are still in the situation of ( ]E.2I) . 

E.5.1. Proposition. 

(1) The following conditions are equivalent: 

(i) i has an exact right adjoint p. 

(ii) TT has an exact right adjoint j and j{A") is thick in A. 

(iii) For any A ^ A there exists A' G A' and a monomorphism 
i{A') — )■ A such that 

Rom^{i{A'),A/i{A)) = Ext\{i{A'),A/i{A')) = 0. 

(iv) Same as (iii), replacing the condition Ext\(i(A'), A/i{A')) 
= by Hom^(A/^(v4'),^^') = 0. 

(2) // these conditions are verified, then for any A E A there exists 
a unique exact sequence 

0-^iA' ^ A-^ jA" 

such that A G A' and A" G A" ; this sequence is functorial in A. 
Moreover, we have }iomyi{jA",iA') = and Ext^(z^', j^") = 
for all r > 0. 

(3) If A is semi-simple, the conditions of (1) are verified. 

Proof. (1) (i) =^ (ii): Let B.= Kerp. By Corollary IE.4.21 (ii). we have 
a functor q : A ^ B given by qA = A/ipA. The exactness of i and 
p plus the snake lemma show that q is exact, and q is easily seen to 
be left adjoint to the inclusion B "-^ A. Moreover = 0, hence q 
induces a functor q : A" —> B. 

On the other hand, we have the obvious functor 

r:B^A^ A". 

Let B E B. By definition, qrB is represented by B/ipB = B. This 
provides a natural isomorphism B — )■ qrB. 

Let A E A. The projection A — )■ A/ipA induces another natural 
isomorphism A rqA, where A is now viewed in A". So q and r 
are quasi-inverse equivalences of categories. Under this equivalence, q 
becomes vr, and the inclusion B ^ A defines a functor j : A" — )■ A, 
which is right adjoint to tt. Finally, since B = Keip is thick, j{A") is 
thick. 

(ii) =^ (iii): let A E A. The functor vr kills the kernel and 
cokernel of the unit map f : A ^ JT^A. By the thickness assumption, 
Coker / G i{A") which implies that / is epi; on the other hand, we get 
Ker/ G i{A'). Thus we have an exact sequence 

Q ^ iK ^ A^ jnA 0. 
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If A' eA', then 

Rom^iA'JnA) = Eom{niA' ,'kA) = Hom(0, vrA) = 0. 

On the other hand, let — )■ jnA A — )■ iA' — be an extension. 
Since vri = and vr is exact, 7r{a) is an isomorphism. Its inverse 
7r(a)"^ : tcE — )■ ttA yields by adjunction a map /3 : E jrcA and one 
verifies that /3 is a retraction of a. 

(iii) =^ (i): let A, B E A, with A',B' E A' as in (iii), and let 
/ : A — 7- i? be a morphism. By assumption, the composition 

iA' ^ aA B ^ B/iB' 

is 0, hence / induces a map A' — B' . This shows that A' is unique 
up to unique isomorphism (take / = 1a) and is functorial in A. Thus 
we have a functor p : A A' mapping A to A', and exactly the same 
argument shows that, for B E A', a map iB A induces a map 
iB — )• ipA, hence B — )■ pA since i is fully faithful. This yields the 
claimed adjunction. 

It remains to see that p is right exact. For this, we may apply 
the criterion (ii) of Corollary IE.4.21 Let A E A: then ip{A/ipA) is a 
subobject of A/ipA, hence is by the hypothesis B.om{i{A'), A/ipA) = 
0. Thus A/ipA E Kerp. Let now B E Kerp and C be a quotient of B 
so that we have an exact sequence 

(E.4) O^A^B^C^O. 

Note that A E Kerp. Pulling back the externsion f lE.4p via the 
monomorphism ipC — )■ C, we get an extension of ipC by A, which 
is split by hypothesis. A given splitting yields a monomorphism / : 
ipC B, which is again by hypothesis, and finally C E Kerp. 

(1) =^ (iv): this follows from (i) =^ (iii) in Corollary IE.4.21 and 
from Proposition IE. 4. II (2). 

(iv) =^ (i): in (iv), the condition Hom^(i(^'), A/i{A')) = implies 
a fortiori that p is defined at A, with value A'. This condition is 
then equivalent to p{A/iA') = 0, thus (iv) implies Condition (iii) in 
Corollary EMI 

(2) Everything follows from (1), except the vanishing of the higher 
Ext's; the claimed exact sequence is given by 

(E.5) ipA A^ jnA 0. 

For Ext*" with r > 0, we argue by induction on r. This reduces us to 
show that, for all r > and all A' E A', the functor 

A" 3 A" ^ Extl^{iA',jA") 

is effaceable. 
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Let E G Ext^(iyl', jA"), represented by the exact sequence 

jA" A Ei^ > Er ^ iA' ^ 0. 

Clearly, f^S = e Ext\{iA',Ei) (to see this, let E = Coker/, 
and note that S is the image of [0 — )■ F — >■ i?2 — ^ ■ ■ ■ — ^ -Er — >■ 
iA' ^ 0] G Ext'X\iA',E) by the boundary map associated to the 
exact sequence — )■ jA" Ei ^ E ^ 0). A fortiori, S maps to 
under the composition 

Ext^(zA',jA") h Ext'^iiA' , El) Ext'^{iA\j7rEi). 

It remains to observe that the composition jA" — )■ i^i — )■ jirEi is a 
monomorphism: indeed, it is the image of the monomorphism jA" — t- 
El under the exact functor j'tt. 

(3) Let / be the set of isomorphism classes of simple objects of A, 
and J the subset of / defined by simple objects of A belonging to A'. 
For any A G we have a direct sum decomposition 

A = Aj® Ai_j 

where Aj {resp. Aj^j) is the sum of simple subobjects of A whose class 
belongs to J {resp. to / — J). Clearly, Aj G A', and Hom(y4 j, Ai^j) = 
0. Also, Ext\Aj,Ai_j) = since A is semi-simple. Thus Condition 
(iii) of (1) is satisfied. □ 

E.5.2. Definition. In the situation of Proposition IE. 5. It we say that 
the exact sequence (lE.2p is split. 

We shall need the following lemma: 

E.5.3. Lemma. In the situation of Proposition lE. 5. 1\ let B he an ad- 
ditive category and let E : A" ^ B, E : A' —> B be two additive 
functors. Then a natural transformation Ett =^ Ep on A is equivalent 
to a bivariant transformation 

Ext\{jA",iA') }lomis{E{A"),E{A')) 

on A" X A'. 

Proof. Let : Ett A — t- EpA be a natural transformation. For {A', A") 
E A' X A" and two extensions Ai, A2 of jA" by iA' in A, the Baer sum 
y4ifflA2 may be obtained as A*E*(Ai©A2), where A : jA" jA"®jA" 
is the diagonal map and S : iA' © iA' — )■ iA' is the sum map. Since 
UA'^®A2 = © UA2, this implies that 

UAimA2 = UAi + UA2 

so that u induces a homomorphism as in the lemma. The converse will 
not be used and is left to the interested reader. □ 
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E.6. More adjoints. Assume that ( IE. 21) is split. Let us now consider 
the conditions 

(b) j has a right adjoint n' . 
(jj) i has a left adjoint p' . 

Recall that, under (b), we get a canonical natural transformation 
a : n' ^ IT from the composition jn'A — )■ A — )■ jirA for any A & A, 
and the full faithfulness of j. Similarly, under (jj), we get a canonical 
natural transformation /3 : p ^ p'. 

E.6.1. Proposition. We have (b) <^=^ (jj). If this holds, then n'i = 0, 
p'j = 0, the natural transformation a is a monomorphism and the 
natural transformation /3 is an epimorphism. 

If A" is Noetherian (resp. A! is Artinian), then (b) (resp. (jj)^ holds. 

Proof. Suppose that vr' exists. Since Hom_4(j^", i^') = (Proposition 
[EXI](2)), we have Hom^" (^", vr'M') = 0, i.e. Tc'i = 0. Note that vr' 
is left exact, as a right adjoint. Let now A & A. Applying vr' to the 
exact sequence flE.Sp . we get an exact sequence 

0^0 = n'ipA n'A ^ ttA. 

This shows that oa is injective. Dually, if p' exists then p'j = and 
P is an epimorphism. 

Suppose that n' exists. Let A E A, A' E A': the exact sequence 

^ }iomj^{A/j7r'A,iA') Hom^(A,zA') Hom^(j7r'A, iA') = 

shows that A A/jir'A defines a left adjoint p' to i. We get the 
reverse implication by the dual reasoning. 

It remains to prove the last assertions. Let A E A. For a subobject 
B of ttA, consider the pull-back A' A jB of the map A — )■ jnA. We 
define tc'A as the largest B such that is split: clearly, it' A is functorial 
in A. Moreover, a splitting of <f is unique (still by Proposition IE. 5. II 
(2)), hence defines a natural transformation 

Ea ■■ jir'A ^ A' A. 

On the other hand, n'j is clearly the identity functor; define then 
for A" G A" a unit map rjA" '■ A" — )■ ir'jA" as the identity map. The 
adjunction identities are readily checked. The case of (jj) is dealt with 
dually. □ 

E.7. Filtrations. 

E.7.1. Definition. Let A be an abelian category. 

a) A filtration on ^ is a sequence of thick subcategories 

(E.6) . . . ^ ^ A<n+i '-^■■■^A. 
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It is separated if n'^<n = {0} exhaustive if ^ = |J^<n. 
b) A filtration on A is split if all in have exact right adjoints. 



E.7.2. Definition. A filtration on ^ is a weight filtration if it is sepa- 
rated, exhaustive and split. 



Let A be provided with a split filtration (Definition IE.7.lj ). Define 
SO that we have exact sequences 

(E.7) O^An^ A,n+1 ^ A+1 ^ 

where in is induced by in- Let us write j„ for the right adjoint of the 
localisation functor A<n A<n/ A<n-i (Proposition IE.5. Il) . By abuse 
of notation, we shall identify An with its thick image in A via jn {ibid. 
)■ 



E.7. 3. Lemma. If in flE.6P has a right (resp. left) adjoint, so does in 
flE.7p . If one is exact, so is the other. 

Proof. We have a diagram of exact sequences of abelian categories: 







A 



<n 



-> A<n- 



A 



n+1 







A 



-> A 



A, 



n+l 



0. 



Let zUn be a right adjoint to Since in is fully faithful, the unit 
map rjn : Idj^^^ =^ TUnin is an isomorphism. Hence TUn{Ln-iA<n-i) ^ 
Ln-iA<n-i and tOn iuduces a functor p„ : An,n+i — > An- Let : 
Ln'^n =^ -^'^^<„+i be the counit map of the adjunction: then rjn and 
induce natural transformations pn-i * rjn : /(i^„ ^ Pnin and g^-i * : 



^nPn 



Id 



A. 



n,n + l * 



Since rjn and verify the identities of [59], p. 82, 
Th. 1 (8)], these identities are preserved when applying Pn-i and g„_i, 
hence pn-i * t]n and g„_i * e„ define an adjunction between in and p,^ 
by ihid., p. 83, Th. 2 (v). (Alternately, one can check directly that pn 
is right adjoint to The assertion on exactness is true because the 
functor Qn-i is exact. The reasoning is the same for a left adjoint. □ 

E.7.4. Proposition. Suppose that A is provided with an exhaustive 



split filtration as in Definition E. 7. 1 a), h). Then: 
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(1) Every object A & A is provided with a unique filtration 

■ ■ ■ C A<„ C A<n+1 C ■ ■ ■ C A 

with A<n G A<n and An := A<n/A<n-i G An- One has A<n = 
A for n large enough. 

(2) The functors A h-> A<n (^nd A ^ An are exact, as well as 

A h-> A>n ■■= A/A<n-l- 

(3) // moreover the filtration is separated, the A ^ An form a set 
of conservative functors. 

(4) We have Hom^(^„, ^<„_i) = and Ext^(^<„_i, = for 
all i > for all n E'L and z > 0. 

Proof. (1) Since A = [JA<n, there exists no such that A G A<no- For 
n < uq, write J„ for the inclusion A<n — ?■ A<no and P„ for its right 
adjoint, which exists and is exact as a composition of the right adjoints 
of the Lr ioY n < r < riQ. Define 

A<n = InP'ti-^- 

Since A = LnoZUnoA, A<n does not depend on the choice of no, and 
we have a fihration of A as in Proposition IE.7.41 Clearly, A<„ G A<n 
and A<no = ^- The fact that An G An follows from Proposition IE. 5. II 
(2), which also shows the uniqueness of the filtration. 

(2) This still follows from Proposition IE. 5.1] (2). 

(3) Let f : A ^ B he such that fn'-An^ Bn is an isomorphism for 
all n G Z. Let K = Ker / and C = Coker /. By exactness, Kn = Cn = 
for all n. Thus K,C E f] A<n = and / is an isomorphism. 

(4) This follows from Proposition IE. 5.1] (2) again. □ 

E.7.5. Lemma. Assume given a weight filtration A<n on A and assume 
that the categories An are semi-simple. Let A G Am o,nd B G An- 
Then, Ext^(A, B) = if i > m - n. 

Proof. By induction on i. For i = 0, it means that Hom^(y4, B) = 
if m < n, which is true by IE.7.41 (4). For z = 1, it means that 
Ext\{A,B) = if m < n: for m < n this is still IE.7.41 (4) and for 
m = n it comes from the semi-simplicity of An and its thickness in A 

dEoa) (ii)). 

Suppose now i > 1 and m — n < i. Let a G Ext\{A, B). We may 
write a as a Yoneda product 

a = 7/9 

with /3 G Ext^(A,C) and 7 G Ext'^\C,B) for some C G A By 
induction, the map 

Ext^-i(C>„+,_i,5) ^ Ext^-i(C,S) 
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is surjective, hence we may assume C G A>n+i-i- But then Ext^(yl, C) 
= and we are done. □ 

E.7.6. Definition. Let A be provided with an exhaustive spht fihra- 
tion. Let A E A. We say that A has finite length if A<n = for n 
small enough. The length of A is then the integer 

i{A) = n — m 

where n is the smallest integer such that A<n = A and m is the largest 
integer such that A<jn = 0. 

E.7.7. Lemma. Let A be provided with a weight filtration (^<„, 
Let A,BeA, with B of finite length. Let f : A B he a morphism 
such that fn '■ An ^ Bn is for all n. Then / = 0. 

Proof. The assumption implies that /(A<„) C i?<„_i for all n G Z. 
Hence / induces morphisms /n^^ : A^ — )■ B^-i, which are by Proposi- 
tion |K73] (4). Inductively on /c, we get /(A<„) C B<n-k for all n E Z 
and all A; > 0. For n large enough we have A<n = A and for k large 
enough we have B<n-k = 0, hence / = 0. □ 

E.7.8. Remark. If A is provided with a weight filtration such that ev- 
ery object has finite length, then the functors A i— )■ A^n of Proposition 
IE. 7.41 (1) verify Jannsen's conditions in [l6l p. 83, Def. 6.3 a)]. Con- 
versely, let as in loc. cit. {Wn)n& be an increasing sequence of exact 
subfunctors of Idj^^ such that, for all A E A, one has WnA = for 
n ^ and WnA = A ior n ^ 0. Define A<n as the full subcategory of 
A consisting of objects A such that WnA = A. This filtration is clearly 
separated and exhaustive in the sense of Definition IE.7.1[ Moreover, 
for all n E Z, Ln '■ A<n ^ A<n+i has the exact right adjoint W„, so our 
filtration is also split. Summarising, the datum of a weight filtration as 
in [l6l p. 83, Def. 6.3 a)] is equivalent to that of a weight filtration in 
the sense of Definition IE. 7. 21 for which every object has finite length. 

In view of this remark, the following is an abstract version of [IHl p. 
87, Ex. 6.8]: 

E.7.9. Proposition. Let A be provided with a filtration {A<n)nez- For 
each n G Z, let A'n be a full subcategory of A<n such that 

(i) For all n G Z, A'n is abelian. 

(ii) For m^n, Hom^(^^, A'J = 0. 

Let A' be the full subcategory of A consisting of objects A admitting a 
finite increasing filtration (A<„) with 

(i) A<n = forn<^0. 
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(ii) A<„ = A/orn>0. 

(iii) A<„/A<„_i G A'„ for all n e Z. 

Then A' is an abelian subcategory of A, closed under subobjects and 
quotients. The above filtration is unique for any A G A' , and any 
morphism is strict. If A'^^ '■— ^ A<n, then the filtration A'^^ is a 
weight filtration and any object of A' has finite length. 

Proof. In principle this follows from Proposition IE. 4. II by induction, 
but it would be tedious to write up (the induction would have to bear 
on the length of the filtration of an object). Instead, we observe that 
the proof in [46,1, p. 88, Lemma 6.8.1] shows that A' is provided with a 
weight filtration in the sense of [46l p. 83, Def. 6.3 a)], and we apply 
Remark EISl □ 



II. MORPHISMS OF FILTERED CATEGORIES 

E.8. The case of a 2-step filtration. 

E.8.1. Proposition. Let ^ A' ^ A ^ A" ^ and ^ B' ^ B ^ 
B" be as in flE.2p . and consider a naturally commutative diagram 
of exact functors 











-> A' 



A 



A" 







R' 



B' 



B 



R" 



^ B" 



^ 0. 



Suppose that the two rows are split in the sense of Definition \E. 5~B: we 
use the notation {p,j) (resp. {p',j')) for the corresponding adjoints. 
Then the following are equivalent: 

(i) The natural "base change" transformation R'p =^ p'R of §i5. il 
is a natural isomorphism. 
Rj =^ j'R" is a natural isomorphism. 
RUA")^fB". 



m 



Proof. Let A E A. We have a commutative diagram of exact sequences 
(using (lE.Sp and the base change morphisms): 

R{ipA) > R{A) > R{j7rA) - 











-> i'p'R{A) 



-> R{A) > j'7i'R{A) 



-4 



0. 



Thus the left vertical map is an isomorphism if and only if the right 
vertical map is one, which shows that (i) <^==^ (ii). If this is the case. 
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then R{j7rA) G hence (iii). Conversely, if (iii) holds, then all 

vertical maps must be isomorphisms by the uniqueness of (lE.Sp . □ 



E.9. The general case. 

E.9.1. Definition. Let A and B two filtered abelian categories {A<n, Ln), 
{B<n, I'm) in Definition IE. 7. 11 Let R : A ^ B he an additive functor. 

(1) We say that R respects the filtration if it is exact and R{A<n) C 

B<n- 

(2) Suppose that the two filtrations are split. We say that R re- 
spects the splittings if, moreover, R{An) C Bn for all n G Z. 

(3) We denote by i?<„ : A<n B<n the restriction of R to A<n 
and by Rn : An — ?■ Bn its restriction to An, if applicable. 

E.9.2. Lemma. Let A, B, R be as in Definition \E. 9. 1\ Suppose that 
the filtrations of A and B are exhaustive and split. Then: 

(1) // every object of A has finite length in the sense of Definition 



E.7.61 then R respects the splittings provided R{An) ^ Bn for 
all n. 

(2) // R respects the splittings, then for all n E^L, R<n o,nd Rn are 
exact. 

(3) Let AeA. Then R{A<n) = R{A)<n and R{An) ^ R{A)n for 
any n E Z. 

Proof (1) Let A e A. We have to show that, if A G A<n, then R{A) G 
B<n- We argue by induction on the length £{A) of the weight filtration 
on A. If i{A) = 0, then A = this is clear. If i{A) > 0, we may assume 
n minimal. Then i{A<n-i) = £{A) — 1, hence R{A<n-i) € B<n-i, and 
the exact sequence 

^ R{A<n-i) ^ R{A) ^ R{An) ^ 

with R{An) G Bn shows that R{A) G B<n. 

(2) This follows from the exactness of the inclusions t„ and j„, and 
from the faithful exactness of the l'^ and j^. 

(3) Let A G A<no', then R{A) G B<no- For n < uq, let be the 
inclusion B<n Bno and its exact right adjoint. We have 

R{A<n) = InPnR{A<n) C l'nPnR{A) = R{A)<n- 

For equality, consider the commutative diagram of exact sequences 
> R{A<n) > R{A) > R{A>n+i) > 



R{A)<n > R{A) > R{A)>n+i > 0. 
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(see Proposition IE. 7.41 (2) for A>n+i)- Let A]n,no] be the image of 
•A<no/A<n by the exact right adjoint of the locahsation functor, and 
similarly for B (see Proposition IE. 5.11 (1)). Note that R{A]nno]^ 



n^noi because R{Ai) C Bi for all i > n. Hence R{Ay„) G B]n,no]- The 



snake lemma shows that Ker6 
The last claim follows. 



Coker a G B] 



n,no] 



r\B 



<n 



0. 



□ 



III. Glueing natural transformations 

E.IO. The case of a 2-step filtration. Let ^ ^' A ^ A ^" ^ 

and ^ A i3 A i3" ^ be as in flE.2p . and consider two naturally 
commutative diagrams of exact functors 











^ A! 



A A!' 



-> 



R' 



B' 



Rn 



B 



R" 



B" 



^ 



for n = 1,2. We assume that the conditions of Proposition IE.8.T1 are 
satisfied for n = 1,2. We also assume given two natural transformations 
u' : R[ R'2 and u" : R'( R'l 

E.10.1. Definition. A glueing of u' and u" is a natural transformation 
u : Ri ^ R2 such that, for any A E A, the diagram 







i'R[{pA) > Ri{A) 



-> 



UA 



-> R2iA) > fR'H-nA) 







(E.8) i'iu'.A) 

> i'KipA) 

commutes. 

E.IO. 2. Theorem. 

(1) For the existence ofu, the following condition is necessary: for 
any {A', A") e A' x A", the diagram 



Ext\{jA",zA') 



Ri 



^ ExVisij'R'IA",i'R[A') 



R2 



-> Ext'si j'R'l A", i'R'^ A') 



ExtUfR'iA",t'R',A') — 

commutes for i = 0,1, where Rn denotes the composition of Rn 
with suitable natural isomorphisms. 
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We may view this obstruction as a hivariant natural transfor- 
mation 

i'{u'j,,)Mi- f{u"j,„YR2 : Ext^(jA",iA') ^ Ext^(j'i?;'A",z'i?^A'). 

(2) Suppose that B is the heart of a t-structure on a triangulated 
category T. Then the condition of (1) for i = 1 is equivalent to 
the following: for any {A', A") E A' x A" , the diagram 

j'R'KnA) ^'R[{pA)[l] 

fR'K^A) ^'R'2ipA)[l] 
commutes in T ■ 

(3) Suppose that Condition (i) of Proposition \E. 6.1\ holds for B. 
Then u exists and is unique if and only if the Condition in (1) 
is satisfied for i = 1. 

(4) u is a natural isomorphism if and only if u' and u" are. 

Proof. (1) This is clear for n = 0, and for n = 1 it follows by applying 
u to exact sequences of type flE.Sp . 
(2) and (3) follow from Lemma lE.l.li 

(4) "Only if is obvious since u' and u" are restrictions of u to A' 
and A", and "if is obvious by the snake lemma. □ 

E.ll. The case of filtered categories. We now generalise Theorem 
IE.10.2l to abelian categories provided with weight filtrations. 

Let A, B be two abelian categories, filtered in the sense of Definition 
IE.7.11 We assume that the filtrations are weight filtrations (Definition 

[E23). 

We slightly change notation and consider two exact functors T, T' : 
A ^ B which respect the splittings in the sense of Definition IE. 9.11 
By Lemma [E. 9. 21 (2), we then have for every object A E A: 

T.{A<n) = T{A)<n, T'(A<„) = T'(A)<„. 

If M : T' ^ T is a natural transformation, then ua maps T'(A<„) 
to T{A<n), hence u induces natural transformations u<n : T<„ =^ T<„ 
and Un-.T^^ T„. 

E.11.1. Definition. For each n G Z, let u„ : T^ =^ T„ be a natural 
transformation. A glueing of the Un is a natural transformation u : 
T' ^ T which induces the m„. 

E.1L2. Theorem. (1) There exists at most one glueing. 
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(2) Suppose that the glueing u exists on A<n-i- Then u extends to 
•A~<n if and only if, for any {A, B) G A<n-i x An, the diagram 

Y.^i\{B,A) Ext^(r(i?),r(A)) 



T 



u„iB)* 



ExtMT(i?),T(A)) Ext^(T'(i?),T(A)) 
commutes. 

(3) u is a natural isomorphism on objects of finite lengths if and 
only if all the Un are. 

Proof. (1) follows from Lemma [E.7.7[ while (2) follows from Theorem 
lEAO r2l 

(3) "Only if is obvious, and "if follows inductively from Theorem 
IE.14.1i r3l □ 

E.12. The case of a 3-step filtration. We now restrict to the case 
where the filtration on A has only 3 steps, and will try and get a 
condition involving only the Un- For convenience, we assume that An 7^ 
G {-2,-1,0}. 

E.12.1. Theorem. 

(1) Suppose that, for (m, n) G {(—2, —1), (—1, 0)} and any {Am, An) G 
Am X An, the diagram 

Ext^(A„,A^) Ext^(T'(A„),T'(A^)) 



T 



u{Am)* 

n 



Ext^(T(A„),T(A^)) Ext^(T'(AO,T(A„)) 

commutes or, equivalently, the obstruction in Theorem \E.10.B 
(1) vanishes. Let m<_i be the resulting natural transformation 
on A<-i (Theorem VE.10.^ (3)). Then, for any (A<„i,Ao) G 
A<-i X Aq, The glueing obstruction 

Extii(Ao, A<_i) ^ Ext^(T'Ao,TA<_i) 

refines to an obstruction 

Ext^(Ao, A<_i) ^ Ext^(rAo,TA_2). 

(2) Suppose moreover that the diagram of (1) commutes for (m, n) = 
(—2,0) and that the map Ext^(Ao, A<_i) — )■ Ext\{AQ, A_i) is 
surjective for any Aq G Aq and A<_i G A<-i (for example, that 
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A is of cohomological dimension < I). Then the obstruction of 
(1) refines to a bilinear obstruction 

Exti^(Ao, X Extii(A_i, A_2) ^ Ext^(T'Ao,TA_2) 

which is covariant in A2, contravariant in Aq and "dinatural" 
in A^i in the sense that the correspondinc map 

Ext\{A.i, A^2) ^ Hom(Exti^(Ao, A_i),Ext^(T'A,TA_2)) 

is contravariant in A_i. 

(3) If u^2 is a natural isomorphism, the obstruction of (2) may be 
reformulated as an obstruction with values in Ext^(T'y4o, T'yl_2) ■ 

(4) The glueing exists if and only if the obstruction of (2) vanishes. 

Proof. (1) follows from Proposition IE. 3. 3] (4). For (2), we have a com- 
mutative diagram 

Ext^(Ao,A_2) > Ext^(T'Ao,TA_2) 



Extii(Ao, A 



Ext^(T'Ao,TA_ 



<-i) - 

and the top horizontal map is by hypothesis. Hence (by the surjectiv- 
ity assumption) it induces a map Ext\{Ao,A_i) ^ Ext^(T'Ao,TA_2), 
which is covariant in the second variable viewed as a functor of A<_i. 
The result then follows from Lemma IE. 5. 31 

(3) is obvious and (4) follows from Theorem IE. 11.21 □ 

IV. Glueing equivalences of abelian categories 
E.13. The case of a 2-step filtration. 

E.13.1. Theorem. Let ^ A' A A ^ A" ^ and ^ B' ^ B ^ 
B" be as in flE.2p . and consider a naturally commutative diagram 
of exact functors 

> A' A A" > 







R' 

B' 



R" 



i3 B" 



^ 0. 



Then: 

(1) If R! and R" are faithful, R is faithful. 

(2) Assume the conditions of Proposition \E.8.1\ are satisfied and 
suppose further that, for any two objects A' G A', A" G A", the 
map 

Romj^{jA",iA') RomBiRi3A"),R{tA')) 
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is surjective and the map 

(E.9) Ext\{jA", iA') Ext^(i?(jA"), R{iA')) 

is injective. Then, if R' and R" are full, R is full. 
(3) Assume the conditions of (2) and suppose further that, for any 
two objects A' G A! , A" G A" , the map f lE.Qp is surjective. 
Then, if R' and R" are essentially surjective, R is essentially 
surjective. 

Proof. (1) Let f : Ai ^ A2 in A he such that R{f) = 0. Since 
R"tt ~ tt'R, i?"7r(/) = 0, hence vr(/) = 0. By calculus of fractions, this 
implies that one can find s : A2 ^ B with Ker(s), Coker(s) G i{A') 
such that sf = 0. This means that / factors as a composition 

AiAiK A A2 

with iK = Ker(s) and h is a mono. Then R{h)R{g) = 0. Since R is 
exact, R{h) is a mono, hence R{h) = which implies that R{iK) = 
i'R'{K) = 0, hence K = since R' and i' are faithful. 

(2) Let ^1,^2 G ^ and let g G B{R{Ai), R{A2)). By the functoriality 
of (lE.Sp . we get a commutative diagram 

> t'p'R{Ai) > R{Ai) > 3'tt'R{Ai) > 







i'p'ia) 



^'p'R{A2] 



R{A2 



J'^'R{A2] 



-> 0. 



Using the equivalent conditions of (2), i'p'{g) and j'n'^g) respectively 
give maps 

g' : t'R'ipA,) -> z'R'{pA2), g" : fR"{7TA,) ^ fR"{7rA2). 
By fullness, g' and g" are induced by maps 

/' : pAi pA2, f" : ttAi ^ vrAa- 
Now consider the diagram 

)■ ipAi > Ai > jnAi > 



Kf) 



j(J") 







-T- ipA2 



Ao 







1,2). 



Consider the extension classes [Ar] G Ext\{ j7iAr,ipAr) (r 
Then a map / filling in this diagram exists if and only if 

^{fUM =j{f"r[A2] G Ext\{jnA,,tpA2). 

Hence, by the existence of g, this equality is true after applying the 
functor R, and therefore it holds by the injectivity assumption. 
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Now the map R{f) — g induces a map h : RjTT{Ai) — )■ Rip{A2). By 
the surjectivity assumption, h is of the form R{h'), and then R{f—h') = 

9- 

(3) Let B & B. Then p'B is in the essential image of R" and vr'i? is 
in the essential image of R' . Using the exact sequence (lE.Sp . Property 
(ii) of (2) and the surjectivity assumption, we get B ~ R{A) for some 
AeA. □ 

Here is a converse to Theorem IE.13.11 

E.13.2. Theorem. Keep the notation of Theorem \E.13.1{ Then: 

(1) If R is faithful (resp. full), so is R! . 

(2) // R is faithful (resp. full) and the equivalent conditions of 
Proposition \E. 8. il hold, so is R" . 

(3) // R is essentially surjective, R" is essentially surjective, and 
so is R' provided R" is faithful or conservative. 

Proof. (1) and (2) are obvious, considering commutative squares of the 
type 

A'{A[,A',) A{zA[,iA',) 



R' 



R 



A'{R'A[,R'A'^) A{RiA[, RiA'^) 

for R', and similarly for R". The first part of (3) is obvious. For the 
second one, let B' G B'. Write i'B' ^ RA for some A E A. Then 
R"tiA ~ ir'RA = 0. The hypothesis implies nA = 0, hence A ^ iA' for 
some A' e A'. Now i'B' ~ RiA' ~ i'R'A', hence B' ~ R'A'. □ 

E.13.3. Corollary. With the notation of Theorem \E.13.1\ suppose that 

(i) R' and R" are equivalences of categories; 

(ii) the conditions of Proposition \E.8.1\ are verified; 

(iii) for any two objects A' G A' , A" G A" , the map 

Ext\{jA",tA') ^ Ext],iR{jA"),R{tA')) 

is an isomorphism for i = 0,1. 
Then R is an equivalence of categories. 

Conversely, if R is an equivalence of categories and the conditions of 
Proposition \E. 8. 1\ are verified, R' and R" are equivalences of categories. 

□ 

E.14. The general case. Here is now a version of Theorem IE.13.11 for 
filtered abelian categories. 
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E.14.1. Theorem. Let A and B he two abelian categories provided with 
exhaustive separated split filtrations (.4,<„, t„) and (;B<„,t^). Let R : 
A ^ B be an exact functor and assume that R respects the splittings 
in the sense of Definition \E.9J[ 

(1) If Rn is faithful for every n, then R is faithful. 

(2) Assume that for any m < n and any two objects G A 
An G An, the map 



m, 



Hom^(v4„, v4^) }iomt3{R{An),R{Am)) 
is surjective and the map 

Ext\iAn, A,n) Extl{R{An),RiAn,)) 

is injective. Assume also that every object of A is of finite length 



in the sense of Definition E.7.6 Then, if Rn is full for every 
n, R is full. 

(3) Assume that, for any n G Z, the map 

Exi\{A,B) Extl{R{A),R{B)) 

is surjective for A G An and B G A<n-i. Assume also that 
every object of B is of finite length. Then, if Rn are essentially 
surjective for every n, R is essentially surjective. 

(4) //Extg(yl,i?) = for all A,B ^ B, we may weaken Condition 
(3) by requesting surjectivity for all {A, B) G An x Am, m <n. 

Proof. (1) Let f : A ^ A' he such that R{f) = 0. There exists uq such 
that A, A' G Ano- By induction, Theorem IE. 13. II imphes that />„ = 
for all n (see Proposition IE.7.41 (2) for />«)• Thus, Im/ G n-^<n = 0- 

(2) Since the filtrations are exhaustive, it suffices to prove that i?<„ 
is full for all n. Thus we may assume that A<n = A for n large enough. 
Similarly, since every object is of finite length, it suffices to prove that 
the restriction of R to the thick subcategory consisting of objects of 
length < £ is full for all £ > 0. Thus, we may also assume that A<n' = 
for n' small enough. By induction on n — n', this reduces us to showing 
that the assumption of Theorem IE . 1 3 . 1 1 ( 3 ) are verified for A' = A<n-i- 

Let A' G A<n-i and A" G An- We want to show that the map 

Hom^(A", A') ^ Eomis{R{A"),R{A')) 
is surjective and the map 

Ext\{A",A') Ext's{R{A"),R{A')) 
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is injective. Consider the short exact sequence — )■ A' ^ 

y4^_^ — 7- 0. The statement is true by replacing A' by A<„_2 (by induc- 
tion) or by A'^_i (by hypothesis). Hence it is true for A', by the five 
lemma. 

(3) We argue as in (2): since the filtration of B is exhaustive, it 
suffices to prove that R<n is essentially surjective for all n, hence we 
may assume B<n = B for n large enough. Since every object of B has 
finite length, it suffices to prove that every object of B of length < i 
is isomorphic to R{A), where A G ^ is of length < i. Thus we may 
also assume that A<n' = B<n' = for n' small enough. We argue 
by induction on n — n'\ by induction, R<n-i is essentially surjective, 
and so is Rn by hypothesis. On the other hand, the assumptions of 
Theorem IE. 13. II (4) are verified for = A<n-i and B' = B<n-i- 

(4) By the 5 lemma, we deduce the condition of (3) from this weaker 
condition. □ 

V. The case of triangulated categories 

E.15. Split exact sequences. We let T be a triangulated category. 
Consider the situation 

(E.io) ^ r A r A r" ^ 

where T' C 7" is a thick subcategory and tt is the corresponding local- 
isation functor. Thus, T" is the Verdier quotient of T by T'. 

E.15.1. Proposition (Verdier). The following conditions are equiva- 
lent: 

(i) i has a right adjoint p. 

(ii) TT has a right adjoint j and j{T") is thick in T ■ 

(iii) /or any A & T there exists A' G T' and a map f : i{A') — )■ A 
such that Hom(i(T'), cone(/)) = 0. 

If these conditions are verified, then for any A E T there exists a unique 
exact triangle 

A' ^A-^A"H 

such that A' G i{T') and A" G j{T"); this triangle is functorial in A. 
Moreover, we have B.om-j-{iT' , jT") = 0. 

Proof, (i) =^ (ii): let A E T, and choose a cone Ca of the counit 
Ea '■ ipA — > A. Applying p to the exact triangle 

ipA"-4 A^Ca^ 

we get an exact triangle 

pA ^ pA ^ pCa 
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which shows that 

(E.ll) pCa = 0. 

Let f : A ^ B he a morphism, and choose a cone Cb analogously. 
There exists a morphism g such that the diagram of exact triangles 

ipA A > Ca 



f 



ipB B y Cb 

commutes. 

Applying flE.lip to Cb, we get by adjunction Hom7-(ip^[l], Cb) = 0, 
which shows that g is unique; in particular, taking / = 1^, we get that 
Ca is defined up to unique isomorphism. 

Letting S := Kerp, this thus defines a functor q : T ^ S {qA = Ca), 
and q is easily seen to be left adjoint to the inclusion S ^ T. Moreover 
q\Ti = 0, hence q induces a functor q : T" ^ S. 

On the other hand, we have the obvious functor 

Let B E S. By definition, qrB is represented by = B. This 
provides a natural isomorphism B — )■ qrB. 

Let A G T. The map A — )• Ca induces another natural isomorphism 
A — rqA, where A is now viewed in T". So q and r are quasi-inverse 
equivalences of categories. Under this equivalence, q becomes vr, and 
the inclusion S ^ T defines a functor j : T" T, which is right 
adjoint to vr. Finally, since S = Kerp is thick, j{T") is thick. 

(ii) =^ (iii): let A G T. The functor vr kills the cone Da of the 
unit map rjA '■ A ^ j^fA. Hence Da G i{T'). If A'^ G T' , then 

}lom{iA\,j-nA) = }iom{TciA[,TcA) = Hom(0, vrA) = 

hence we may take A' = 1] in (iii). 

(iii) =^ (i): one checks that A A' yields the desired adjoint, by 
the same kind of arguments as in the proof of (i) =^ (ii). 

Finally, the claimed exact triangle is given by 

(E.12) ipA'AA'-^ jTiA A ipA[l] 

and its properties follow by construction. The vanishing of B.om-j-{iT' , jT") 
follows from the adjunction. □ 

E.15.2. Definition. In the situation of Proposition E 15. It we say that 
the exact sequence (lE.lOp is split. 
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E.16. More adjoints. Assume that ( IE. 101) is spht. Let us now con- 
sider the conditions 

(b) j has a right adjoint vr'. 
(jj) i has a left adjoint p' . 

Recall that, under (b), we get a canonical natural transformation 
a : tt' ^ TT from the composition jir' A — )■ A — )■ jirA for any A G T, 
and the full faithfulness of j. Similarly, under we get a canonical 
natural transformation P : p ^ p'. 

E.16.1. Proposition. Consider the following conditions: 



(i) 


Homr(jT", iV) 


= 0. 


(ii) 


(b) holds and n' - 


= TT. 


(iii) 


(b) holds and n'i 


= 


(iv) 


(jj) holds and p' = 


= p. 


(v) 


(jj) holds and p'j 


= 


Then 


(i) + (b) ^ (i) 


+ 


(v). 
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Proof. Suppose that tt' exists. Let A E T. Applying tt' to the exact 
triangle flE.12p . we get an exact triangle 

ir'ipA —7- Tv'A ^ TV A ^ 

This shows that oa is an isomorphism if and only if n'ipA = 0. Thus, 
{aA injective for all A) <^=^ {Tr'ipA = for all A) <^==^ (vr'i = 0) since 
p is essentially surjective. Thus, (ii) <^==^ (iii). On the other hand, (i) 
+ (b) <^=4> (iii) is obvious by adjunction. The other equivalences are 
obtained dually. □ 

E.17. Filtered triangulated categories. 

E.17.1. Definition. Let T be an triangulated category. 

a) A filtration on T is a sequence of thick subcategories 

■ ■ ■ > I <n > I <n+l > ■ • • — 7- / . 

It is separated if ^T<n = {0} and exhaustive if T = \jT<n- 

b) A filtration on T is split if all t„ have exact right adjoints. 

c) A filtration is a weight filtration if it is separated, exhaustive and 
split. 

Let T be provided with a filtration. Define 
SO that we have exact sequences 
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where in is induced by Ln- 

E.17.2. Proposition. Suppose that T is provided with an exhaustive 



split filtration as in Definition E.17.1 a), h). For alln G Z, let us write 



in for the right adjoint of the localisation functor T<n — > T<nlT<n-i 
(Proposition \E. 15. By abuse of notation, we shall write Tn for the 
thick subcategory in{T<n I T<n-i) C T (ibid. ). Then: 

(1) Every object A & T is provided with a unique filtration 

)■ A<n A<n+1 > A 

with A<n G Tku and An := cone(yl<„_i — A<„) G 7^. One has 
A<n = A for n large enough. 

(2) The functors A h-)- yl<„ and A t— )■ A„ are well-defined, as well 
as A h-> A>ri ■■= A/A<ri~l- 

(3) // moreover the filtration is separated, the A h-> An form a set 
of conservative functors. 

(4) We have Hom7-(7^, Tn) = if m < n. 

Proof. (1) Since T = \jT<m there exists no such that A G T<no- For 
n < no, write J„ for the inclusion T<n T<nQ and P„ for its right 
adjoint, which exists and is exact as a composition of the right adjoints 
of the Lr for n < r < no- Define 

Since A = tno^noA, A<n does not depend on the choice of no, and we 
have a filtration of A as requested. Clearly, A<n £ '7<n and A<no = ^■ 
The fact that An & Tn follows from Proposition IE.15.H which also 
shows the uniqueness of the filtration. 

(2) This still follows from Proposition IE. 15TT1 

(3) Let f : A ^ B he such that fn '■ An ^ Bn is an isomorphism 
for all n G Z. Let C = cone(/). Then Cn = for all n. Thus 
C G n '^<n = and / is an isomorphism. 

(4) It suffices to show that Hom7-(7<n_i, T) = 0, which follows again 
from Proposition IE. 15TT1 □ 

E.18. Glueing equivalences of triangulated categories. 

E.18.L Theorem. Let ^ S' A S ^ S" ^ and ^ V ^ T ^ 
T" be as in (lE.lOp . and consider a naturally commutative diagram 



of exact functors 

y S' S S" ¥ 

R' R R" 

> T ^-^ T T" > 0. 
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(1) The following are equivalent: 

(i) The natural "base change" transformation R'p =^ p'R of 
Section \15.1\ is a natural isomorphism. 

(ii) Rj =^ j'R" is a natural isomorphism. 

(iii) R{jS")<Zj'T". 

(2) Suppose that 

(i) R' and R" are fully faihtful; 

(ii) the conditions of (1) are verified; 

(iii) for any two objects A' G S' , A" G S" , the map 

Iloms{jA",iA') Romr{R{3A"),R{iA')) 

is an isomorphism. 
Then R is fully faithful. 

(3) Suppose that Condition (iii) of (2) holds and that R! and R" are 
essentially surjective. Then so is R. 

(4) Suppose that R' and R" are equivalences of categories and that 
the conditions of {1) and Condition (iii) of (2) are satisfied. 
Then R is an equivalence of categories. 

Proof. (1) Let A & S. We have a commutative diagram of exact trian- 
gles (using (IE.12P and the base change morphisms): 



R{ipA) 



i'p'R{A) > R{A) 



^ R{A) > R{]T^A) 



^ j'TT'RiA) 



Thus the left vertical map is an isomorphism if and only if the right 
vertical map is one, which shows that (i) -^^^ (ii). If this is the case, 
then R{j7[A) G j'{T'), hence (iii). Conversely, if (iii) holds, then all 
vertical maps must be isomorphisms by the uniqueness of flE.12p . 

(2) A. We first show the fullness of R. Let ^1,^2 G 5 and let g G 
T{R{Ai), R{A2)). By the functoriality of (IE. 120 . we get a commutative 
diagram 



i'p'R{Ai 



i'p'ig) 



I'p'RiA^) 



R{Ai 



R{A2 



+1 



j'^'ig) 



+1 



Using the equivalent conditions of (1), i'p'{g) and j'n'ig) respectively 
give maps 

g' : t'R'ipAr) ^ t'R'ipA^), g" : fR"{7TA,) ^ fR'^nA^). 
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By the fullness of R' and i?", g' and g" are induced by maps 
Now consider the diagram 



A, 



+1 



jif") 



»(/'[!]) 



+1 



By the injectivity in Condition (iii), the square commutes, hence 
there exists a map f : Ai ^ A2 filling in this diagram. Now the map 
R{f) — g induces a map h : Rjir^Ai) — )■ Rip{A2). By the surjectivity 
in Condition (iii), h is of the form R{h'), and then R{f — h') = g. Thus 
R is full. 

B. To see that R is faithful, it now suffices by A. 1.1 to show that 
it is conervative. Let A & S he such that RA = 0. Then R"ttA = 0, 
hence ttA = since R", being fully fiahtful, is conservative. Hence 
A ~ iA' for some A' G S'. Then, RiA' ~ iR'A' = 0, hence A' = by 
the conservativity of i and R' and A = 0. 

(3) Let B E T. Then p'B is in the essential image of R" and vr'i? 
is in the essential image of R' . Thus B fits in an exact triangle of the 
form 

B R{jA") ^ RitA'[l]) 4 . 

By the surjectivity in (2) (iii), 6' is of the form R{6) for 6 : jA" — )■ 
zA'[l]. Let A denote a fibre (= shifted cone) of 6. We can then fill in 
the diagram 



R{iA') 



R{iA') 



R{A) 



^ RijA") ^ 



B 



RijA") 



□ 



with a map which is automatically an isomorphism. 
(4) This is just collecting the previous results. 

Here is a converse to Theorem IE. 18. II 

E.18.2. Theorem. Keep the notation of Theorem \E . 1 8 . 1\ Then: 

(1) If R is faithful (resp. full), so is R' . 

(2) // R is faithful (resp. full) and the equivalent conditions of 
Theorem \KT8l\ (1) hold, so is R" . 

(3) // R is essentially surjective, R" is essentially surjective, and 
so is R' provided R" is conservative. 



ON THE DERIVED CATEGORY OF 1-MOTIVES 



205 



Proof. Same as for Theorem IE.13.21 □ 

VI. The case of t-CATECORIES 

Let T be a triangulated category provided with a t-structure with 
heart A [lO, §1]. 

E.19. t-exact functors. 

E.19.1. Lemma. Let S be another t-category, with heart B, and let 
T : S ^ T he a triangulated functor. Assume that T{B) C A and that 
the t-structure on S is bounded. Then: 

(1) T is t-exact; 

(2) the induced functor T : B ^ A is exact. 

Proof. (1) Let us show right exactness. Let X G S>o. We must show 
that T{X) e 7>o- By assumption, there exists n > such that X G 
5[o,n]- For n = 0, we have T{X) G ^ by hypothesis. For n > 0, we may 
argue by induction on n, using the exact triangle 

Hn{X)[n] -^X^f4 

with Y G 5[o.„-i]. Left exactness is proven similarly. 

(2) This follows from [10, Prop. 1.3.17 (i)]. □ 

E.20. The case of a 2-step filtration. Here we assume that A sits 
in a short exact sequence (IE. 20 . 

E.20.1. Proposition. Let T' he the full subcategory ofT consisting of 
objects T such that H^{T) G A' for all i E 1^. Then: 

(1) T' is thick in T . 

(2) The t-structure ofT induces a t-structure on T' . 

(3) Suppose that flE.2p is split in the sense of Definition \E. 5.^ and 
that the t-structure of T is bounded. Then 

(i) The exact sequence 

o^r -^r^ T/r o 

is split in the sense of Definition \E. 1 and the right ad- 
joint p to i is t-exact. 

(ii) Via the right adjoint j to vr (see Proposition \E. 1 5T7]) . the t- 



structure ofT induces a t-structure on T/T', for which ir is 
t-exact. Moreover, jiT/V) = {C eT\H\C) e 3{A")}. 

Proof. (1) The thickness of T' in T follows from the thickness of A' in 
A. (2) is clear. 

It remains to prove (3). 
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(i) To prove that i has a right adjoint p, it suffices to prove Condition 
(iii) of Proposition [E.15.11 (compare [OH lemmes 3.2.1 and 3.2.3]). 

Let S be the full subcategory of T consisting of those objects verify- 
ing Condition (iii) of Proposition IE. ISTTI We have to show that S = T. 
Since the t-structure is supposed to be bounded, it suffices to check that 
S is triangulated and contains A. 

It is clear that S is stable under shifts. Let Ai, ^2 G 5, / : Ai — )■ 
A2 and A[,A2 G T' satisfying Condition (iii) of Proposition lE.lSTTl 
respectively for Ai and A2. This condition implies that the composition 
A[ Ai ^ A2 factors through a (unique) map /' : A[ — >■ Ag. We also 
get a map /" : cone(/i) — i- cone(/2) defining a map of exact triangles. 
Let = cone(/'): we may find a map /a : A'^ — )■ A3 defining a 
morphism of exact triangles. Then the cone of /a is isomorphic to the 
cone of /", hence has the property of Proposition IE.15TT1 This shows 
that S is triangulated. 

Let Ae A. By definition of "split" and Proposition [KSJJ (2) , A sits 
in a short exact sequence — )■ A' — A — )■ A" — )■ with A' G A' and 
Ext^(5', A") = for all B' G A' and all r > 0. Since the t-structure is 
bounded, this implies that Hom7-(T', A") = 0, and A E S. 

This shows the existence of the right adjoint p. Moreover, the proof 
of Proposition IE. ISTTI shows that, for A, A', A" as in the last paragraph, 
p{A) = A'. Thus p respects the hearts of the t-structures on T and T', 
and since the one on T is bounded, p is t-exact by Lemma IE. 19. II 

(ii) To show that the t-structure of T induces a t-structure on j(T/T'), 
we have to show that, for X G j(T/T'), t<qX G j(T/T'), or equiv- 
alently that if p{X) = 0, then p(r<oX) = 0: this is clear since p is 
t-exact. The proof that vr is t-exact is then the same as the proof of 
the t-exactness of p. 

For the last assertion, let C G j{T/T'). Then, for any i E 1^, 
H\j{C)) = ]{H\C)) G ]{A!'). Conversely, if C g T is such that 
H\C) G ]{A!') for all i G Z, then pH\C) = H\pC) = for all 
i G Z, hence pC = since the t-structure is bounded, and C G Imj by 
Proposition IE. 15. II □ 

E.21. Filtered t-categories. We now assume that A is filtered in the 
sense of Definition IE. 7.11 a) . 

E.21.1. Definition. Let ri G Z. We denote by T<n the full subcategory 
of T consisting of objects T such that W(T) G A<n for all i G Z. 

This definition is similar to that of Sophie Morel in (Ml Prop. 3.1.1]. 



E.21. 2. Proposition. 
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(1) The T<n define a filtration ofT in the sense of Definition \E. 1 7J 
a). 

(2) For any n, the t-structure ofT induces a t-structure on T<n- 

(3) It is split if the filtration on A is and the t-structure is hounded. 

(4) It is separated if the filtration on A is, and if the t-structure is 
nondegenerate. 

(5) It is exhaustive if the filtration on A is and if the t-structure is 
bounded. 

Proof. (1), (2) and (3) follow respectively from Proposition IE.20.T] (1). 
(2) and (3). (4) and (5) are easy. □ 

E.21.3. Remark. As in |10l Def. 1.2.1], let T be a t-category with 
compatible triangulated endofunctors Wn with commute with the t- 
structure and such that the transformations Wn — )■ Wn+i and Wn — )■ Id 
are inclusions on the heart A of T. In particular, the Wn induce an 
increasing sequence of exact subfunctors of the identity of A. Thus 
we are in the situation of Remark IE. 7. 81 if they are separated and ex- 
haustive on all objects of A. By this remark, we then have a weight 
filtration on A in the sense of Definition IE. 7. 21 

Define T<n as in Definition IE. 21. II By Proposition IE.21.2t this is a 
weight filtration on T in the sense of Definition IE.17.ll c). By Propo- 
sition IE.17.2| we get endofunctors of T: 

<C7 = C<n. 

We claim that WnC = WnC. First, WnC e T<n because Wn com- 
mutes with t and this is true on A by definition of A<n- By the universal 
property of W^C, the map WnC — )■ C factors uniquely into 

WnC ^ 

That this is an isomorphism is checked again after truncation, and 
it is true by Remark IE. 7.81 

Summarising: given a t-category (T, t), a weight filtration (Wn) in 
the sense of |40i Def. 1.2.1] is equivalent to a weight filtration on 
T in the sense of Definition IE. 17.11 c) which is compatible with the 
i-structure, provided that the weight filtration is separated and ex- 
haustive on objects of the heart. 

E.22. PVom abelian categories to t-categories. 

E.22.1. Lemma. Let A, B he two abelian categories, T, T' : ^ — t- i3 
be two exact functors and mi : T' ^ T' be a natural transformation. 
Then u extends uniquely to a natural transformation u between the 
trivial derivations ofT^ and T from D''{A) to D^{B). Moreover, u is 
an isomorphism if and only if Ui is. 
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Proof. Trivial (define u componentwise on chain complexes). □ 
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